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Optical depth sectioning with quantum interferometry
by

Jorge Arturo Rojas Santana

Abstract

The optical depth sectioning is a methodology to study the internal structure of semitrans-
parent materials. Optical coherence tomography (OCT) is the standard technique for this
purpose. Recent advances on OCT based on quantum principles transform the technique’s
physics, giving potential capabilities to develop more robust systems.

OCT has demonstrated exceptional performance; however, the demand for increasingly
precise systems encourages new developments. The challenge is to eliminate the effects that
distort images, such as chromatic dispersion or low resolution. A potential solution is found
in new OCT systems considering non-classical light sources, nonlinear interferometers, and
singular photon detection systems. The development of these systems poses challenges in
multiple aspects such as theoretical, experimental, and technical. This thesis gives three main
contributions. The first is developing a detection methodology to use an oscilloscope as a
cost-effective solution for counting and timing photons.

The second contribution is a theoretical framework to realize optical coherence tomog-
raphy using nonlinear interferometers such as OCT in an SU (1,1) interferometer, OCT based
on induced coherence, and quantum-OCT working in the Fourier domain. We deduced gen-
eral expressions for the output spectrum and focused our analysis on the particular case of a
bi-layer sample. Our formulation allows us to perform a peer comparison, showing the main
similarities and differences between the techniques. These results add valuable information
to the growing body of literature concerning applications of nonlinear interferometers.

Finally, we study an experiment of the induced coherence tomography to understand
the role of the pump pulses in defining the spatial resolution of the system. We found the
possibility of achieving high spatial resolutions and high emission rates by combining ul-
trashort pumping with millimeter-length crystals maintaining its advantageous features, i.e.,
probing the sample with high-resolution ideal wavelength and using the optimum wavelength
for detection.
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|Ŝ(z = 2π/k)FDOCT|. For a light source of Gaussian spectrum centered at
λ0 = 810nm and coherence length of: (up) 22.7µm and (down) 227.5µm. . . 10

2.6 Components of a quantum inspired OCT systems. . . . . . . . . . . . . . . . 11
2.7 Bi-photon source. A pump photon of frequency ωp propagating inside a non-

linear crystal is spontaneously down-converted in two photons of frequency
ωs and ωi. The photon pair generation is (a) collinear with degenerate pho-
tons (ωs = ωi), (b) collinear with nondegenerate photons (ωs 6= ωi), (c) non-
collinear with degenerate photons, and (d) noncollinear with nondegenerate
photons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.8 Nonlinear Mach-Zehnder interferometer with two bi-photon sources to study
the induce coherence effect [28]. The interference of photons s1 and s2 de-
pends on the transmissivity of the filter NDF. The visibility of the interference
varies periodically, moving the beamsplitter. Curve A: filter with a transmis-
sivity of 0.91. Curve B: filter with a transmissivity of 0. . . . . . . . . . . . . 13

2.9 Hong-Ou-Mandel interferometer to study the two-photon interference [72].
Inducing a time delay moving the beamsplitter (BS), the detection of pho-
ton coincidences measures the photon interference giving a minimum (HOM
deep) when the optical paths are equal. . . . . . . . . . . . . . . . . . . . . . 14

viii



3.1 Experimental setup of an entangled twin-photon source. Here the photons
of wavelength centered at 405 nm are transformed in two of 810 nm. The
components are a polarizing beamsplitter (PBS), mirrors (M1 and M2), filter
at 405 nm (Fi), beamsplitter (BS), a flip mirror (FM), Type I BBO crystal,
linear polarizer, filters at 780 nm and (810± 5) nm (F), collectors (A and B),
multimode fibers (OF) and single-photon counting modules (SPCMs) and an
oscilloscope for photo timing. . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Oscilloscope wavefront of a transistor-transistor logic (TTL) output pulse with
time scale (10 ns/div) and frequency (156 Hz). The pulse has a width of
10± 2 ns and the side oscillations are attributed to partial reflections from the
electrical connections. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 (a) Modeling of the pulse trains of single photons. (b) Time window (τ )for
photon counting the photon pairs. (c) Pulse detection with resolution of 1 ns
(dot) and its interpolation to achieve a resolution of 5 ps (line). . . . . . . . . 19

3.4 Simulation of the hitogram of coincidences with bin size of 1 ns for (a) time-
correlated photons and (b) time-uncorrelated photons. . . . . . . . . . . . . . 20

3.5 Measurement of the histogram of coincidences with bin size of (a) time-
correlated photons, and (b) time-uncorrelated photons. . . . . . . . . . . . . 21

3.6 Delay effect in the histogram of coincidences of time-correlated photons with
(a) Bin size of 1 ns from experimental data and (b) Bin size of 5 ps from
experimental data fitting. The pulse duration defines the broadest coincidence
time windows. The pulse resolution is 1 ns and 5 ps respectively. . . . . . . . 22

4.1 Fourier domain OCT with a SU(1,1) interferometer scheme. Here, a laser
pumps the nonlinear crystal generating a pair of entangled photons: signal
(s1) and idler (i1). The dichroic mirror separates the pump, signal, and idler
photons. The photons are reflected, and after the second pass of the pump
through the nonlinear crystal, the new signal photons s2 are correlated with
the first ones detected by the spectrometer Sp. . . . . . . . . . . . . . . . . . 26

4.2 Fourier domain induced coherence tomography scheme in a type Mach Zehn-
der interferometer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.3 Fourier domain quantum-optical coherence tomography scheme in a Hong–Ou–Mandel
interferometer. Here, a monochromatic laser of frequency ωp pumps a nonlin-
ear crystal (NLC) generating frequency entangled photons s1 and s2. After the
beamsplitter, the spectrogram S(k)FDQOCT is acquired by a bi-photon spec-
trometer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.4 The left column shows the output spectrum S(k = Ω/c) for all the methods
under study. The right column shows the Fourier transform of the spectrum.
We only display the positive z-axis due to the symmetry of |Ŝ(z = 2π/k)|2. . 32
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Chapter 1

Introduction

1.1 Motivation
Advance systems for optical depth sectioning based on quantum principles demonstrate high
axial resolutions and new detection schemes for scientific and potential clinical applications.
The long acquisitions times are a limitation for its applications under scenarios of fast detec-
tion. The motivation of my work is to reduce the image acquisition times without the detriment
of the high axial resolution. In my view, develop new single-photon detection methods and
optimize the optical system are critical aspects for designing systems with optimal efficiency
and acquisition times.

1.2 Context
The optical depth sectioning is a methodology to study the internal structure of materials.
Imaging techniques such as optical sectioning microscopy [1] and optical coherence tomog-
raphy [2] allow the acquisition of 3D images with a high lateral and axial resolution.

Optical Coherence Tomography (OCT) is a widely used technique for imaging the in-
ternal structure of semitransparent materials [3]. This non-invasive and non-destructive tech-
nique has a penetration power of millimeters and axial resolution of micrometers, ideal char-
acteristics for medical diagnosis [2, 4]. Year after year its applications grow in fields such
as ophthalmology [5, 6, 7], endoscopy [8], dermatology [9], cardiology [10], neurosciences
[11], having a great scientific, clinical and economic impact [12, 13, 14].

The need for high precision images demands the development of new systems with bet-
ter performance. In 1991 Huang et al. presented the first OCT system (Time Domain-OCT),
starting the successful race of this technique [15]. Years later, in 1995, Fercher et al. devel-
oped a new version called OCT in the Fourier domain (FD-OCT) with better performance for
the image acquisition speed [16]. These techniques established OCT as the standard technol-
ogy in optical depth sectioning for axial super-resolution imaging [17].

The axial resolution is the capacity to distinguish between the inner structures in the
sample. The high resolution allows the acquisition of high-quality images, making it easier to
analyze the information. However, scattering, chromatic dispersion, and light absorption limit
the resolution and penetration power of light to capture the images. Therefore, avoid them is

1



CHAPTER 1. INTRODUCTION 2

a fundamental challenge for design more robust OCT systems.
A typical OCT system has three components: a low coherence light source, a Michelson

interferometer, and the detection system. The light source defines the axial resolution system.
Developing better light sources [18, 19], detection methods [20, 21, 22] and image processing
[23, 24, 25] are very active areas that can increased OCT capabilities.

Implementing non-classical light sources transforms the physics of OCT to take advan-
tage of the quantum properties of light. The photons’ quantum entanglement gives rise to
the Hong-Ou-Mandel (HOM) effect [26, 27] and the induced coherence [28]. With the HOM
effect is possible to increase the image’s resolution by a factor of two compared to a tradi-
tional OCT system and capture images free of chromatic dispersion [29, 30, 31]. The induced
coherence has shown the possibility to capture images using ideal photons to analyze the sam-
ple, but detecting photons in the optimal detection band [32, 33]. This technique is known as
imaging with undetected photons. It makes it possible to minimize the scattering of light,
increase penetration power, and obtain better image quality.

Advances in OCT systems based on quantum principles are promising for real-life appli-
cations [34]. However, improving the detection speed, the system’s portability, and reducing
its components’ cost remains a challenge. We raise the following points to overcome these
limitations.

1.3 Problem Statements
The approaches to contribute in the field are:

• Photon counting and timing are generic tasks in quantum optics experiments such as
quantum-based OCTs. The high cost of commercial photon coincidence counters can
be a limiting factor in developing or establishing quantum interferometry laboratories.
There are low-cost solutions, but their construction can be tedious, especially if the
interest is not in electronics. For this reason, it is desirable to have affordable and easy-
to-operate detection systems.

• Users and companies need to know the quantum-based OCT technique’s performance.
The most promising techniques are OCT in a SU (1,1) interferometer, OCT based on
induced coherence (also known as Induce Coherence Tomography, ICT), and quantum
OCT (QOCT). The differences between configurations and operating principles provide
images with different information. The understanding of the acquired images brings
the elements for the image interpretation. This analysis could project these techniques
between the users.

• Induced coherence tomography (ICT) is a technique for imaging with undetected pho-
tons where the crystal length in its configuration defines the axial image resolution.
The use of tiny crystals provides higher axial resolution but increases image acquisition
times. It is interesting to study the possibility of designing a high-resolution system
using long crystals without detriment to the image acquisition speed.
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1.4 Research question and solution overview
• Is it possible to have more affordable and easy-to-operate photon counting and timing

systems?

Yes, a system for photon counting and timing has a photon counter and single photon
detectors. Implement an oscilloscope as a time-correlated photon coincidence counter
provides the advantage of saving the data for post-processing of the histogram of coin-
cidences used in quantum interference experiments.

• How is the image in the quantum-based OCT techniques?

The quantum-based OCT techniques can work in the Time-domain (TD) and Fourier-
domain (FD). The image information is presented in an interferogram for TD and a
spectrogram for FD. We simulate the image acquisition of a bi-layer sample for the FD-
OCT in a SU (1,1) interferometer, Induced coherence tomography, and quantum OCT
under similar conditions to analyze the differences between images.

• Is it possible to enhance the axial image resolution and acquisition speed in a system of
induced coherence tomography?

Yes, we can use femtosecond laser pulses combined with long-length crystals to in-
crease the system’s axial resolution while having a high emission rate of photon pairs
and consequently reducing acquisition times.

1.5 Thesis overview
This thesis consists of 6 chapters. The motivation of this work is in chapter 1 and chapter 2 in-
troduce the principles of classical OCT in the Time and Fourier domain and the elements that
give rise to their quantum versions. Also, it is presented a brief study of the entangled photon
pairs’ sources and the non-linear interferometers. Both components are essential for intro-
ducing quantum interferometry effects of Hong-Ou-Mandel and induced coherence. These
effects are the heart of the quantum-based OCT techniques for optical depth sectioning.

Chapter 3 presents the experimental study of time-correlated photon pairs generated by
the process of spontaneous parametric down-conversion (SPDC). The simulation of entan-
gled photon trains allowed the formulation of the methodology for measuring photon pair
coincidences using an oscilloscope. The method was validated by measuring the histogram of
coincidences for a classical and a quantum light source. The principal results are published in
the paper ”Technical aspects for counting and timing photons with a digital oscilloscope,” in
Appl. Opt. 58, 4047-4051 (2019).

Chapter 4 contains the study of OCT based on nonlinear interferometers. We present the
configurations and mathematical expressions for SU (1,1), ICT, and QOCT techniques in the
Fourier domain. The simulation of the spectrograms of a bi-layer sample gives the elements
to understand and interpret the images obtained for each method.

Chapter 5 focuses on studying the time domain induced coherence tomography (TD-
ICT), modeling the system with a pulsed pump to generate entangled photon pairs. Following
the Bogoliubov formalism, we study the quantum interference and the first-order correlation.
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The results showed the conditions to tailor the axial resolutions and photon fluxes for a better
quality image. The main results were published in the paper ”Frequency-correlation require-
ments on the bi-photon wave function in an induced-coherence experiment between separate
sources,” in Phys. Rev. A 102, 053711.

The final chapter presents the conclusions and future perspectives for developing the
optical depth sectioning quantum technologies.



Chapter 2

Background

This chapter presents the formalism of the OCT in the Time domain and Fourier Domain
regimes. We simulate the tomographic images of a bi-layer sample in both regimes. After-
ward, we explore the elements for quantum-based OCT systems, such as entangled photon
sources and nonlinear interferometers. Under this context, we review the pioneer works on
photon interference of Mandel et al. of the induced coherent and the Hong-Ou-Mandel ef-
fects, which are the heart of the quantum optical depth sectioning techniques. At the end
of this chapter, we summarize the main concepts to understand the similarities between the
classical and quantum versions of OCT.

2.1 Introduction to optical coherence tomography
Optical coherence tomography (OCT) is a well-established imaging technique that produces
tomographic images of materials by measuring back-reflected light [2]. This technique has
practical advantages, such as noninvasive and fast testing with unique applications for in vivo
medical diagnostics [35, 36, 37, 38].

An OCT system consists of a light source, interferometer, and detection system, see Fig.
2.1. OCT uses a low-coherence light source in an interferometric setup where the input light
splits into a reference and measuring beam. The reference beam passes through a delay and
then is merged with the measuring beam reflected from the sample, as shown in Fig 2.2. The
interference pattern gives information about the sample’s internal structure, i.e., it reveals its
axial profile. According to the measuring principle, OCT is classified into time-domain OCT
(TD-OCT) or Fourier-domain OCT (FD-OCT) [15, 39].

Light source Interferometer Detection system

Figure 2.1: The three main components of an optical coherence tomography system.

5



CHAPTER 2. BACKGROUND 6

2.1.1 Time-domain optical coherence tomography
Figure 2.2(a) shows the TD-OCT optical array scheme. In this regime one beam after the
beamsplitter (BS) travels to the movable mirror and the other to the sample under study. The
reference ψR and sample ψT beams are written as

ψR(k0 + k) = rBStBSrRΦ(k0 + k) exp (2i(k0 + k)z1)

ψT (k0 + k) = rBStBSri(k0 + k)Φ(k0 + k) exp (2i(k0 + k)z2) , (2.1)

where rBS and tBS are the reflection and transmission coefficients of the BS (for a 50:50,
|rBStBS|2 = 1/4). Φ(k0 + k) is the light source spectrum with k0 = ω0/c, k = Ω/c, where Ω
is the frequency deviation from the central frequency ω0 and c the speed of light in vacuum.
z1 and z2 are the distances from the BS to the mirror and to the sample. rR is the reflection
coefficient of the reference mirror and ri(k) is the transfer function of the sample.

s

beamsplitter

z2

z1

S(k)FDOCT

mirror

sampleLight source

Spectrometer

ri

Detectors

rRτ

beamsplitter

z2

z1

mirror

Light source

Detector
I(τ)TDOCT

(a)

sample

ri

rR
(b)

Figure 2.2: (a) Time domain and (b) Fourier domain-OCT schemes. Here the input light of
broad bandwidth is split into a reference and testing beams. The interference between the
beams reveals the depth profile of the sample. Time domain-OCT uses a movable mirror to
detect the intensity I(τ)TDOCT doing a scan in the propagation axis z where the time differ-
ence of the optical paths is τ . Fourier domain-OCT has no moving parts; the sample is placed
at a distance s to capture the spectrum S(k)FDOCT.

The reflected beams are recombined by the same BS generating their superposition ex-
pressed by

Ψ(k0 + k) = ψR(k0 + k) + ψT (k0 + k). (2.2)

Therefore, the spectral density is

S(k) = |Ψ(k0 + k)|2 (2.3)

The detector measures the light intensity as a function of the time difference of the
optical paths τ induced by the z-scan during the measuring process. The intensity is given by

I(τ) =

∫
S(k)dk. (2.4)
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The eq. (2.4) describes the interferogram and depends on the light spectrum Φ(k) and
sample transfer function ri(k).

OCT systems works in the ultraviolet [40], visible [41] and infrared spectrum [42]. The
coherence length of the light source defines the axial resolution of the OCT system. Figure
2.3(a) shows the spectrum of a Gaussian light source, written as

Φ(k)gauss =
1√

π1/2∆k
exp

(
− k2

2(∆k)2

)
, (2.5)

where the bandwidth ∆k is related to the spectral bandwidth ∆λ and the central wavelength
λ0 = 2π/k0 via ∆k = π∆λ(λ2

0

√
ln 2)−1. The coherence length of the light source is

lc =
2
√

ln 2

π

λ2
0

∆λ
. (2.6)

The coherence length defines the longitudinal resolution lr = lc/2 which is the minimum lon-
gitudinal separation detectable in two successive distinct locations in the sample with different
optical characteristics [43]. Therefore, a narrow spectral bandwidth implies large values of
coherent length and worse longitudinal resolution.

Considering samples with multiple layers distinguished by their refractive index and
thickness, the transfer function can be written as [2]

ri(k) = r0 +
N∑
j=1

rje
−2inj(k)dj = r0 + r1e

−2in1(k)d1 + r2e
−2in2(k)d2 + . . . , (2.7)

here rj is the effective refraction coefficient between layers given by the Fresnel coefficients
[44]. The factor 2 represents the distance traveled in a round-trip of light between layers of
thickness dj and nj(k) = k0n0,j + kng,j where n0,j is the refractive index and ng,j the group
refractive index, see Fig. 2.3(b).
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Figure 2.3: (a) Spectral density of a Gaussian light source Φ(k = 2π/λ)gauss, centered at k0

and bandwidth ∆k. (b) Multi-layer material with different refractive indices n’s immersed in
a medium with refractive index n0. τ1 is the time for a round-trip of the light in the layer of
thickness d1.

For a bi-layer sample N = 1 in eq. (2.7), the transfer function is ri(k) = r0 +
r1 exp [−2i(k0n0,1 + kng,1)d] and substituting in eq. (2.3), the spectral density for a bi-layer
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sample is

S(k)TDOCT =
RR +R0 +R1

4
|Φ(k)|2

{
1 +

2
√
R0R1

RR +R0 +R1

cos [ϕ1 + 2ng,1d k]

+
2
√
R0

RR +R0 +R1

cos [ϕ2 + 2cτk] +
2
√
R1

RR +R0 +R1

cos [ϕ3 + (2cτ + 2ng,1d) k]

}
,(2.8)

with RR,0,1 = |rR,0,1|2, ϕ1 = 2n0,1dk0, ϕ2 = 2cτk0, and ϕ3 = (2cτ + 2n0,1d)k0.
Considering a Gaussian spectrum in eq. (2.8) and substituting into eq. (2.4), the inter-

ferogram for a bi-layer sample is given by

I(τ)TDOCT =
RR +R0 +R1

4

{
1 +

√
R0R1

RR +R0 +R1

cos [2n0,1dk0] exp
[
−(ng,1d∆k)2

]
+

√
R0

RR +R0 +R1

cos [2cτk0] exp
[
−(cτ∆k)2

]
+

√
R1

RR +R0 +R1

cos [2(cτ − n0,1d)k0] exp
[
−(cτ∆k − ng,1d∆k)2

]}
. (2.9)

Notice that the first two terms in eq. (2.9) are constant. The third and fourth terms oscillate
with the central frequency ω0 = ck0 whose envelope corresponds to a Gaussian centered at
the position 0 and ng,1d which is the sample’s optical thickness. We proceed to work with eq.
(2.9).

TD-OCT interferogram

As an example of application, we simulate the interferogram of a glass plate of thickness
d = 100µm and refractive index n0,1 = ng,1 = 1.5 submerged in air n0,0 = ng,0 = 1
with rR = 1. Figure 2.4 shows the interferogram using a Gaussian spectrum with central
wavelength λ0 = 810 nm, bandwidth of ∆λ = 10 nm and ∆λ = 1 nm.
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Figure 2.4: Interferogram I(τ)TDOCT of a glass plate with thickness 100µm and refractive
index of 1.5. For a light source of Gaussian spectrum centered at λ0 = 810nm and coherence
length of: (a) 22.7µm and (b) 227.5µm.

Figure 2.4 shows how the bandwidth determines the coherence length and, therefore,
the resolution of the system. In Fig. 2.4(a) is possible to distinguish the interface between
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the air-glass-air because the coherence length of lc = 22.7 µm is smaller than the optical
thickness of 150µm. In contrast, in Fig. 2.4(b) the coherence length is lc = 227.4µm and the
it is impossible to distinguish between interfaces. The intensity measurement I(τ) needs a
scan, moving the reference mirror making a slow image acquisition. The method for a faster
image acquisition arrives with the development of the Fourier domain OCT.

2.1.2 Fourier-domain optical coherence tomography
Fourier domain-OCT (FD-OCT) is the evolution of the Time domain-OCT. The main differ-
ence is that FD-OCT uses a stationary reference mirror instead of a movable mirror, as shown
in Fig. 2.2(b). This change implies using a spectrometer to measure the sample’s modulated
spectrum S(k)FDOCT without the reference mirror scanning. The Fourier transform of the
output spectrum F{S(k)FDOCT} reveals the depth information of the sample [39].

Following the previous example where is considered a Gaussian spectrum eq. (2.5) and
a bi-layer sample eq. (5.9), the spectral density in eq. (2.3) is written as

S(k)FDOCT =
RR +R0 +R1

4
|Φ(k)gauss|2

{
1 +

2
√
R0R1

RR +R0 +R1

cos [ϕ1 + 2ng,1d k]

+
2
√
R0

RR +R0 +R1

cos [ϕ2 + 2sk] +
2
√
R1

RR +R0 +R1

cos [ϕ3 + (2s+ 2ng,1d) k]

}
,(2.10)

where Φ(k)gauss is expressed in eq. (2.5), s = z2 − z1 is the optical path length difference,
ϕ1 = 2n0,1dk0, ϕ2 = 2sk0, and ϕ3 = (2s + 2n0,1d)k0 are phase terms. Note that the first
two contributions in eq. (2.10) are independent of s, these are referred as the self-interference
terms, while the s-dependent contributions are the cross-interference terms.

The optical path difference (s) should fulfill the condition [45]

λ2
0

∆λ
� |s| � λ2

0

δλ
, (2.11)

that relates the light source and the detection system, in this case, the resolution of the spec-
trometer δλ.

The Fourier transform Ŝ(z) = {S(k)} gives the spectrogram

Ŝ(z)FDOCT =
RR +R0 +R1

4

{
Φ̂ (z) +

√
R0R1

RR +R0 +R1

exp (−iϕ1)Φ̂ (z + 2ng,1d)

+

√
R0

RR +R0 +R1

exp (−iϕ2)Φ̂ (z + 2s)

+

√
R1

RR +R0 +R1

exp (−iϕ3)Φ̂ (z + (2s+ 2ng,1d))

}
+ c.c., (2.12)

with z = 2π/k and Φ̂(z) = F{|Φ(k)gauss|2}. The eq. (2.12) features seven characteristic
peaks, a central peak at z = 0, three located at z > 0, and three symmetrically located at
z < 0 defined as the conjugated components denoted by c.c. The last two terms are the
cross-interference terms displaced 2ng,1d directly yields information about the sample’s opti-
cal thickness. Besides, the cross-interference depends on the delay induced by s and can be
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positive or negative. It is essential to have an optical path difference s 6= 0 (contrary to TD-
OCT where s is close to zero) to isolate the cross-interference terms with the self-interference
terms. Let us now analyze the spectrogram of FD-OCT.

FD-OCT spectrogram

Following the example of TD-OCT in Fig. 2.4, the sample’s modulated spectrum S(k)FDOCT

for a glass plate positioned at s = 300µm is presented in Fig. 2.5(a, c) and their Fourier
transform to reveal the depth information can be show in Fig. 2.5(b, d). Here we consider a
spectrometer’s resolution of δλ = 0.033nm that satisfy the condition in eq. (2.11) with values
0.065mm� 0.3mm� 19.88mm.
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Figure 2.5: Spectrogram of a glass plate of thickness 100µm and refractive index 1.5.
(a,c) Normalized spectral density S(k = Ω/c)FDOCT. (b, d) Fourier transform |Ŝ(z =
2π/k)FDOCT|. For a light source of Gaussian spectrum centered at λ0 = 810nm and co-
herence length of: (up) 22.7µm and (down) 227.5µm.

From Fig. 2.5(b), we notice that the distance between the cross-correlated peaks is
two times the sample’s optical thickness (2ng,1d = 0.3mm). Observe that the amplitude of
the self-correlated peak is lower than the cross-correlated peaks. If the optical path difference
s < 2ng,1d the self-correlation peaks may overlap with the cross-correlation peaks, making the
interpretation of the spectrogram difficult or confusing. Figure 2.5(d) expose the case when
the coherence length is bigger than the optical thickness given a misunderstanding figure.

The simulations of Fig. 2.4 and Fig. 2.5 show the interferograms and spectrograms
obtained with TD-OCT and FD-OCT. Both results give information on the sample’s internal
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structure, i. e., the location of the interfaces between media with different refractive indices
for deducing the optical thickness. Moreover, they demonstrate how the bandwidth of the
source determines the axial resolution of the image.

The previous sections present how OCT works, and the following section presents how
the OCT technique changes by implementing a light source of entangled photon pairs.

2.2 Elements of OCT based on quantum principles
Quantum inspired OCT systems are revolutionary techniques for axial super-resolution to-
mographic imaging. These techniques take advantage of the quantum correlations between
down-converted photons to improve the standard OCT imaging system’s performance. The
enhancement in resolution, immunity to chromatic dispersion [29, 30, 31], and new photode-
tection schemes allow to obtain higher quality images [32, 33]. However, image acquisition
requires more complex systems where the long acquisition times are a point of improvement.

The components for a quantum system include a nonclassical light source, an nonlinear
interferometer, and a single photon detection system, see Fig. 2.6. The idea is analogous
to classical OCT but in this case the interference of single photons is the mechanism for the
image acquisition. Here, a nonclassical light source generates entangled photons, commonly
using a nonlinear crystal to generate photon pairs by spontaneous parametric down-conversion
(SPDC) [46]. The photons enters in an interferometric array which can be classified as a
nonlinear interferometer for using a nonlinear crystal where SPDC take place [47]. The single
photon detection system measure the photon interference [48]. Let us now to proceed with

Nonlinear
Interferometer

Single photon
detection system

Nonclassical
light source

Figure 2.6: Components of a quantum inspired OCT systems.

the description of a nonclassical light source.

2.2.1 Bi-photon source
The most used method to generate entangled photon pairs is the spontaneous parametric down-
conversion (SPDC). In this non-linear optical process, one photon spontaneously splits into
two other photons of lower energies [49]. In a bi-photon source, a laser with frequency ωp
pumps a nonlinear crystal (NLC) with second order susceptibility χ(2). One of the photons
can be absorbed and converted into an entangled pair of photons with frequencies ωs (signal)
and ωi (idler) [50]. When the frequency of the signal and idler photons satisfy ωs = ωi it is
known as the degenerate case, otherwise it is not degenerated.

The trajectory of the emitted photons, i. e. the angle of emission, is determined by the
conservation of energy (phase matching) ωp = ωs + ωi, see Fig. 2.7. The signal and idler



CHAPTER 2. BACKGROUND 12

photons’ emission can be collinear or noncollinear; if the emission angle is zero, then the
photons are collinear.

Crystal

pump laser

Crystal

pump laser

Crystal

pump laser

idler

signal Crystal

pump laser

ωi
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Figure 2.7: Bi-photon source. A pump photon of frequency ωp propagating inside a nonlinear
crystal is spontaneously down-converted in two photons of frequency ωs and ωi. The photon
pair generation is (a) collinear with degenerate photons (ωs = ωi), (b) collinear with nonde-
generate photons (ωs 6= ωi), (c) noncollinear with degenerate photons, and (d) noncollinear
with nondegenerate photons.

Some common nonlinear crystals used for SPDC are KDP (potassium dideuterium phos-
phate, KD2 PO4), BBO (beta barium borate, BaB2 O4), LiNbO3 (lithium niobate), and LiIO3
(lithium iodate). According to the crystals, photons can be generated with entanglement in
time, frequency, space, momentum, or polarization. The crystals can be classified into types
0, I and II. Type-0 crystals generate photons with the same polarization of the pump beam
[51, 52], type-I generates time-frequency entangled photon pairs (signal and idler) with per-
pendicular polarization to the pumping beam [53, 54] and type-II emits polarized entangled
photon pairs with crossed polarization [55, 56].

Comparing the structure of the OCT setup in Fig. 2.2, the bi-photon source takes the role
of generating a photon for reference and another to interact with the sample. The architecture
of the optical array used for photon interference leads to the use of non-linear interferometers
as described below.

2.2.2 Nonlinear interferometers
Nonlinear interferometers are those in which a nonlinear optical effect takes place and emerges
from the beginning of nonlinear optics. The last few years have seen a surge of interest in us-
ing these interferometers for new schemes in imaging [32, 57, 58], sensing [59, 60, 61, 62],
spectroscopy [63, 64], microscopy [65, 66], optical coherence tomography [67, 68, 69, 70]
and quantum detection [47, 71]. The nonlinear interferometers have architectures similar to a
Michelson, Mach-Zehnder, and Hong-Ou-Mandel interferometer.

Photon interferometry conform experimental techniques for fast and sensitive measure-
ment of light. The pioneer works of Mandel et al. uses a nonlinear type Mach–Zehnder
interferometer to study the second-order interference observing the induced coherence effect
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[28]. The measurement of the fourth-order interference in a Hong-Ou-Mandel nonlinear inter-
ferometer allows to observe the two-photon interference and describe the Hong-Ou-Mandel
effect [72].

2.2.3 Induced coherence effect
The induced coherence effect is the second-order interference of two-photon signal from two
coherently pumped down-converters, when the paths of the idler photons are aligned [28].
Figure 5.1 shows the original scheme of an induced coherence experiment based on a non-
linear Mach-Zehnder interferometer. Here, the first bi-photon source generates signal s1 and
idler i1 photons. The photons s1 travel to a reference mirror and i1 to the second down-
converter crystal generating a second pair of photons s2 and i2. The injection of i1 into the
second nonlinear crystal induces coherence between signal photons s1 and s2. After the beam-
splitter, the detector Ds measures the interference between s1 and s2. Zou et al. discovers that
the visibility of the interference varies if the photons i1 are blocked, putting a filter between
the nonlinear crystals, i. e., the transmissivity change as they report in curves A and B of
Fig. 5.1. On the other hand, when the beamsplitter moves, the visibility of the interference
change. This effect has a parallelism with the interference in an OCT system where a multi-
layer sample replaces the filter NDF. Instead of moving the BS0, the reference mirror (M1)
moves as in TD-OCT system of Fig 2.2.

Figure 2.8: Nonlinear Mach-Zehnder interferometer with two bi-photon sources to study the
induce coherence effect [28]. The interference of photons s1 and s2 depends on the trans-
missivity of the filter NDF. The visibility of the interference varies periodically, moving the
beamsplitter. Curve A: filter with a transmissivity of 0.91. Curve B: filter with a transmissivity
of 0.

Notice that the idler photons i1 from the first crystal are the ones that interact with the
filter NDF. Nevertheless, the information is measured detecting the interference between the
signal photons s1 and s2. For this reason, the induced coherence effect is the basis for imaging
with undetected photons.

The experiment changes if the signal s1 and i1 photons are injected into the second
nonlinear crystal. This experiment is the case for an SU(1,1) interferometer that we present in
chapter 4. Let us describe the Hong-Ou-Mandel effect as the second mechanism for quantum-
based OCT systems.
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2.2.4 Hong-Ou-Mandel effect
The Hong-Ou-Mandel effect is a consequence of the indistinguishability of two protons [26].
Figure 2.9 shows the original setup used by Hong et al. to study the photon timing between
two photons and demonstrate experimentally the Hong-Ou-Mandel effect [72]. Here a bi-
photon source emits entangled photon pairs of frequencies ω1 and ω2 directed to the beam-
splitter BS. The photons enter on two separate input ports of the BS where the two-photon
interference generating four scenarios:

• Photon of ω1 is transmitted while ω2 is reflected

• Photon of ω2 is transmitted while ω1 is reflected

• Both photons are transmitted

• Both photons are reflected

The two-photon interference generates the Hong-Ou-Mandel effect due to the indistin-
guishable photons when both photons enter the BS simultaneously and exit from one side.

Figure 2.9 shows the dependence of photon interference. In the first points, photons
have a phase difference given by a delay. The photons do not enter simultaneously in the BS.
Therefore, the photons exit from different faces of the BS traveling to the detectors D1 and D2
matching a photon coincidence. The delay reduces moving the BS, increasing the probability
that both photons out for the same port. At the deep point, both photons travel to D1 or D2;
therefore, the photon coincidence is null.

The Hong-Ou-mandel experiment is the most applied arrangement in two-photon inter-
ference and gives a criterion for testing the degree of entanglement of two-photons with a
wide range of applications in quantum science and technologies [73, 74, 75, 76].

Figure 2.9: Hong-Ou-Mandel interferometer to study the two-photon interference [72]. Induc-
ing a time delay moving the beamsplitter (BS), the detection of photon coincidences measures
the photon interference giving a minimum (HOM deep) when the optical paths are equal.

2.3 Summary
In this chapter, we analyze how OCT facilitates optical depth sectioning. This technique is
advantageous in materials with a layered structure, mainly biological materials. The OCT
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technique developed by Fujimoto et al. is ideal for applications that demand resolutions of
micrometers and even sub-micrometer. The fast image acquisition is a tremendous advantage
for applications in real-time medical diagnosis.

We study the principles of OCT in the Temporal and Fourier domain. The architecture
of their optical setups is very similar, but the TD-OCT systems have movable parts while FD-
OCT does not, see Fig. 2.2. This difference transforms image acquisition. TD-OCT performs
a scan to measure the interferogram of the sample that gives the information of the optical
distance between layers. On the other hand, the FD-OCT captures the modulated spectrum
and, its Fourier transform reveals the information of the sample structure. In a way, it is more
complex to interpret an FD-OCT image than a TD-OCT, as shown in Figs. 2.4 and 2.5.

OCT has demonstrated exceptional performance; however, the demand for increasingly
precise systems encourages new developments. The challenge is to eliminate the effects that
distort images, such as chromatic dispersion or low resolution. In efforts to achieve this, a
potential solution is found by harnessing the quantum properties of light. This solution is
possible by developing new OCT systems considering non-classical light sources, nonlinear
interferometers, and singular photon detection systems.

OCT based on quantum principles transforms the physics of the classical technique.
These systems work with the interference of individual photons taking advantage of the pho-
ton entanglement. The vast majority of the methods carried out use photon pairs generated
by SPDC in nonlinear crystals. The downside is that the SPDC process is super inefficient,
and the generation of photon pairs is inadequate for practical applications. On the other hand,
nonlinear interferometers have been widely developed and offer a basis for quantum imaging.
In particular, Mandel et al. used them to study the induced coherence between two indepen-
dent photon-pair sources. Also, they worked on the indistinguishability of entangled photon
pairs known as the Hong-Ou-Mandel effect. These two studies demonstrated the second and
fourth-order interference of photon pairs which are the fundaments of the quantum-based
OCT systems.



Chapter 3

Photon counting and timing using an
oscilloscope

Quantum-based OCT systems use bi-photon sources and single-photon detection for photon
counting and timing. One of the main components for this task is the photon timer. This
chapter develops a method for photon counting and timing using an oscilloscope, a low-cost
solution compared to the commercials. Our test compares the temporal correlations between
a source of time-correlated photons and another of time-uncorrelated photons. The former
is an entangled twin-photon source, and the latter is an attenuated light beam from a diode
laser. We characterize the light sources by measuring the histogram of coincidences and the
Joint Current Rate (JCR). At the end of the chapter, we understand how the simplicity of this
methodology proposes an innovative application of oscilloscopes in quantum interference.

3.1 Introduction
Photon counting and timing are generic tasks in many photonics laboratories to measure
single-photon interference. Single-photon detection is used in second-order interference mea-
surements to study the phenomenon of induced coherence [28]. Fourth-order interference is
used in Hong-Ou-Mandel experiments to measure the photon pair coincidences [15]. For such
experiments, a twin-photon source and a photon counter system are central components.

A twin-photon source is constructed by pumping a non-linear crystal with a laser beam,
generating entangled photons through the SPCD process. The development of photon-pair
sources is of great interest to quantum communications [77, 78, 79], quantum computing
[80, 81], and quantum imaging [34, 82, 83]. It seeks to develop photon sources that generate a
high rate of photon emission (brightness) on different platforms such as crystals [84, 85, 51],
waveguides [86, 87] or quantum dots [88, 19] .

At the undergraduate level, there is interest in teaching basic quantum optics experiments
such as photon interference, correlations, polarization, and entanglement [89, 90, 91, 92, 93].
The Mandel interferometer allows studying the two-photon interference measuring the photon
coincidences [15]. The photon coincidence is the simultaneous detection of single photons in
two or more detectors, for such a task is indispensable a coincidence counter device [90, 91].
The commercial coincidence counters has time precision of 4ps [94] and 14ps [95] but have a

16
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relatively high cost. Homemade low-cost coincidence counter units (CCU) are an alternative
to commercial coincidence counters with time resolution in the order of nano seconds [96, 97,
98]. However, a CCU construction can be a tedious work if the main interest is not electronics.

In this chapter we demonstrate the use of an oscilloscope as a coincidence counter. The
oscilloscope is a standard instrument for analyzing electrical signals used by STEM students
in science laboratories. Modern digital oscilloscopes provide the advantage of saving the data
for post-processing. Here, we develop a simple procedure to measure photon coincidences
using a basic digital oscilloscope. Its everyday use makes it an easy-to-use tool for under-
standing the photon counting and timing.

3.2 Methodology

3.2.1 Twin-photon source
We construct a source of time-frequency entangled photon pairs, our pump beam is a diode
laser (CrystaLaser BCL-300-405) with a spectrum that ranges between 349 − 501 nm, as
shown in Fig. 3.1. Its horizontal polarization is selected using a polarizing beamsplitter (PBS)
and filtered with a narrower bandpass filter (NewLight NBF405-10) centered at 405± 5 nm.

Figure 3.1: Experimental setup of an entangled twin-photon source. Here the photons of
wavelength centered at 405 nm are transformed in two of 810 nm. The components are a
polarizing beamsplitter (PBS), mirrors (M1 and M2), filter at 405 nm (Fi), beamsplitter (BS),
a flip mirror (FM), Type I BBO crystal, linear polarizer, filters at 780 nm and (810±5) nm (F),
collectors (A and B), multimode fibers (OF) and single-photon counting modules (SPCMs)
and an oscilloscope for photo timing.

The laser beam with a wavelength λp = 405± 5 nm pumps a beta barium borate crystal
(BBO, type I) generating signal and idler photons with a central wavelength of 810 nm and are
emitted with a cone angle of 6◦. The emitted photons have perpendicular polarization to the
pumping beam. We 3D printed a wedge with an aperture of 6◦ to position irises (not shown in
Figure 3.1) for the alignment of photon collectors A and B.
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A photon collector consists of fiber coupling optics, an aspheric lens (Thorlabs C220TME-
B), and a fiber connector (Thorlabs SM1FC), both inserted in a tube lens which is mounted
in a kinematic mount for transverse alignment (Thorlabs KM100T). The focus of the lens is
adjusted with a spanner wrench. Before the fiber collection stages, we put a linear polarizer
(Thorlabs, LPNIRE100-B) vertically oriented, a 780 nm long-pass filter (Thorlabs, FGL780),
and a narrow bandpass filter centered at 810 ± 5 nm (NBF810-10 from Newlight Photonics)
to ensure the spectral quality and polarization of the photon pairs.

The flip mirror behind the crystal allows the align the light from the diode laser, see Fig.
3.1. The beamsplitter is placed so that both light beams generated have the same path as the
pair of entangled photons when the flip mirror rises.

3.2.2 Single photon detection
The photons from the bi-photon source are coupling in multimode fibers with a length of 1 m
(Thorlabs, model M31L01) connected to fiber-coupled avalanche photodetectors (Excelitas,
SPCM-AQRH) with a photon detection efficiency of 60% at 810 nm, dark counts of 150
counts per second and a transistor-transistor logic (TTL) output pulse width of 10± 2 ns. The
fibers are covered with black tape to reduce the background illumination.

The photodetectors outputs are fed into input channels A and B of the oscilloscope (Tek-
tronix DPO 2012B). The oscilloscope monitors pulse trains. Figure 3.2 shows the wavefront
of a pulse of 10 ns at the FWHM.

Figure 3.2: Oscilloscope wavefront of a transistor-transistor logic (TTL) output pulse with
time scale (10 ns/div) and frequency (156 Hz). The pulse has a width of 10±2 ns and the side
oscillations are attributed to partial reflections from the electrical connections.

The oscilloscope has a maximum sampling rate of 1 Gs/s (giga sample per second),
which results in a time resolution of 1 ns. Figure 3.2 shows a pulse coming from the photode-
tectors’ dark counts (i.e., without detecting light). Notice that the pulse waist is approximate
10 ns at the FWHM. The small oscillations are attributed to reflections coming from the elec-
trical connections (these oscillations are observed even when we use the 50 Ω required for
impedance matching). The frequency displayed is approximately 156 Hz, which is at the
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level of the photodetector dark counts per second. Therefore, frequency is equal to the single
counts per second.

The oscilloscope captures pulse trains composed by the detectors dark counts, time-
correlated and time-uncorrelated photons. Before experimentation, we make a simulation of
data acquisition and processing.

3.2.3 Simulation of photon coincidences
The histogram of coincidences is a graphical representation of the arrival time difference
between the signal and idler photons. The statistics of the photon coincidences allow distin-
guishing between time-correlated and time-uncorrelated photons. Consider the pulse trains
in Fig. 3.3(a). The number ”1” represents the peak of a pulse and ”0” the other points. The
position of each pulse is assigned using a pseudo-random integer generator with a uniform
distribution. Each pulse has the same temporal position in both arrays for time-correlated
photons, and time-uncorrelated photons have a random position.

Figure 3.3: (a) Modeling of the pulse trains of single photons. (b) Time window (τ )for photon
counting the photon pairs. (c) Pulse detection with resolution of 1 ns (dot) and its interpolation
to achieve a resolution of 5 ps (line).

Photon coincidence counting relies on measuring the time difference between pulses (τ )
from channels A and B, see Fig. 3.3(b). Pulses with a time difference less than τ count as
a photon coincidence [92, 97]. Figure 3.4(a) presents the simulation of photon coincidences
considering an array of 33 time-correlated photons, and 24000 time-uncorrelated photons dis-
tributed in a time of 100 ms with a resolution of 1 ns. It presents a peak of 41 coincidences and
an average background of 10 accidental coincidences. Therefore, the number of coincidences
is 31, consistent with time-correlated photons’ input value. In Fig. 3.4(b), we show the simu-
lation without considering time-correlated photons. The peak of coincidences disappears, and
the average background remains at 10.
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Figure 3.4: Simulation of the hitogram of coincidences with bin size of 1 ns for (a) time-
correlated photons and (b) time-uncorrelated photons.

Simulations in Fig. 3.4 demonstrate the procedure to measure photon coincidences using
the oscilloscope signals. The oscilloscope works with time windows, as presented in Fig. 3.2.
For a time window of 100 µs and a resolution of 1 ns, the recording time is approximately
38 s. An acquisition time of 100 ms needs 1000 captures equivalent to a recording time of
38000 s. We automatize the photon detection system for the experimental measurement. The
MATLAB codes for simulating photon trains, oscilloscope automating, and data processing
can be download from [99, 100, 101].

3.3 Experimental results

3.3.1 Photon coincidences
For a pump beam power of P = 29 mW, the emission of entangled photons is 210k photons
per second (210 kHz). Figure 3.5(a) shows the histogram of coincidences with a peak of 32
coincidences with an average background of 3 accidental coincidences. Working with the light
from the attenuated red laser, the peak of coincidences disappears remains the background of
accidental coincidences, see Fig. 3.5(b).

The measurement of the histogram of coincidences in Fig. 6 shows the difference be-
tween classical and non-classical light sources. The peak of coincidences in Fig. 3.5(a) near
zero means that time-correlated photons from A and B arrive simultaneously, i. e., the photons
optical paths are equal. If one optical path is longer, the time-correlated photons’ timing has
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Figure 3.5: Measurement of the histogram of coincidences with bin size of (a) time-correlated
photons, and (b) time-uncorrelated photons.

a delay given by the difference in the optical paths.

3.3.2 Optical path photon delay
Adding 2.0 m of optical fiber in channel B, we study the effect of photon delay in the his-
togram of coincidences. The optical fiber (Thorlabs, M31L01) has a refractive index of 1.487;
therefore, the delay is 9.9 ns. For a P = 34.1 mW pump power, the frequency in channel A
is 245 kHz, and in channel B is 174 kHz. The difference in single counts are losses for the
additional fiber connectors in channel B. Figure 3.6(a) shows the histogram of coincidences
with a peak of 30 coincidences shifted around 10 and 11 ns. Comparing the figures Fig. 3.5
(a) and Fig. 3.6 (a) the delay is between 9 and 10 ns, close to the expected value.

The resolution in the histogram of coincidences can be enhanced by fitting the experi-
mental data using spline interpolation, as is presented in Fig. 3.3 (c). Figure 3.6(b) shows the
histogram of coincidences with a resolution of 5 ps with the peak of coincidences at 10.705
ns. Therefore, the time delay is td = 9.75 ns closest to 9.9 ns, which is the expected value.
The photon timing precision is comparable with the most advanced commercial coincidence
counters of4 ps and 14 ps.
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Figure 3.6: Delay effect in the histogram of coincidences of time-correlated photons with (a)
Bin size of 1 ns from experimental data and (b) Bin size of 5 ps from experimental data fitting.
The pulse duration defines the broadest coincidence time windows. The pulse resolution is 1
ns and 5 ps respectively.

3.3.3 Joint current rate
The joint current rate (JCR) is defined as the brightness (# pairs

s
) per pump power in mW,

written as
JCR =

# photon pairs

s mW
(3.1)

Table 3.1 presents the dependence of coincidence measurements on the pump power.

P (mW) F (kHz) # photon pairs
s

JCR
7.5 60 189 25.2

12.8 100 302 23.59
18.2 150 491 26.97
23.7 186 1509 63.67
29 210 1208 41.65

Table 3.1: Coincidence measurements in function of the pump power. P is the pump power,
F frequency and JCR joint current rate.

The coincidences increase as the pump power increases, but it is clear that it is not a
linear behavior. The ratio of photon pairs per single counts is between 0.5% to 0.8%, and
the JCR is between 23 to 63. We know that strictly speaking, the waveforms from either
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the dark counts or the down-converted photons are not periodic, which means that the fre-
quency displayed by the oscilloscope is averaged (the becquerel (Bq) units would be a better
description).

Ideally, the photon pair emission rate is linear to the intensity of the pump [48]. In
our case, however, the coincidences increase as the pump power increases but not with a
linear behavior. This could be because the crystal’s refractive index depends on the pump
intensity, which changes the phase-matching condition and, therefore, the down-converted
photons’ spectrum and emission angle. For a better measurement, it is necessary to realign
the collectors for each pump power. Furthermore, the ratio of pairs per single counts seems
to be low (our best is close to 0.8%). We ascribe this low ratio to our fiber coupling systems,
limiting the 2 axis.

3.4 Conclusions
We develop a simple photon counting and timing method using a digital oscilloscope as a
photon timer. This simple methodology proposes an innovative application of oscilloscopes in
quantum optics experiments, such as the characterization of an entangled twin-photon source.

The measurement of the histogram of coincidences allows comparing the statistics of
time-correlated photons from a bi-photon source with the statistics of time-uncorrelated pho-
tons from an attenuated light beam. The histogram of coincidences presents the typical peak
of coincidences. We achieved time resolutions of 5 ps in the coincidence histogram, compa-
rable with the most advanced commercial coincidence counters.

Additionally, we study the displacement of the histogram of coincidences inducing a
photon delay by the propagation through a longer optical fiber. This effect is used to get
information about photon path propagation. The time delay measurement is crucial in optical
depth sectioning techniques, such as in the Time-Domain Optical Coherence Tomography and
its quantum versions, as we present in chapter 4.

We remark that this strategy’s disadvantage is not the time resolution measurements but
the long recording time, limiting its application in experiments that require several acquisi-
tions. Its primary potential application is education because modern digital oscilloscopes are
available in most universities and are more familiar for students, technicians, professors, etc.



Chapter 4

OCT based on nonlinear interferometers

The new techniques for optical depth sectioning based on quantum principles impulse the
quantum technologies. These technologies inspired by OCT take advantage of the quantum
correlations between down-converted photons to enhance the image resolution. This chapter
analyzes the techniques of induced coherence tomography (ICT), OCT in a SU(1,1) inter-
ferometer, and quantum-OCT based on nonlinear interferometers and compares their perfor-
mance with the standard FD-OCT scheme. We deduce analytical expressions with a homo-
geneous notation for all techniques allowing an easier study. As a study case, we analyze
a bi-layer sample getting its spectrogram for each technique and recover the sample’s depth
information through the Fourier transform. Finally, we explore the contrast between layers de-
pending on the reference mirror’s reflectivity in the interferometer. At the end of the chapter,
we understand the principles of operation and the image interpretation for each technique.

4.1 Introduction
The Fourier domain optical coherence tomography (FD-OCT) is the evolution of the Time
domain-OCT (presented in chapter 1). In the Fourier domain, the principal advantage is faster
testing of the sample. Advances on optical coherence tomography based on nonlinear in-
terferometers have appeared in recent years: induced coherence tomography (ICT) [68, 64],
OCT using an SU(1,1) interferometer [45, 102], and quantum-OCT (QOCT) [103, 104, 105].
ICT uses the notion of induced coherence between two pairs of down-converted photons (sig-
nal and idler). A down-converter consists of a nonlinear crystal pumped by a laser. In this
method, one of the idler photons reflects from a layered sample before being merged with the
idler mode of the second down-converter. This modifies the first-order correlation function
between the signal photons, providing information about the internal structure of the sample
[68].

An SU(1,1) interferometer is a variation of an induce coherence experiment where, in
addition to the idler photons, the signal photon of the first down-converter is also recombined
with the signal mode of the second crystal. This type of interferometer can also be used for
OCT with practical advantages such as higher photon fluxes and better signal-to-noise ratio
[45].

The previous schemes consider the first-order correlation function between the signal

24
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modes. Instead, QOCT makes use of the second-order correlation function [30]. QOCT re-
lies on the Hong-Ou-Mandel (HOM) effect. Here, two photons enter simultaneously through
two input ports of a beam splitter, a coincidence dip is observed if both photons are indis-
tinguishable. If one of the photons carries the information of the sample, the coincidence
interferogram shows a HOM dip for each layer of the sample which are separated accordingly
to the optical path-length difference between the layers. QOCT offers resolution enhance-
ment and dispersion cancellation [30, 29, 106, 107]. This method has regained attention due
to recent advances in photodetection technologies and down-converter crystals.

Valles et al. works with TD-OCT in an induced coherence scheme studing a sample
with two layers separated 1 mm apart [68]. Machado et al. probes a d = 100 µm thick mi-
croscope glass slide using a FD-OCT with an SU(1,1) interferometer [45]. On the other hand,
Yepiz-Graciano et al. analyses a sample of borosilicate glass coverslip of d = 170 µm thick-
ness using an hybrid system for TD-QOCT and FD-QOCT [104]. The previous experimental
methods have been implemented in samples such as glass slabs where the refractive index
changes allow the optical contrast between layers.

With the recent increase in the potential implementation of the OCT-based on quan-
tum techniques, users and companies need to know the performance and image interpretation
between methods. This chapter describes the Fourier domain OCT based on quantum inter-
ferometry and compares their performance with the classical OCT configuration. To do this,
we derive practical expressions for the output spectrum considering an exemplary two-layer
sample.

4.2 OCT in a SU(1,1) interferometer
OCT in a SU (1,1) interferometer is a technique based on the effect of induced coherence,
which allows the capture of images with undetected photons [32]. This means that it uses
photons with the most appropriate wavelength to analyze the sample, but the image is captured
with light of the wavelength that allows the best detection efficiency in the detector. By
capturing the image with the best detection efficiency, the exposure time will be shorter and
therefore the image acquisition time will be the shortest.

Figure 4.1 shows the schematic to realize FD-OCT with a SU(1,1) interferometer. A
parametric down-converter generates entangled signal (s1) and idler (i1) photons with fre-
quencies ωs1 = ωs + Ω and ωi1 = ωi − Ω. A dichroic mirror separates the pump beam and
signal photons from the idler photons. The pump and signal photons travel to the reference
arm of length z1, while the idler photons toward the sample arm of length z2. The reference
mirror reflects the pump and signal photons to the nonlinear crystal. Similarly, the sample
reflects the idler photons to the nonlinear crystal. The second pass of the pump through the
nonlinear crystal and the injection of s1 and i1 generate two new entangled photons s2 and i2,
where the signal photon s2 is sent to the detection point.

The spectrum of the interference between photons s1 and s2 is described by [45]

S(k)SU(1,1) = |Vs(k)|2
[
1− |ri(−k)|2

]
+

∣∣rRUs(k) exp [iϕs(k)] + r∗i (−k)U∗i (−k) exp [−iϕi(−k)]
∣∣2, (4.1)
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Figure 4.1: Fourier domain OCT with a SU(1,1) interferometer scheme. Here, a laser pumps
the nonlinear crystal generating a pair of entangled photons: signal (s1) and idler (i1). The
dichroic mirror separates the pump, signal, and idler photons. The photons are reflected, and
after the second pass of the pump through the nonlinear crystal, the new signal photons s2 are
correlated with the first ones detected by the spectrometer Sp.

with

Us,i(k) =

{
cosh(ΓL)− i∆s,i

2Γ
sinh(ΓL)

}
exp

{
i [kp + ks,i(k)− ki,s(−k)]

L

2

}
,(4.2)

Vs(k) = −iσ
Γ

sinh(ΓL) exp

{
i [kp + ks(k)− ki(−k)]

L

2

}
. (4.3)

Here, k = Ω/c where Ω designates the frequency deviation from the central frequencies ω0
s,i

with k0
s,i = ω0

s,i/c (i.e. ks,i = k0
s,i+k ), the phases are ϕs,i(k) = ks,iz1,2 and z1,2 are the optical

paths traversed by the signal and idler photons. The subscripts s,i refer to the signal and idler
beams, Γ = (σ2−∆2

s/4)1/2 and the phase-matching functions are ∆s = −∆i = (Di−Ds)Ω.
Ds,i are inverse group velocities at the signal and idler central frequencies, respectively. The
nonlinear coefficient σ is

σ =

(
~k0

pk
0
sk

0
i [χ

(2)]2Rp

8ε0Anpnsni

)1/2

, (4.4)

where np,s,i are the refractive indices for the pump, signal and idler frequencies, respectively.
A is the effective area of interaction and Rp is the flux rate of pump photons. We estimate Rp

as Rp = Ep/(~ωp)/T0 where T0 is the pump pulse duration, and Ep is the energy per pump
pulse. rR is the reflection coefficient of the reference mirror and ri(k)is the transfer function
of the sample.

In the low-parametric gain regime, Us,i and Vs becomes

Us(k) = exp [iks(k)L] = exp
[
ik0
snsL+ icDskL

]
,

Ui(k) = exp [iki(k)L] = exp
[
ik0
i niL+ icDikL

]
, (4.5)

|Vs(k)|2 = (σL)2sinc2

(
cDLk

2

)
.

The phase terms Us,i are given by the effect of the crystal of length L and Vs is the
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spectral shape from a down-converter. The phase terms ϕs(k) = ksz1 and ϕi(k) = kiz2 given
by the eq. (4.1) are the optical paths z1 and z2.

4.2.1 Spectrogram FD-OCT in a SU(1,1) interferometer
The spectrometer measures the sample’s modulated spectrum S(k)FDSU(1,1) and the Fourier
transform of the output spectrum F{S(k)FDSU(1,1)} reveals the depth information of the sam-
ple.

Considering the model of a bi-layer sample N=1 in eq. (2.7), the transfer function is

ri(k) = r0 + r1 exp[2i(kin0,1 + kng,1)d], (4.6)

and substituting eqs. (4.2) and (4.3) in eq. (4.1), we find that the spectral density is

S(k)FDSU(1,1) = (1 + RR) |Vs(k)|2
{

1 + 2

√
RRR0

(1 + RR)
cos [ϕ1 − k (2s+ cDL)]

+2

√
RRR1

(1 + RR)
cos [ϕ2 − k (2s+ 2ng,1d+ cDL)]

}
, (4.7)

where RR,0,1 = |rR,0,1|2 and

ϕ1 = k0
snsL+ k0

i niL+ 2k0
sz1 + 2k0

i z2,

ϕ2 = k0
snsL+ k0

i niL+ 2k0
sz1 + 2k0

i z2 + k0
i 2n0,1d.

It can be seen that Eq. (4.7) is a sum of three terms. Besides a constant offset (the self-
interference term), the last two terms (the cross-interference terms) encode the depth infor-
mation of the sample. Moreover, the amplitude of the cosine terms is proportional to the
reflectance of the layers. As in FD-OCT, the Fourier transformation of S(k) gives the sam-
ple’s depth information. The Fourier transform of S(k)FDSU(1,1) is equal to

Ŝ(z)FDSU(1,1) = (1 + RR)

{
V̂s(z) +

√
RRR0

(1 + RR)
exp (iϕ1)V̂s (z + (2s+ cDL))

+

√
RRR1

(1 + RR)
exp (iϕ2)V̂s (z + (2s+ 2ng,1d+ cDL))

}
+ c.c., (4.8)

where V̂s(z) is the Fourier transform of |Vs(k)|2. The Fourier-transformed spectrum shows
five peaks. The central peak comes from the self-interference term. The cross-interference
terms generate two peaks located at z > 0 and the conjugate peaks located at z < 0. Notice
that the cross-interference peaks are separated by a distance 2ng,1d, from which we can extract
the optical thickness of the sample.

If only the idler photon from the first down-converter in the SU(1,1) interferometer is
injected into the second down-converter, the scheme turns into an induced coherence experi-
ment. Machado et al. proposes to insert a quarter-wave plate (QWP) to change the polariza-
tion of signal beam s1. Idler beam i1 would seed the parametric amplification process in the
second pass through the nonlinear crystal transforming from SU(1,1) to ICT [45].



CHAPTER 4. OCT BASED ON NONLINEAR INTERFEROMETERS 28

4.3 Induced Coherence Tomography
Induced coherence tomography (ICT) is a technique based on induced coherence for imaging
with undetected photons analogous to OCT in a SU(1,1) interferometer. The scheme analized
uses two separate down-converters, as schematically depicted in Fig. 4.2. The pump beam is
divided in two (p1 and p1) by a beamsplitter (BS). Both beams travel to crystal 1 and crystal 2
to configure two bi-photon sources. The first bi-photon source generates signal (s1) and idler
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Figure 4.2: Fourier domain induced coherence tomography scheme in a type Mach Zehnder
interferometer.

(i1) photons with frequencies ωs1 = ωs + Ω and ωi1 = ωi − Ω. The signal photons s1 travel
to the reference mirror. The idler photons i1 travels to the sample and are reflected to entering
the second down-converter crystal, which is being pumped coherently by p2. This generates a
second pair of signal (s2) and idler (i2) photons. After the beamsplitter, the interference gives
a measure of the coherence between photons s1 and s2. From the eqs. (4.1) the spectrum is
given by

S(k)ICT = |Vs(k)|2
{

1− |ri(−k)|2 (4.9)

+
∣∣rR exp

[
ik0
s(k)z1

]
+ r∗i (−k)U∗i (−k) exp

[
−ik0

i (−k)z2 + ik0
s(k)z3

] ∣∣2} ,
where k0

s,i(k) = ks,i + k is the wavenumber in vacuum and ks,i = ωs,i/c and k = Ω/c. Notice
that Us has not effect on eq. (4.9) and from eq. (4.5) Ui(k) = exp [ik0

i niL+ icDikL].
In the Fourier domain-ICT scheme in Fig. 4.2, the sample and the reference mirror

have fixed position where the distance s induce a phase difference to capture the spectrum
S(k)FDICT.
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4.3.1 Spectrogram FD-ICT
Considering the transfer function in eq. (4.6) of a bi-layer sample and substituting in eq. (4.9),
the spectrum S(k)FDICT is

S(k)FDICT = (1 + RR) |Vs(k)|2
{

1 + 2

√
RRR0

(1 + RR)
cos [ϕ1 − k (2s+ cDiL)]

+2

√
RRR1

(1 + RR)
cos [ϕ2 − k (2s+ 2ng,1d+ cDiL)]

}
(4.10)

ϕ1 = k0
sz1 + k0

i niL+ k0
i z2 − k0

sz3,

ϕ2 = k0
sz1 + k0

i niL+ k0
i z2 − k0

sz3 + k0
i 2n0,1d, .

The eq. (4.10) is a sum of three terms, a constant offset (the self-interference term), and
the last two terms (the cross-interference terms) encode the sample’s depth information.

The Fourier transform is

Ŝ(z)FDICT = (1 + RR)

{
V̂s(z) +

√
RRR0

(1 + RR)
exp (iϕ1)V̂s (z + (2s+ cDiL))

+

√
RRR1

(1 + RR)
exp (iϕ2)V̂s (z + (2s+ 2ng,1d+ cDiL))

}
+ c.c., (4.11)

where V̂s(z) is the Fourier transform of |Vs(k)|2. The Fourier-transformed spectrum shows
five peaks. Notice that the cross-interference peaks are separated by a distance 2ng,1d, from
which we can extract the optical thickness of the sample.

4.4 Quantum OCT
Quantum optical coherence tomography (QOCT) is an imaging technique based on the Hong-
Ou-Mandel Effect (HOM) with the advantages of acquiring images with better resolution and
dispersion cancellation.

Figure 4.3 shows its schematic setup where a parametric down-converter generates a
pair of non-collinear entangled photons signal (s1) and idler (i1) with frequencies ωs1 = ωi1 .
The idler photons travel to the sample under study, and signal photons travel to the reference
mirror. The photons are reflected and travel to the beamsplitter, where they interfere. Fi-
nally, the bi-photon spectrometer detects the photon coincidences given by the Joint Spectral
Intensity (JSI) [104, 103]

S(k)QOCT =
1

4
|Vs(k)|2 |ri(k)− ri(−k) exp(−4ik(z2 − z1))|2 , (4.12)

with k = Ω/c. Figure 4.3 shows the Fourier domain-QOCT scheme where the mirror is static
and the phase induced by the distance s modulates the spectrum S(k)FDQOCT that carries the
sample information.
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Figure 4.3: Fourier domain quantum-optical coherence tomography scheme in a
Hong–Ou–Mandel interferometer. Here, a monochromatic laser of frequency ωp pumps a
nonlinear crystal (NLC) generating frequency entangled photons s1 and s2. After the beam-
splitter, the spectrogram S(k)FDQOCT is acquired by a bi-photon spectrometer.

4.4.1 Spectrogram FD-QOCT
Considering a bi-layer sample of transfer function in eq. (4.6) and substituting in eq. (4.12),
the JSI is

S(k)FDQOCT =
R0 +R1

2
|Vs(k)|2

{
1 +

2
√
R0R1

R0 +R1

cos (2k0n0,1d) cos (2ng,1d k)

− R0

R0 +R1

cos (4s k)− 2
√
R0R1

R0 +R1

cos (2k0n0,1d) cos [(4s+ 2ng,1d) k]

− R1

R0 +R1

cos [(4s+ 4ng,1d) k]

}
. (4.13)

with s the path difference. The Fourier transform is

Ŝ(z)FDQOCT =
R0 +R1

2

{
V̂s(z) +

√
R0R1

R0 +R1

cos (2k0n0,1d) V̂s (z + 2ng,1d)

− R0

R0 +R1

V̂s (z + 4s)

2
−
√
R0R1

R0 +R1

cos (2k0n0,1d) V̂ (z + 2(2s+ ng,1d))

− R1

R0 +R1

V̂s (z + 4(s+ ng,1d))

2

}
+ c.c., (4.14)

where z = 2π/k and V̂s(z) is the Fourier transform of |Vs(k)|2. The Fourier transform of the
output spectrum features nine characteristic peaks, a central peak at z = 0, four located at
z > 0 and four of them symmetrically located at z < 0, which are defined as the conjugated
components and are denoted in Eq. (4.14) by c.c. There are three cross-interference peaks
(s-dependent terms) which are separated among them a distance 2ng,1d. The peak located
midway between the third and fifth term has amplitude that depends on the central spatial
frequency k0 and the properties of the sample (n0,1 and d). Therefore, we can see that this term
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can be either a peak or a dip depending on the sign of cos(2k0n0,1d) (it might also disappear
if 2k0n0,1d is a multiple of π/2). This becomes important during the reconstruction process.
If we want to recover the sample’s thickness, it is recommended to use the peaks originating
from the third and fifth terms, which are separated by a distance of 4ng,1d. Choosing these
peaks, we are preventing the scenario where the intermediate peak disappears.

Let us now proceed with the simulation of the image acquisition for each technique
including classical OCT from eq. (2.10) and eq. (2.12) to compare the images.

4.5 Results
For the simulation of classical OCT, we consider a light source with Gaussian spectral density
described in Eq. (2.5) with central wavelength λ0 = 810 nm and bandwidth of ∆λ = 10 nm.
The spectral density in the nonclassical OCT is modeled with a sinc spectral shape written as

V (k) = σLsinc
(
cDL

2
k

)
. (4.15)

The coefficient σ is described in Eq. (4.4), L is the crystal length and D = Di − Ds

with Ds,i are the inverse of the group velocities of the signal and idler photons in the crystal.
We consider photons with central wavelength at λ = 810 nm and bandwidth ∆λ = 10 nm,
crystal length L = 1 mm, cDL = −79.1 µm and cDiL = 2.2 mm from a MgO-doped
lithium niobate crystal. These values are congruent with the used for SU(1,1) interferometer
and ICT of the references [68, 45]. Here a laser with central wavelength λp = 532 nm pumps
a crystal generating signal photons of central wavelength λs = 810 nm and idler photons
at λi = 1550 nm. For QOCT the signal and idler photons are non-collinears with central
wavelengths λs,i = 810 nm [108, 103, 104]. The spectral shape of the signal photons has a
bandwidth of ∆λ = 10 nm.

The numerical simulations consider a bi-layer sample with thickness d = 100 µm and
refractive index n0,1 = ng,1 = 2.33. Thus, the optical thickness is ng,1 = 0.233 mm. As-
suming the sample its immersed between air n0,0 = ng,0 = 1 and gel n0,2 = ng,2 = 1.3, the
Fresnel coefficients areR0 = 0.16 andR1 = 0.11 for the first and second layers of the sample
(R2 takes into account the transmissions of the first interface). The reflection coefficient of
the reference mirror is rR = 1.

4.5.1 Fourier domain spectrograms
Figure 4.4 shows the output spectrum S(k), and its Fourier transform Ŝ(z). From the first
column, we can notice that the output spectrum is a highly oscillatory function with the oscil-
lating frequency depending on the path length difference s. It is worth observing that for all
methods, except QOCT, the output spectrum is an odd function of k, resulting in a complex
Fourier transformation. The spectrum of FD-QOCT is an even function of k. Thus its Fourier
transform is real.

The second column of Fig. 4.4 shows the absolute value of Ŝ(z) (we have chosen not
to display the negative components on account of the symmetry of |Ŝ|). We also indicate
the separation of the cross-interference terms from the central peak to highlight the main
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Figure 4.4: The left column shows the output spectrum S(k = Ω/c) for all the methods under
study. The right column shows the Fourier transform of the spectrum. We only display the
positive z-axis due to the symmetry of |Ŝ(z = 2π/k)|2.

differences between the methods. Both FD-SU(1,1) and FD-ICT show only two peaks derived
from the cross-interference terms. These peaks are labeled asR0 andR1 since they come from
the first and second layers, respectively. This is an advantage for image reconstruction since
there is no room for misinterpretation of the results. On the other hand, in FD-OCT and FD-
QOCT, the path-length difference s must be sufficiently large to isolate the cross-interference
peaks from the side lobes of the self-interference terms. Another important observation is that
the displacement of the cross-interference peaks also depends on the dispersion properties of
the non-linear crystal used in the down-conversion process. For FD-SU(1,1), the displacement
is 2s + cDL, whereas for FD-ICT is 2s + cDiL. Therefore, these methods could be used in
characterizing non-linear crystals [61].

To extract the optical thickness of the sample, in all methods, we can measure the sep-
aration between the peaks resulting from the cross-interference terms. In OCT, SU(1,1) and
ICT, the separation is equal to 2ngd, whereas in QOCT is 4ngd (from R0 to R1). The factor of
2 in QOCT is characteristic of the resolution enhancement provided by this method (cf. Ref.
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[29]).
The last statement lets us address the question of the resolution conditions on the appa-

ratus to appropriately sampling the spectrum. It is evident that s should be sufficiently large
to isolate the cross-interference terms from the self-interference terms. But, the spectrome-
ter’s resolution should be small enough to sample the oscillations of the spectrum (as shown
by the first column of Fig. 4.4). By noticing that the fringe separation in spatial frequency,
2π/s, needs to be smaller than the bandwidth ∆k of the spectrum and more extensive than the
resolution δk of the spectrometer, and making use of δk = 2πδλ/λ2

0 and ∆k = 2π∆λ/λ2
0 ,

we arrive at the conclusion that s is constrained by

λ2
s

∆λs
� |s| � λ2

s

δλ
. (4.16)

In our simulations, the path-length difference s = 730 µm with a resolution of δλ =
0.033 nm, therefore 0.065mm� |s| � 19.88mm.

4.5.2 Interface contrast
From the analytical expressions for Ŝ(z), we observe that the contrast amplitude depends
on the coefficients given by RR, R0, and R1. In Fig. 4.4 we consider a reflectivity of the
reference mirror RR = 1. Figure (4.5) shows how the contrast depends on the RR in the
interferometer. For a reflectivity less than one, the contrast for FD-OCT enhance, while for
FD-ICT and FD-SU(1,1) diminish and for quantum FD-OCT remains constant.

Figure 4.5: The amplitude of the interface contrasts for the reflectance of the reference mirror
RR in the interferometer. Self-interference terms: (+) Standard OCT and (line) QOCT. Cross-
correlated interference terms for the firs layer R0: (dot) Standard OCT, (dot-line) QOCT,
(line) SU(1,1) and ICT.

The amplitude of the self-interference peak increase for FD-OCT for a reflectivity less
than one, while for FD-QOCT, the amplitude is constant. For cross-interference terms, FD-
OCT has a maximum value for a reflectance approx to 20%, while FD-ICT and FD-SU(1,1)
the amplitude reduces considerably for a reflectance less than 40%. Therefore, to differentiate
the peaks in FD-OCT is more convenient work with a reflectance approx to 20%, while FD-
ICT and FD-SU(1,1) a reflectance up to 40% is enough.
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4.6 Conclusions
This chapter has developed the theoretical framework to realize optical coherence tomography
using nonlinear interferometers working in the Fourier domain. We deduced general expres-
sions for the expected output spectrum and focused our analysis on the particular case of a
bi-layer sample. Our formulation allows us to perform a peer comparison, showing the main
similarities and differences between the techniques.

All nonlinear techniques allow inferring the optical properties of the sample. We no-
tice that FD-SU(1,1) and FD-ICT are the most error-free methods in identifying the cross-
correlation peaks, which carry information about the sample’s optical thickness. It is worth
mentioning that FD-SU(1,1) has an added advantage: it can work in the high parametric gain,
which results in higher photon fluxes and thus lower integration times. Therefore, FD-SU(1,1)
might be the closest competitor to the fast acquisitions times found in the classical FD-OCT
method.

Deducing the analytical expressions for the spectrograms Ŝ(z), we explore the depen-
dence of the contrast with respect to the reflectivity of the reference mirror in the interfer-
ometer. For a reflectivity less than one, the contrast for FD-OCT enhance, while for FD-ICT
and FD-SU(1,1) diminish and for quantum FD-OCT remains constant. These results add
valuable information to the growing body of literature concerning applications of nonlinear
interferometers.



Chapter 5

Tailoring the axial resolution in induced
coherence tomography

Induced coherence tomography is a novel axial-imaging technique with potential applications.
It uses the notion of induced coherence between two pairs of down-converted photons to infer
the reflectivity profile of a sample, measuring the degree of first-order coherence. The scheme
offers the advantage of probing the sample with infrared photons (ideal for biological samples)
while using the optimum wavelength for the detection system. In this chapter, we analyze
the fundamental factors that define the axial resolution of the method. We found that using
ultrashort laser pulses in combination with long nonlinear crystals; the technique achieves
micrometer resolutions with a high emission rate of photon pairs. The principal results of this
chapter are published in the paper ”Frequency-correlation requirements on the biphoton wave
function in an induced-coherence experiment between separate sources”, Phys. Rev. A 102,
053711.

5.1 Introduction
In 1991, Zou et al. demonstrated the effect of induced coherence studying the indistinguisha-
bility between the signal beams generated by two separate down-converters [28, 109]. Lately,
induced coherence shows potential applications in optical imaging. For instance, Barreto et
al. demonstrate a two-dimensional imaging modality known as imaging with undetected pho-
tons, where the probe photons (i.e., the photons interacting with the sample) are not detected
[32, 33, 110].

Induced coherence tomography (ICT) appears as an imaging technique resolving the
axial profile of a sample [68, 64, 111], akin to optical coherence tomography (see chapter 1).
This technique works with two down-converters in a type Mach-Zehnder nonlinear interfer-
ometer. In this method, one of the idler modes reflects from a layered sample, which modifies
the first-order correlation function between the signal photons, providing information about
the sample’s internal structure. From a practical point of view, the main advantage of these
systems is that one can choose a wavelength for the idler beam that interacts with the sample
and is never detected and another wavelength for the signal beam to be detected that enhances
photo-detection efficiency. They also can show better sensitivity than alternative schemes

35
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[112, 113].
Previous experiments use continuous wave (CW) pumping in the low parametric gain

regime, which produces frequency correlations and frequency entanglement between signal-
idler pairs generated in every single source. Here, we study the conditions to achieve the
maximum axial resolution of the system. Therefore, we analyze the first-order correlation
function between signal modes considering ultrashort pumping. Unexpectedly, we found that
the width of the pump pulses limits the resolution, contrary to the CW pumping, where the
length of the crystals becomes the limiting factor. Furthermore, the emission rate of photon
pairs is independent of the pulse width. These findings imply that we can use femtosecond
laser pulses in combination with long-length crystals to increase the axial resolution of the
system while having a high emission rate of photon pairs (consequently reducing acquisition
times).

5.2 Formalism
Figure 5.1 shows a scheme of an induced coherence experiment with two parametric down-
converters (NLC1 and NLC2). We consider a pulsed laser that generates coherent light with a
spectrum F (ωp). The pump’s frequency is ωp = ω0

p + Ωp, with ω0
p being the central frequency

and Ωp the frequency deviation from the central frequency. A beamsplitter divides the pump
beam into two coherent sub-beams that pump the two nonlinear crystals. The two sub-beams
travel distances zp1 and zp2 before reaching NLC1 and NLC2, respectively.

bs1

NLC1

NLC2
bi1

bs2

as1

ai1

as2

ai2

∆z

Detector
sample

z1

z2
z3

Laser

zp1

zp2

Figure 5.1: Induced coherence between signal photons generated in separate parametric down
converters. The idler traverses a lossy sample before being injected into NLC2. The detector
measures the interference between signal photons s1 and s2 as a function of the path delay ∆z.
NLC: nonlinear crystal; s,i: signal and idler modes; b, a input and output quantum operators.

Both crystals have nonlinear susceptibility χ(2) and length L. The nonlinear interaction
generates signal and idler photons s1 and i1 in NLC1, and s2 and i2 in NLC2. The frequency
of the signal and idler photons reads ωs = ω0

s + Ωs and ωi = ω0
i + Ωi, where ω0

s,i are central
frequencies, and Ωs,i are frequency deviations from the corresponding central frequencies.
The conditions ω0

p = ω0
s + ω0

i and Ωp = Ωs + Ωi are satisfied.
The quantum operators as1,s2(ωs) and ai1,i2(ωi) correspond to signal and idler modes at

the corresponding nonlinear crystals’ output face. bs1,s2(Ωs) and bi1(Ωi) designate the cor-
responding operators at the input face. In the low parametric gain regime, the Bogoliubov
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transformations that relate the input and output operators for NLC1 are [114, 115]:

as1(ωs) = Us(ωs)bs1(ωs) +

∫
dωiVs1(ωs, ωi)b

†
i1

(ωi), (5.1)

ai1(ωi) = Ui(ωi)bi1(ωi) +

∫
dωsVi1(ωs, ωi)b

†
s1

(ωs), (5.2)

where Us(ωs) = exp [iks(ωs)L], Ui(ωi) = exp [iki(ωi)L] and Vs1,i1(ωs, ωi) are the joint
signal-idler spectral amplitude given by

Vs1(ωs, ωi) = i(σL)Fp1(ωs + ωi) sinc

[
1

2
∆k(ωs, ωi) L

]
(5.3)

× exp

[
i
kp(ωs + ωi) + ks(ωs)− ki(ωi)

2
L

]
,

Vi1(ωs, ωi) = i(σL)Fp1(ωs + ωi) sinc

[
1

2
∆k(ωs, ωi) L

]
(5.4)

× exp

[
i
kp(ωs + ωi) + ki(ωi)− ks(ωs)

2
L

]
.

and the nonlinear coefficient σ is [114, 116, 115]

σ =

[
~ω0

pω
0
sω

0
i [χ

(2)]2N0

16πε0c3npnsniA

]1/2

, (5.5)

with N0 the number of pump photons per pulse, A is the effective area of interaction, and
np,s,i are refractive indexes at the central frequencies of all waves. The pump spectrum Fp1 is

Fp1(ωp) =
T

1/2
0

π1/4
exp

[
−

(ωp − ω0
p)

2T 2
0

2

]
exp [ikp(ωp)zp1 ] , (5.6)

here, we have assumed a Gaussian shape for the pump beam spectrum, and T0 defines the
pump pulse’s temporal width. The spectral intensity ∝ |F (ωp)|2 has a 1/e full-width of 2/T0,
suggesting that F (ωp) can also describe a cw pump laser if T0 → ∞. The signal and idler
frequencies are centered at ω0

j (j ≡ s, i), and hence we can write ωj = ω0
j + Ωj in terms of the

variable Ωj ∈ (−∞,∞). The energy condition implies that ω0
p = ω0

s +ω0
i and Ωp = Ωs + Ωi,

where Ωp = ωp − ω0
p . These assumptions allow us to apply a first-order Taylor expansion

over the wave numbers, i.e., kj(ωj) = k0
j +Njωj (j ≡ s, i, p), where Nj are the inverse group

velocities. The phase-matching function ∆k = kp(Ωs + Ωi)− ks(Ωs)− ki(Ωi) now reads

∆k = (Np −Ns)Ωs + (Np −Ni)Ωi, (5.7)

where we use the momentum conservation condition k0
p = k0

s + k0
i .

Referring back to Fig. 5.1, after the NLC1, the idler mode ai1 traverses a distance z2

before encountering a semi-transparent material composed of N discrete layers. Here, a layer
means the interface between two refractive indices. The quantum operator that describes this
process is [117, 118]

bi2(ωi) −→ ri(ωi)ai1(ωi) exp [iki(ωi)z2] + f(ωi), (5.8)
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the operator f fulfills the commutation relationship [f(Ω), f †(Ω′)] = (1 − |ri(Ω)|2)δ(Ω −
Ω′) [118]. We model the reflectivity profile as follows:

ri(ωi) =
N−1∑
j=0

rje
−iωτj = r0 + r1e

−iωτ1 + r2e
−iωτ2 + . . . , (5.9)

where τj is the time traveled in the round-trip from the 0th layer to the jth layer, and rj
is the effective reflection coefficient considering Fresnel coefficients (notice that rj ∈ R by
considering normal incidence).

We now consider the SPDC process in the second crystal (NLC2). After the sample
interaction, the idler beam is injected into NLC2. In this crystal, the input and output relation-
ship for operators as2 and ai2 fulfill

as2(ωs) = Us(ωs)bs2(ωs) +

∫
dωiVs2(ωs, ωi)b

†
i2

(ωi), (5.10)

ai2(ωi) = Ui(ωi)bi2(ωi) +

∫
dωsVi2(ωs, ωi)b

†
s2

(ωs), (5.11)

where Vs2,i2 is analogous to Vs1,i2 in Eq. (5.3) with Fp2 = Fp(ωp) exp [ikp(ωp)zp2 ].
Calculating the expression of the operator for the photon signal as2(ωs). From Eq. (5.8)

b†i2(ωi) = r∗i (ωi)a
†
i1(ωi) + f †(ωi),

and Eq. (5.2)

a†i1(ωi) = b†i1(ωi) exp [−iki(ωi)L− iki(ωi)z2]

+

∫
dωsV

∗
i1

(ωs, ωi)bs1(ωs) exp [−iki(ωi)z2] ,
(5.12)

now

b†i2(ωi) = r∗i (ωi)

(
b†i1(ωi) exp [−iki(ωi)L− iki(ωi)z2]

+

∫
dωsV

∗
i1

(ωs, ωi)bs1(ωs) exp [−iki(ωi)z2]

)
+ f †(ωi).

(5.13)

The signal mode as2 travels a distance z3 causing as2(ωs) → as2(ωs) exp(−iks(ωs)z3). Sub-
stituting Eq. (5.13) in Eq. (5.10) the expression for as2(ωs) is

as2(ωs) = bs2(ωs) exp [iks(ωs)L− iks(ωs)z3]

+

∫
dωiVs2(ωs, ωi)r

∗
i (ωi)b

†
i1

(ωi)

exp [−iks(ωs)z3 − iki(ωi)z2]

+

∫
dωiVs2(ωs, ωi)r

∗
i (ωi)

∫
dωsV

∗
i1

(ωs, ωi)bs1(ωs)

exp [−iks(ωs)z3 − iki(ωi)z2]

+

∫
dωiVs2(ωs, ωi)f

†(ωi) exp [−iks(ωs)z3] .

(5.14)
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In the same stage of Fig. 5.1, the signal mode as1 passes through a controllable de-
lay ∆z = cT causing as1(ωs) → as1(ωs) exp(−iωsT ). Then, a 50:50 beamsplitter recom-
bines the signal modes as1(ωs) and as2(ωs), and the photodetector measures the single photon
counts of the resulting superposition resulting in the interferogram of the sample.

5.2.1 Interferogram
After the beamsplitter, the detector measures the interference between the signal photons s1

and s2. The state of the photon after the beamsplitter is

ψ = rBSas1(t+ T ) + tBSas2(t)e
iπ
2 (5.15)

where s1 has a phase difference given by the delay T . The photodetector records an interfer-
ogram of the form

I(T ) = |rBS|2
∫
dt〈a†s1(t+ T )as1(t+ T )〉+ |tBS|2

∫
dt〈a†s2(t)as2(t)〉

+ rBSt
∗
BSe

iπ
2

∫
dt〈a†s1(t+ T )as2(t)〉

+ r∗BStBSe
−iπ

2

∫
dt〈a†s2(t)as1(t+ T )〉,

(5.16)

for a 50:50 beamsplitter |rBS|2 = |tBS|2 = 1/2, the normalized probability of detection is

I(T ) = 1 +
2
√
Ns1Ns2

Ns1 +Ns2

∣∣g(1)
s1,s2

(T )
∣∣ sin(ω0

sT ). (5.17)

Here, the
∣∣∣g(1)
s1,s2(T )

∣∣∣ is the normalized first-order correlation function, Ns1 , and Ns2 are
the number of signal photons designated as

Ns1 =

∫
dt〈a†s1(t)as1(t)〉, (5.18)

Ns2 =

∫
dt〈a†s2(t)as2(t)〉,

where we consider that the signal photons are constant i.e. Ns1(t+ T ) = Ns1(t)

5.2.2 The normalized first-order correlation function
The normalized first-order correlation function gives the visibility of the interference fringes
detected after combining both signals in a beamsplitter. It is defined through the expected
value of the number of photons detected

∣∣g(1)
s1,s2

(T )
∣∣ =

∣∣∣∣∣∣
∫
dt〈a†s1(t+ T )as2(t)〉√∫

dt〈a†s1(t)as1(t)〉
√∫

dt〈a†s2(t)as2(t)〉

∣∣∣∣∣∣ . (5.19)
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In order to write the Eq. (5.19) in terms of as1(ωs) and as2(ωs), we apply the Fourier
transform

as1(t+ T ) =
1√
2π

∫
dωsas1(ωs) exp [−iωs(t+ T )] ,

and for the second mode

as2(t) =
1√
2π

∫
dω′sas2(ω

′
s) exp [−iω′s(t)] . (5.20)

The correlation∫
dt〈a†s1(t+ T )as2(t)〉 =

1

2π

∫ ∫ ∫
dtdωsdω

′
s〈a†s1(ωs)as2(ω

′
s)〉

× exp [i(ωs − ω′s)(t)] exp [iωsT ] ,

using the definition of the Dirac delta function:

δ(x− x′) =
1

2π

∫
dt exp [i(x− x′)t] , (5.21)

we get∫
dt〈a†s1(t+ T )as2(t)〉 =

∫ ∫
dωsdω

′
s〈a†s1(ωs)as2(ω

′
s)〉δ(ωs − ω′s) exp [iωsT ] . (5.22)

Integrating Eq. (5.22) in ω′s:∫
dt〈a†s1(t+ T )as2(t)〉 =

∫
dωs〈a†s1(ωs)as2(ωs)〉 exp [iωsT ] . (5.23)

The rate of single counts in Eq. 5.18 now reads

Ns1 =

∫
dωs 〈a†s1(ωs)as1(ωs)〉, (5.24)

Ns2 =

∫
dωs 〈a†s2(ωs)as2(ωs)〉.

The normalized first-order correlation function now reads as∣∣g(1)
s1,s2

(T )
∣∣ =

∣∣∫ dωs〈a†s1(ωs)as2(ωs)〉 exp[iωsT ]
∣∣

N
1/2
s1 N

1/2
s2

. (5.25)

Now, calculating the expected value of the number of photons detected 〈a†s1(ωs)as2(ωs)〉.
From Eq. (5.1) together with Eq. (5.14), the correlation is

〈a†s1(ωs)as2(ωs)〉 =

∫
dωir

∗
i (ωi)Vs2(ωs, ωi)V

∗
s1

(ωs, ωi)

× exp [iks(ωs)(z3 − z1)− iki(ωi)z2] ,

(5.26)
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that are the terms that give a non-zero contribution. Writing the integral of Eq. (5.25) as
g(1) =

∫
dωs〈a†s1(ωs)as2(ωs)〉 exp[iωsT ] and

g(1) =

∫ ∫
dωsdωir

∗
i (ωi)Vs2(ωs, ωi)V

∗
s1

(ωs, ωi)

× exp [iks(ωs)(z3 − z1)− iki(ωi)z2] exp [iωsT ] .

(5.27)

The signal and idler photon frequencies are centered at ω0
j (j ≡ s, i), and hence we can write

ωj = ω0
j +Ωj in terms of the variable Ωj ∈ (−∞,∞). The wave numbers kj(ωj) = ωj/c (j ≡

s, i, p) and the optical path L = niL added by the second crystal; therefore, z2 = niL + z2.
Now we have

g(1) =

∫ ∫
dΩsdΩir

∗
i (Ωi)Vs2(Ωs,Ωi)V

∗
s1

(Ωs,Ωi)

× exp

[
i
Ωs

c
(z3 − z1)− iΩi

c
(niL+ z2)

]
exp [iΩsT ]

× exp

[
i
ω0
s

c
(z3 − z1)− iω

0
i

c
(niL+ z2)

]
exp

[
iω0

sT
]
,

(5.28)

with

Vs2(Ωs,Ωi)V
∗
s1

(Ωs,Ωi) = (σL)2 T0

π1/2
exp

[
−(Ωs + Ωi)

2 T 2
0

]
× exp

[
i(Ωs + Ωi)

(zp2
c
− zp1

c

)]
exp

[
iω0

p

(zp2
c
− zp1

c

)]
× sinc2

[
1

2
((Np −Ns)Ωs + (Np −Ni)Ωi + φV ) L

]
,

(5.29)

and φV = (Np −Ns)ω
0
s + (Np −Ni)ω

0
i .

To solve for g(1)
s1,s2(T ), it is convenient to define the frequencies Ω± = Ωs ± Ωi. This

change of variable allows us to write

g(1) =
1

2
(σL)2 T0

π1/2
exp [iφ′0]

×
∫ ∫

dΩ+dΩ−r
∗
i

(
Ω+ − Ω−

2

)
exp

[
−Ω2

+T
2
0 + iαΩ+

]
× exp [iβΩ−] sinc2

[
D+L

2
Ω+ +

DL

4
Ω−

]
,

(5.30)

with

α =
1

2

(
z3 − z1

c
− niL+ z2

c
+ 2

zp2 − zp1
c

+ T

)
β =

1

2

(
z3 − z1

c
+
niL+ z2

c
+ T

)
φ′0 =

ω0
s

c
(z3 − z1 + zp2 − zp1 + cT )− ω0

i

c
(niL+ z2 − zp2 + zp1).

(5.31)

Here, D = Ni−Ns is the group velocity mismatch (GVM) between signal and idler photons,
and similarly, D+ = Np − (Ni +Ns)/2 defines the GVM between the pump photons and the
average signal-idler inverse group velocities.
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5.3 Results

5.3.1 Axial resolution
Let us consider a single-layer sample described in Eq. (5.9) where ri(ωi) = r0. The first order
correlation function in Eq. (5.30) is

g(1) = 2r0
σ2L

D

T0

π1/2
exp [iφ′0]

×
∫

dx exp

[(
iβ

4

DL
x

)]
sinc2 [x]

×
∫

dΩ+ exp

[
−
(

Ω2
+T

2
0 + i

(
β

2D+

D
− α

)
Ω+

)]
,

(5.32)

we have made use of the change of variables

x =
D+L

2
Ω+ +

DL

4
Ω−, (5.33)

Ω− =
4

DL

(
x− D+L

2
Ω+

)
, (5.34)

dΩ− =
4

DL
dx. (5.35)

Solving the integrals and rewriting the correlation function in Eq. (5.32)

g(1) = 2π r0
σ2L

D
exp [iφ′0]

× exp

−
([

1− 2D+

D

]
T1 + 2T2

)2

16T 2
0

 tri

(
T1

DL

)
,

(5.36)

where

T1 =
z3 + niL+ z2 − z1

c
+ T,

T2 =
zp2 − zp1 − niL− z2

c
.

(5.37)

The number of signal photons generated per pulse designated in Eq. (5.24) is

Ns1 = Ns2 =

∫ ∫
dΩsdΩi|V (Ωs,Ωi)|2 = 2π

σ2L

D
. (5.38)

Notice that the photon flux is independent of the shape of the pulse.
To optimize the pulsed parametric amplification in NLC2, one needs to synchronize the

pump and idler pulses’ arrival time to the nonlinear crystal [67]. Therefore, the condition
zp2 = zp1 + cNiL + z2 must be fulfilled, so that T2 = 0. Using Eq. (5.36) and (5.38) into
Eq. (5.32), the normalized first-order correlation function can be written as∣∣∣g(1)

s1,s2(T1, T2)
∣∣∣ = tri

(
T1

DL

)
exp

[
− 1

16T 2
0

[(
1− 2D+

D

)
T1 + 2T2

]2 ]
. (5.39)
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Therefore, the first-order correlation function is the product of a triangular function of width
DL and a Gaussian function of width T0. Figure 5.2 plots the triangular and Gaussian func-
tions in Eq. (5.39) as a function of ∆z = z3 − z1 + z2 + cNiL. We consider two MgO-doped
lithium niobate crystals (χ(2) = 28 pm/V) pumped by a pulsed laser operating at λ0

p = 532
nm of pulses with temporal widths of T0 = 100, 2 and 0.1 ps. The resulting signal and idler
photons have wavelengths λ0

s = 810 nm and λ0
i = 1550 nm with D = −263.50 fs/mm and

D+ = 780 fs/mm. The first row of Fig. 5.2 shows the results for L = 5 mm, and the second
row for L = 10 mm.
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Figure 5.2: Triangular (red dotted line) and Gaussian (solid blue line) functions describing
the degree of first-order coherence g(1)

s1,s2 [Eq. (5.39)]. We consider nonlinear crystals with
lengths L = 5 mm (first row) and L = 10 mm (second row) and a pumping pulsed laser of (a)
T0 = 100 ps, (b) T0 = 2 ps, and (c) T0 = 100 fs.

The simulations demonstrate how the temporal width T0 redefines the width of g(1)
s1,s2.

For picosecond pulses (T0 = 100 ps and 2 ps), the triangular function defines the spatial
resolution, which has a coherence length given by lT = cDL. In contrast, for ultrashort pulses
and millimeter-length crystals, the coherence length is lG = 8(ln 2)1/2(1 − 2(D+/D))−1cT0,
which corresponds to the full width at half maximum (FWHM) of the Gaussian function.

5.3.2 Coherent length and bandwidth
For further illustration of the spatial resolution given by Eq. (5.39), Fig. 5.3(a) shows the total
coherence length lc as the FWHM for both cases (L = 5 mm and 10 mm) in terms of T0

ranging from the femtosecond to the picosecond domain. Figure. 5.3(b) shows the bandwidth
of the signal-photon spectrum Ps(ωs) given by

P (Ωs) =

∫
dΩp |Vs1(Ωs,Ωi)|2 , (5.40)
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from Eq. (5.29)

P (Ωs) = (σL)2 T0√
π

∫
dΩpexp

[
−ΩpT

2
0

]
sinc2

(
D1ΩpL

2
+
DΩsL

2

)
, (5.41)

whereD1 = Np−Ni. Here, the nonlinear coefficient of Eq. (5.5) is σ = 2.62×10−5 s1/2m−1,
considering n0

p = 2.26, n0
s = 2.20, n0

i = 2.16 [119], the pump beam has a pulse energy of
4 nJ [120], and illuminates an area of 0.10 mm2.
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Figure 5.3: (a) Coherence length in terms of the pulse width T0. (b) The bandwidth of the
signal-photon spectrum. We consider nonlinear crystals with lengths L = 5 mm (black dotted
lines) and L = 10 mm (blue solid lines).

According to our simulations in Fig. 5.3, it seems feasible to achieve a micrometer
resolution using ultrashort pulses and millimeter-length nonlinear crystals. Such resolution is
comparable with current commercially available OCT systems [121]. The number of down-
converted signal photons generated per pulse Ns1,s2 is given by Eq. (5.38), where the pulse
duration T0 does not contribute to the number of signal photons generated. Hence, Eqs. (5.38)
and (5.39) imply that we can increase the rate of the signal photon (by increasing L) while
maintaining a high spatial resolution (by decreasing T0).

5.3.3 Time domain induce coherence tomography of a bi-layer sample
The first-order correlation function is the measure of axial resolution in an OCT system. The
Equation (5.39) shows that one can obtain a narrow first-order correlation function and high
axial resolution, even for a long nonlinear crystal, using an ultrashort pump pulse. To show
this effect, we consider a bi-layer sample characterized by reflectivity

ri(Ω) = r0 + r1 exp[i(ω0
i + Ωi)τ ] (5.42)

with τ = 2d0n0/c the delay where d0 and n0 designate the thickness and refractive index,
respectively, of the sample. The coefficient r0 is the Fresnel coefficient for the first layer,
whereas r1 is the effective coefficient for the second layer, taking into account propagation
through the sample. z2 is the distance traveled by the idler beam reflected from the first layer,
while z2 + 2n0d0 is the optical distance traveled by the idler beam reflected from the second
layer.
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Substituting Eq. (5.42) in Eq. (5.28), the first-order correlation for a bi-layer sample is∫
dΩs〈a†s1(Ωs)as2(Ωs)〉 exp[iΩsT ] = r∗0
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0
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(5.43)

The first term gives the first layer’s information and can be written as Eq. (5.32). The
second term is associated with the second layer. Rewriting the second term and using Ω± =
Ωs ± Ωi, this change of variable allows us to write

second layer =
1

2
r1

∫ ∫
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(5.44)

Substituting Eqs. (5.29) in (5.44)
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1

2
(σL)2 T0
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where
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(5.46)



CHAPTER 5. TAILORING THE AXIAL RESOLUTION IN INDUCED COHERENCE TOMOGRAPHY46

Solving the Eq. (5.45) analogous to Eq. (5.32), we have

second layer = 2π r1
σ2L
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exp [iφ′′0]

× exp
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) (5.47)

Substituting the Eq. (5.43) and (5.38) in Eq. (5.25), the normalized first-order correlation for
the bi-layer sample is

∣∣g(1)
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(T )
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(5.48)

+r1 exp(iω0
i τ) exp
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1− 2D+

D
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T ′1 + 2T ′2

)2

16T 2
0

]
tri

(
T ′1
DL

)]
where T ′1 = T1 − τ and T ′2 = T2 + τ . T1 and T2 are given by Eq. (5.37).

The interference signal in Eq. (5.17) at one output port of the beamsplitter is

N = Ns1

{
1 + r0g

(1)
s1,s2

(T1, T2) sin
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ω0
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s

c
(z1 − z3)

]
,

(5.49)

with φ0 = (ω0
p/c)(zp2 − zp1)− (ω0

i /c)(z2 + niL) . We can choose zp2 = zp1 + cNiL+ z2.
The Figure 5.4 shows the photon flux N as a function of ∆z for a 20 µm glass slab

(refractive index n0 = 1.5) embedded between air (n1 = 1) and water (n2 = 1.3). We
consider three scenarios. Figure 5.4(a) considers a pump beam with T0 = 100 ps (quasi-
cw) and a crystal with L = 0.5 mm. The interferogram shows two maxima separated by
60 µm, the sample’s optical path length cτ . Figure 5.4(b) considers the same pulse duration,
but L = 10 mm. The interferogram cannot resolve the thickness of the sample; there is not
enough axial resolution. Figure 5.4(c) considers the same length L = 10 mm but now with
T0 = 100 fs.

The interferogram recovers the two maxima, thereby resolving the layers of the sample.
The two maxima are separated by 42 µm, which is smaller than the sample’s optical thickness.
This result can be understood noticing that the peak of the interferogram when the shape of
the first-order correlation function is dominated by the Gaussian function will take place for a
value of T1 [see Eq. (5.39)], (

1− 2D+

D

)
(T1 + τ)− 2τ = 0,

=⇒ T1 =
D + 2D+

D − 2D+

τ. (5.50)

Taking into account the values of D = −263 fs/mm and D+ = 780 fs/mm, the factor (D +
2D+)/(D − 2D+) = −0.71. The separation between the two maxima corresponding to
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Figure 5.4: Signal N in one output port of the beamsplitter as a function of ∆z for a bi-
layer sample (first row). We assume a 20 µm glass slab with a refractive index n = 1.5
embedded between air and water. We consider three different combinations for the length L
of the nonlinear crystals and pump pulses duration T0. (a) L = 0.5 mm, T0 = 100 ps, (b)
L = 10 mm, T0 = 100 ps, and (c) L = 10 mm, T0 = 100 fs. For illustrative purposes, we
consider fringes oscillating with a wavelength larger than the actual signal-photon wavelength
of 810 nm. The second row shows the normalized spectrum of the signal photon of bandwidths
(d) 14.8 nm, (e) 0.8 nm and (f) 20 nm.

the two layers is −0.71 × 60µm ∼ −42µm. This result is reminiscent of the fact that after
reflection from the sample, we have two pulses separated by τ that are injected in the second
nonlinear crystal, and both show a certain delay with the pump pulse [122]. For a case with
D+ = 0, we would again have T1 = τ as in the quasi-cw case.

Figure 5.4 also shows the signal spectrum given by eq. (5.41). The interferograms and
spectra show the reciprocal relation between the spectral bandwidth and axial resolution.

5.4 Conclusions
We have presented a theoretical study of induced coherence tomography considering pulsed
pumping. We have found the expressions for the degree of first-order coherence between
signal photons considering single-layer and bi-layer samples. In these expressions, Eqs. (5.39)
and (5.49), it is now clear the role of the pump pulses in defining the spatial resolution of the
system. We also derived simple expressions for the emission rate of signal photons.

For ultrashort pump pulses, the emission rate of signal photons turns out to be linearly
dependent on the length of the crystal, regardless of the duration of the pump pulses. There-
fore, induced coherence tomography can now benefit from high spatial resolutions and high
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emission rates by combining ultrashort pumping with millimeter-length crystals, while main-
taining its salutary features, i.e., probing the sample with high resolution at the ideal wave-
length, and using the optimum wavelength for detection.

In the low parametric gain regime, photon pairs’ emission rate increases with the length
of the nonlinear crystal, regardless of the pump pulse duration. We have shown that an
OCT scheme based on induced coherence can achieve high axial resolution and high photon-
emission rates by combining ultrashort pumping with long crystals. The method maintains
its salutary features, i.e., probing the sample with photons centered at the most appropriate
wavelength while using the optimum wavelength for photodetectors.



Chapter 6

Conclusions and future work

6.1 Conclusions
In this thesis work, we study optical depth sectioning techniques based on quantum principles.
We provide advances in the development of detection methods, analysis of detection schemes,
and improved image resolution performance.

Our methodology for photon counting and timing using an oscilloscope allows develop-
ing quantum optics experiments, overcoming the limitation of using specialized and relatively
expensive equipment. This is advantageous because the oscilloscope is widely used and stan-
dard laboratory equipment in STEM laboratories; therefore, its manipulation could be easy.

The methodology was tested by measuring the photon coincidences demonstrating the
difference between an entangled and non-entangled photon source. This methodology com-
plements the efforts to generate accessible and low-cost experimental arrangements to poten-
tiate the experimental study of quantum optics. We observe great opportunity of application
in undergraduate students’ practices as evidenced by our research ”Understanding the basic
concepts and tools in experimental quantum optics,” Proc. SPIE 10741, Optics Education and
Outreach V, 107410T (14 September 2018).

Our study of the experimental optical sectioning techniques inspired by OCT provides
the theoretical elements to simulate the acquisition of images of the SU (1,1), ICT, and QOCT
techniques operated in the Fourier domain. From an experimental perspective, working in this
regime allows faster image acquisition, a critical condition for medical applications.

We developed the analysis of a bi-layer sample used as a reference in current experi-
mental studies. The differences between the detection schemes make it difficult to carry out
an experimental comparative study of the techniques. With the deduction of the mathematical
expressions presented, we can generate simulations of image acquisitions that can serve as ref-
erences to create training exercises to interpret images of more complex samples. A valuable
point is the notation and diagrams used since they allow an easy analysis in the fundaments
of interferometry and the practical part of image interpretation. Based on the simulations, we
can argue that the SU (1,1) and ICT schemes provide images where it is easier to interpret the
distinction of the layers in a sample.

On the other hand, the advantage of QOCT is a resolution twice better than SU (1,1)
and ICT. However, the images taken by QOCT have an effect interpreted as an extra layer
that represents a risk in interpreting the image. This effect is generated by the phase of the

49
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pumping beam on the photons interference pattern. Nevertheless can be removed.
It is essential to mention that in the Fourier domain, the position of the sample is crucial.

The sample position defines the points that denote the beginning and end of a layer in the
spectrogram. Therefore, to avoid overlap and, consequently, erroneous testing of the sample,
the distance of the sample must be greater than twice its optical thickness to the point where
the optical paths of the signal and idler photons are equal.

As a result of comparing the classical and quantum methods, we conclude that taking
advantage of induced coherence and the two photons interference known as the Hong-Ou-
Mandel effect potentiate quantum imaging techniques as promising developments on quantum
technologies.

For our study of Time domain-ICT, we deduce the operating conditions to overcome the
limit of axial resolution given by the length of the non-linear crystal used in the sources of
entangled photon pairs that comprise it. We demonstrate that the system coherence length
depends on the pumping pulse duration and the crystal length. Our results suggest that using
femtosecond pulses combined with long crystals (of the order of mm) is possible to obtain
submicrometric resolutions and high fluxes of entangled photons. Therefore, we get an op-
timized technique for the acquisition of high-resolution images with low acquisition times.
According to our research, we find it feasible and exciting to demonstrate these results exper-
imentally.

Finally, based on the previous arguments, we conclude that the present research work
provides experimental, theoretical, and modeling elements for the advancement of quantum
imaging.

6.2 Future work
It is interesting to know the axial resolution limit to distinguish two layers of an image ac-
quired by the exposed methods. Recent works apply the Fisher information formalism to
study the superresolutions. These studies have been used in studies to super the diffraction
limit and distinguish two punctual light sources [123, 124, 125, 126]. Therefore, as future
work, I propose applying the Fisher information formalism to the techniques presented to
study multilayer samples with submicrometric thicknesses.

Along the same lines, the work of Cascade-OCT was presented recently. Here, the
FD-OCT arrangement is modified by adding an interferometer that automatically performs
the Fourier transform of the spectrogram substituting the computational processing to obtain
the Fourier transform to interpret the spectrogram of the sample in analysis [127]. As future
work, this arrangement of cascade interferometers could be applied within the SU (1,1), ICT
and QOCT systems to investigate their performance.

Another immediate proposal is to develop the FD-ICT analysis considering a pulsed
pumping beam like the one carried out in chapter 5. Suppose we hypothesize that the advan-
tages obtained in the time domain are maintained, i.e., submicrometric resolutions and high
photon fluxes, and combined with the fast detection speed of the Fourier domain, then the
technique would be highly optimized.
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[1] José-Angel Conchello and Jeff W Lichtman. Optical sectioning microscopy. Nature
methods, 2(12):920–931, 2005.

[2] Wolfgang Drexler and James G Fujimoto. Optical coherence tomography: technology
and applications. Springer Science & Business Media, 2008.

[3] Optical Coherent Tomography News. http://www.octnews.org/.

[4] Silke Aumann, Sabine Donner, Jörg Fischer, and Frank Müller. Optical Coherence
Tomography (OCT): Principle and Technical Realization, pages 59–85. Springer Inter-
national Publishing, Cham, 2019.

[5] Michelle L Gabriele, Gadi Wollstein, Hiroshi Ishikawa, Juan Xu, Jongsick Kim, Larry
Kagemann, Lindsey S Folio, and Joel S Schuman. Three dimensional optical coherence
tomography imaging: advantages and advances. Progress in retinal and eye research,
29(6):556–579, 2010.

[6] Mehreen Adhi and Jay S Duker. Optical coherence tomography–current and future
applications. Current opinion in ophthalmology, 24(3):213, 2013.

[7] Josef F Bille. High resolution imaging in microscopy and ophthalmology: new frontiers
in biomedical optics. 2019.

[8] Michalina J Gora, Melissa J Suter, Guillermo J Tearney, and Xingde Li. Endoscopic
optical coherence tomography: technologies and clinical applications. Biomedical op-
tics express, 8(5):2405–2444, 2017.

[9] Jonas Olsen, Jon Holmes, and Gregor BE Jemec. Advances in optical coherence tomog-
raphy in dermatology—a review. Journal of biomedical optics, 23(4):040901, 2018.

[10] Tianshi Wang, Wolfgang Wieser, Geert Springeling, Robert Beurskens, Charles T
Lancee, Tom Pfeiffer, Antonius FW van der Steen, Robert Huber, and Gijs van Soest.
Intravascular optical coherence tomography imaging at 3200 frames per second. Optics
letters, 38(10):1715–1717, 2013.

[11] Mobin Ibne Mokbul. Optical coherence tomography: basic concepts and applications
in neuroscience research. Journal of medical engineering, 2017, 2017.

[12] James Fujimoto and David Huang. Foreword: 25 years of optical coherence tomogra-
phy. Investigative ophthalmology & visual science, 57(9):OCTi–OCTii, 2016.

51



BIBLIOGRAPHY 52

[13] James Fujimoto and Eric Swanson. The development, commercialization, and im-
pact of optical coherence tomography. Investigative ophthalmology & visual science,
57(9):OCT1–OCT13, 2016.

[14] Eric A Swanson and James G Fujimoto. The ecosystem that powered the translation of
oct from fundamental research to clinical and commercial impact. Biomedical optics
express, 8(3):1638–1664, 2017.

[15] David Huang, Eric A Swanson, Charles P Lin, Joel S Schuman, William G Stinson,
Warren Chang, Michael R Hee, Thomas Flotte, Kenton Gregory, Carmen A Puliafito,
et al. Optical coherence tomography. science, 254(5035):1178–1181, 1991.

[16] Adolph F Fercher, Ch K Hitzenberger, G Kamp, and Sy Y El-Zaiat. Measurement of in-
traocular distances by backscattering spectral interferometry. Optics communications,
117(1-2):43–48, 1995.

[17] R Leitgeb, CK Hitzenberger, and Adolf F Fercher. Performance of fourier domain vs.
time domain optical coherence tomography. Optics express, 11(8):889–894, 2003.

[18] Chang-Wei Sun, Su-Heng Wu, Jia-Chen Duan, Jian-Wei Zhou, Jun-Lei Xia, Ping Xu,
Zhenda Xie, Yan-Xiao Gong, and Shi-Ning Zhu. Compact polarization-entangled
photon-pair source based on a dual-periodically-poled ti: Linbo 3 waveguide. Optics
letters, 44(22):5598–5601, 2019.

[19] Jin Liu, Rongbin Su, Yuming Wei, Beimeng Yao, Saimon Filipe Covre da Silva, Ying
Yu, Jake Iles-Smith, Kartik Srinivasan, Armando Rastelli, Juntao Li, et al. A solid-state
source of strongly entangled photon pairs with high brightness and indistinguishability.
Nature nanotechnology, 14(6):586–593, 2019.

[20] Ayman F Abouraddy, Bahaa EA Saleh, Alexander V Sergienko, and Malvin C Teich.
Entangled-photon fourier optics. JOSA B, 19(5):1174–1184, 2002.

[21] Daniel S Tasca, Matthew P Edgar, Frauke Izdebski, Gerald S Buller, and Miles J Pad-
gett. Optimizing the use of detector arrays for measuring intensity correlations of pho-
ton pairs. Physical Review A, 88(1):013816, 2013.

[22] Hugo Defienne, Matthew Reichert, and Jason W Fleischer. General model of photon-
pair detection with an image sensor. Physical review letters, 120(20):203604, 2018.

[23] Xiaoyu Zhang, Yifan Chen, Kefu Ning, Can Zhou, Yutong Han, Hui Gong, and Jing
Yuan. Deep learning optical-sectioning method. Optics express, 26(23):30762–30772,
2018.

[24] Mark Christopher, Akram Belghith, Robert N Weinreb, Christopher Bowd, Michael H
Goldbaum, Luke J Saunders, Felipe A Medeiros, and Linda M Zangwill. Retinal nerve
fiber layer features identified by unsupervised machine learning on optical coherence
tomography scans predict glaucoma progression. Investigative ophthalmology & visual
science, 59(7):2748–2756, 2018.



BIBLIOGRAPHY 53

[25] Tariq Mehmood Aslam, David Charles Hoyle, Vikram Puri, and Goncalo Bento. Differ-
entiation of diabetic status using statistical and machine learning techniques on optical
coherence tomography angiography images. Translational vision science & technol-
ogy, 9(4):2–2, 2020.

[26] ZY Ou, CK Hong, and L Mandel. Relation between input and output states for a beam
splitter. Optics communications, 63(2):118–122, 1987.

[27] Frédéric Bouchard, Alicia Sit, Yingwen Zhang, Robert Fickler, Filippo M Miatto, Yuan
Yao, Fabio Sciarrino, and Ebrahim Karimi. Two photon interference: The hong-ou-
mandel effect. Reports on Progress in Physics, 2020.

[28] XY Zou, Lei J Wang, and Leonard Mandel. Induced coherence and indistinguishability
in optical interference. Physical review letters, 67(3):318, 1991.

[29] Ayman F Abouraddy, Magued B Nasr, Bahaa EA Saleh, Alexander V Sergienko, and
Malvin C Teich. Quantum-optical coherence tomography with dispersion cancellation.
Physical Review A, 65(5):053817, 2002.

[30] Magued B Nasr, Bahaa EA Saleh, Alexander V Sergienko, and Malvin C Teich.
Demonstration of dispersion-canceled quantum-optical coherence tomography. Physi-
cal review letters, 91(8):083601, 2003.

[31] Masayuki Okano, Hwan Hong Lim, Ryo Okamoto, Norihiko Nishizawa, Sunao
Kurimura, and Shigeki Takeuchi. 0.54 µm resolution two-photon interference with
dispersion cancellation for quantum optical coherence tomography. Scientific reports,
5(1):1–8, 2015.

[32] Gabriela Barreto Lemos, Victoria Borish, Garrett D Cole, Sven Ramelow, Radek Lap-
kiewicz, and Anton Zeilinger. Quantum imaging with undetected photons. Nature,
512(7515):409–412, 2014.

[33] Mayukh Lahiri, Radek Lapkiewicz, Gabriela Barreto Lemos, and Anton Zeilinger. The-
ory of quantum imaging with undetected photons. Physical Review A, 92(1):013832,
2015.

[34] Marta Gilaberte Basset, Frank Setzpfandt, Fabian Steinlechner, Erik Beckert, Thomas
Pertsch, and Markus Gräfe. Perspectives for applications of quantum imaging. Laser
& Photonics Reviews, 13(10):1900097, 2019.

[35] Tianshi Wang, Tom Pfeiffer, Evelyn Regar, Wolfgang Wieser, Heleen van Beusekom,
Charles T Lancee, Geert Springeling, Ilona Krabbendam, Antonius FW van der Steen,
Robert Huber, et al. Heartbeat oct: in vivo intravascular megahertz-optical coherence
tomography. Biomedical optics express, 6(12):5021–5032, 2015.
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[125] J Řeháček, M Paúr, B Stoklasa, D Koutnỳ, Z Hradil, and LL Sánchez-Soto. Intensity-
based axial localization at the quantum limit. Physical review letters, 123(19):193601,
2019.



BIBLIOGRAPHY 61

[126] T. B. Dubose, D. Cunefare, E. Cole, P. Milanfar, J. A. Izatt, and S. Farsiu. Statistical
models of signal and noise and fundamental limits of segmentation accuracy in retinal
optical coherence tomography. IEEE Transactions on Medical Imaging, 37(9):1978–
1988, 2018.

[127] Di Xu, Andres Garcia Coleto, Zhenkun Wen, Benjamin Moon, Jonathan C Papa,
Michael Pomerantz, John C Lambropoulos, and Jannick P Rolland. Cascade optical
coherence tomography (c-oct) towards freeform metrology. In Interferometry XX, vol-
ume 11490, page 114900K. International Society for Optics and Photonics, 2020.



Curriculum Vitae

Doctorate student Jorge Arturo Rojas Santana was born in Toluca, México, on August 22,
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