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Implementation of a two-photon Michelson interferometer
for Quantum-Optical Coherence Tomography
by
Dorilian Lépez Mago

Abstract

Time-domain Optical Coherence Tomography (OCT) is an imaging technique that provides
information about the internal structure of a sample. It makes use of classical light in conjunc-
tion with conventional interferometers. A quantum version of OCT, called Quantum-Optical
Coherence Tomography (QOCT), has been developed in previous years. QOCT uses entan-
gled photon pairs in conjunction with two-photon interferometers. QOCT improves depth
resolution and offers more information about the optical properties of the sample. However,
the current implementation of QOCT is not competitive with its classical counterpart because
of the low efficiency of the current sources and detectors that are required for its implementa-
tion.

We analyzed the feasibility of QOCT using a Michelson interferometer that can be
adapted to the state of the art in entangled photon sources and detectors. Despite of its sim-
plicity, no current implementations of QOCT have been done with this interterometer. This
thesis develops the theory of the two-photon Michelson interferometer applied in QOCT. It
describes the elements that characterizes the coincidences interferogram and support the the-
ory with experimental measurements.

We found that as long as the spectral bandwidth of the entangled photons is smaller than
their central frequency, the Michelson interferometer can be successfully used for QOCT. In
addition, we found that the degree of entanglement between the photons can be calculated
from the coincidences interferogram. The two-photon Michelson interferometer provides an-
other possibility for QOCT with the advantages of simplicity, performance and adaptability.
The resolution of the interferometer can be improved using ultrabroadband sources of entan-
gled photons, e.g. photonic fibers. In addition, we can study the implementation of photon-
number resolving detectors in order to remove the detection of coincidences that is used for
detecting entangled photon pairs.

Vi
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Chapter 1

Introduction

1.1 Motivation

Optical imaging techniques such as optical coherence tomography (OCT) and confocal mi-
croscopy have found widespread applications in medicine. Compared to other imaging tech-
niques, e.g. magnetic resonance imaging, ultrasound and positron emission tomography, they
offer micrometer resolution, noninvasive imaging and real time measurements.

The resolution of these optical systems is limited by the wave nature of light. The
smallest feature that can be distinguished has a direct Fourier connection with the spectral
properties of the light source. It is a consequence of the Heisenberg uncertainty principle,
which imposes limits on the precision of measurements. The Heisenberg uncertainty gives
rise to the diffraction limit in microscopy and the coherence length in OCT. However, the
Heisenberg limit can be overcome using nonclassical states of light such as squeezed and
entangled states. Nonclassical (quantum) sources of light have been developed over the past
years and promise to enhance the performance of the optical imaging systems.

This thesis studies the quantum version of OCT, called Quantum-Optical Coherence
Tomography (QOCT), which makes use of entangled photons. However, the current config-
uration of QOCT is far away to compete with its classical counterpart because of the low
efficiency of the entangled-photon sources that can be used. With this in mind, we propose
a new scheme for QOCT based on the standard Michelson interferometer. Besides its prac-
tical advantages, this configuration is compatible with current high-flux sources of entangled
photons and state of the art detectors. We hope that our results motivate real applications of
QOCT.

1.2 Problem Statement and Context

Optical coherence tomography is an interferometric imaging technique that provides cross-
sectional images of an object [ 1]. It has the properties of being a non-invasive and non-contact
measurement technique which offers high-resolution images within a short acquisition time.
OCT started as a method for finding faults in fiber optical cables and network components and
has become a robust technology with applications in medicine [2, 3] and material thickness
measurements [4, 5].
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Time-domain OCT is a form of low-coherence interferometry. It makes use of the co-
herence properties of classical light to effectively section a reflective sample with a resolution
that is determined by the coherence time of the source. The coherence time is inversely pro-
portional to the source spectral bandwidth. Therefore, sources with a broad spectrum (e.g.
superluminescent diodes, ultrashort pulsed lasers and photonic crystal fibers) are used to pro-
duce high-resolution images.

The standard configuration of time-domain OCT consists of a Michelson interferometer
with a scanning mechanism, as shown in Fig. 1.1a. One arm of the interferometer contains
the sample to be explored and the other, the reference arm, introduces a time delay 7. The
interference of the reflected light from the sample with the light from the reference mirror,
produces an interference pattern or interferogram /(7) that contains the information of the
internal structure of the sample (Fig. 1.1b).

(a) Michelson interferometer (b) Interferogram
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Figure 1.1: Basic principle for Optical Coherence Tomography. (a) A low-coherence light
source is used with a Michelson interferometer to record the interference of the reflected
light from the sample. The interference pattern or interferogram [(7) depends on the time
difference 7 between the reference arm and the sample arm. (b) Recorded interferogram as a
function of the path-length difference between the interferometer arms. The thickness of the
sample slab is the distance between the maxima of the interferogram which corresponds to
the reflections from the surfaces of the sample. BS: beam splitter, D: detector, M: mirror.

OCT can resolve a minimum distance defined by the source coherence time. Axial
resolution is enhanced by increasing the spectral bandwidth of the source. However, as the
bandwidth is increased the effects of group-velocity dispersion become apparent. Sample
dispersion tends to increase the coherence length and hence to degrade the resolution. In
order to counteract the effects of dispersion, a priori knowledge of the dispersion is required.

The development of nonclassical sources of light, such as entangled photons pairs, sug-
gested the idea of using such sources for OCT. Quantum-Optical Coherence Tomography
raised as a consequence. QOCT combines the correlation properties of the entangled photons
with the capabilities of OCT. It was proposed by Abouraddy et al. [6] in 2002 and experimen-
tally proved by Nasr ef al. [7] a year later. Eventually, there have been several improvements
in the theory and experimental implementations of QOCT. Furthermore, QOCT has opened
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new methods that mimic the quantum properties using classical sources [§].

QOCT uses entangled photon pairs in conjunction with a two-photon interferometer
which incorporates two photodetectors working in coincidences, rather than a single photode-
tector as in OCT. One photon travels to the sample and the other to a controllable delay time.
The coincidences of photons arriving at the two detectors are recorded as a function of the
delay time. The entanglement between the photons provides high correlations in frequency
that cannot be achieved using classical sources. This feature enhances the resolution by a
factor of two and makes the interferogram immune to the dispersion effects.

The original version of QOCT uses a Hong-Ou-Mandel (HOM) interterometer [9]. The
HOM interferometer consists of a beam splitter where the two photons enter the beam splitter
through separate input ports and the coincidences are recorded at the output ports (Fig. 1.2a).
The intensity of the coincidences depends on the phase difference between the photons and
becomes a minimum at each position of the layers that constitute the sample. The minimum
is consequence of the bunching properties of the photons, which means that they tend to exit
the beam splitter together through only one of the output ports.

(a) Hong-Ou-Mandel interferometer (b) Concidence interferogram
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Figure 1.2: Original configuration of Quantum-Optical Coherence Tomography. (a) The
Hong-Ou-Mandel interferometer uses a source of entangled photon pairs where both pho-
tons meet at a beam splitter through different input ports. At the output of the beam splitter,
two detectors measure the coincidences rate (1) as a function of the time delay 7. (b) The
coincidences interferogram traces out a dip at each position of the layers. The peak at the mid-
dle of the sample is consequence of constructive interference between the reflected light in the
second surface and the transmitted light from the first one. BS: beam splitter. D: detector, M:
mirror, NLC: nonlinear crystal.

The coincidences interferogram (Fig. 1.2b) contains the location of the internal layers
of the sample, which is indicated by the minima. In addition, it provides information about
the dispersion properties of medium, which is implicit in the central peak. This peak can be
subtracted from the interferogram by averaging over the central frequency of the entangled
photons. From the width of this peak, we can obtain the value of the group velocity. This
information is not available in OCT.
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The source of entangled photons is implemented using the process of Spontaneous Para-
metric Down-Conversion (SPDC). SPDC originates inside a birefringent crystal with a nonlin-
ear susceptibility. A pump photon propagating inside the nonlinear crystal is spontaneously
split into two photons. The direction of the down-converted photons can be controlled by
adjusting the angle between the pump photons and the optics axis of the crystal.

The HOM interferometer requires that the entangled photons be emitted noncollinearly
(both photons propagate with different directions). This represents a challenge for alignment
and balancing of the optical paths. The noncollinear configuration constraints the physical
dimensions of the crystals and therefore it is customary to use nonlinear crystals with small
dimensions.

The intensity of SPDC is proportional to the interaction volume of the pump with the
crystal. As a consequence of the noncollinear configuration, we are restricted to use crystals
with small interaction volumes and hence low intensity in the production of entangled pho-
tons. The Jow intensity increases the acquisition time for the recording of the coincidences
interferogram. As a comparison, the recording time of a single point in QOCT it is in the
order of seconds while for OCT is in milliseconds.

High intensity sources of entangled photons, such as periodically poled crystals [10] and
photonic crystal fibers [11], produce collinearly propagating entangled photons. Therefore,
the noncollinear configuration of the HOM interferometer is not compatible with this kind of
sources.

In principle, the implementation of coincidence detection for measuring nonclassical
states is a practical issue rather than a requirement. Instead, it is possible to use photon number
detectors [12] which are able to resolve the number of incident photons. The technology is
still in development but it promises to eradicate the use of coincidence electronics. Again, the
noncollinear configuration of the HOM interferometer is not suitable for this kind of detectors.

In summary, the problem with QOCT is its noncollinear configuration which imposes
several challenges and limitations. It is difficult to align and to couple with other optical
components, limits the possible sources of entangled photons and its integration with novel
detectors.

1.3 Solution Overview

We propose a new implementation of QOCT using a standard Michelson interferometer. The
Michelson configuration is attractive because of its simplicity, robustness and integrability.
Since the classical OCT uses a Michelson interferometer, it might be apparent that this config-
uration should be already used for QOCT, but currently neither implementations nor proposals
have yet been reported.

It turns out that using the Michelson interferometer, the coincidence interferogram con-
tains more subtleties than the HOM interferogram. However, we found that by Fourier pro-
cessing the data we can extract the same information that can be achieved with the HOM
interferometer.

The configuration is shown in Fig. 1.3a. It uses a collinear source of entangled photons
which are generated with the process of SPDC. The detection of the photon pairs is obtained
using a coincidence detector. The recorded interferogram of a single reflective layer is shown
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e D. Lopez-Mago and L. Novotny, “Axial Quantum-Optical Coherence Tomography with
the Michelson interferometer,” to be submitted to Optics Letters.

In addition to this research, I have studied the statistical properties of paraxial beams.
The outcome of that research is found in the following journal papers:

e “Higher-order moments and overlaps of rotationally symmetric beams,” Miguel A. Ban-
dres, Dorilian Lopez-Mago and Julio C. Gutierrez-Vega; J. Opt. 12, 015706 (2010).

e “Higher-order moments and overlaps of Cartesian beams,” Miguel A. Bandres, Dorilian
Lopez-Mago and Julio C. Gutierrez-Vega; J. Opt. 12, 015706 (2010).

and conference proceedings

e Lopez-Mago, D., Bandres, M. A., Gutierrez-Vega, J. C., “Propagation characteristics of
Cartesian Parabolic-Gaussian beams,” Proceedings of SPIE Vol. 7789, 77890Q (2010).

e Lopez-Mago, D., Bandres, M. A., Gutierrez-Vega, J. C., “Propagation of Whittaker-
Gaussian beams,” Proceedings of SPIE Vol. 7430, 743013 (2009).

e Burnham, D. R., Reece, P., Lopez Mago, D., et al., “Dynamics of airborne tweezing,”
Proceedings of SPIE Vol. 7038, 70381P (2008).

where the last proceeding came from a collaborative project with the University of Dundee,
in Scotland. However, this thesis only focuses on the second part of my research work.

1.5 Thesis Organization

The thesis covers the fundamental principles of parametric down-conversion and quantum in-
terference in the Chapter 2. Chapter 3 covers the interference of down-converted photons in
the two-photon Michelson interferometer and shows experimental results. Chapter 4 explores
the implementation of the two-photon Michelson interferometer in QOCT and shows the pro-
cedure for recovering the information of the layers and compare the results with the HOM
interferometer. Chapter 5 provides the conclusions and future work.



Chapter 2

Theoretical Background

The quantum theory of light is the most accurate description of nature to date. It explained
the blackbody radiation problem and with its development has successfully described sponta-
neous emission, photon-atom interactions, photodetection and nonclassical radiation. A good
understanding of light phenomena requires knowledge of basic quantum theory in combina-
tion with the current state of the art in photonics technologies. The purpose of this chapter is
to give a review of the underlying concepts and methods used in this thesis work. For further
details refer to references [13, 14, 15, 16].

2.1 Basics of Nonlinear Optics

The response of a medium to an applied optical field is mediated by the electric polarization
of the medium. The electric polarization, defined as the dipole moment per unit volume, is
a function of the strength of the optical field. In linear optics, the polarization P(t) depends
linearly on the electric field P(t) = ¢ox " E(t), where ¢, is the electric permittivity of free
space and the constant of proportionality x) is known as the linear susceptibility. Nonlinear
optics deals with the nonlinear response of the polarization. In this sense, the polarization is
expressed as a power series expansion in the electric field:

PNU(1) = eo[XWE(1) + xPEX(1) + x®E3(t) + -], (2.1)

which is a generalization of the linear case. The constants of proportionality x(® and x® are
known as the second-order and third-order nonlinear susceptibilities, respectively. In general,
the susceptibilities are not scalars. They depend on the vector properties of E. Therefore,
the susceptibilities become tensors, where y(!) is a second-rank tensor (XEJI-) ), ¥ is a third-
rank tensor (xg,)s), and so on. In Eq. 2.1 we assumed that the medium is dispersionless and
lossless which justifies that PNL( t) depends on the instant value of E. The typical values for
the nonlinear susceptibilities are orders of magnitude smaller than the linear susceptibility. In
order to observe nonlinear optical phenomena it is customary to use high intensity sources

such as lasers.
The wave equation for a nonlinear medium is [15]:

- n?2E 1 9*PNv
2 ot ey o2

(2.2)
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where n is the linear refractive index and c is the speed of light in vacuum. If we compare
the previous equation with the equation of a driven oscillator, the term 92PN /9t? acts as a
driving force which generates electromagnetic radiation. Then, the nonlinear terms produce
electromagnetic fields with different oscillation frequencies from those of the applied electric
field E. Let us review an example to illustrate the variety of nonlinear effects.

Consider that an optical field incident upon a nonlinear medium is composed of two
frequencies wy and wo (Fig. 2.1a). The electric field is written in the form

E(t) = Fye ™1t 4 Fhe ™2t 4 cc., (2.3)

where c.c. means complex conjugate of the previous terms. Then, taking up to the second-
order susceptibility in Eq. (2.1), the nonlinear polarization is given by

P(Q)(t) — @ {E%ev%wlt+E226—2iw2t+2E1E267i(w1+w2)t+

0, Ejetwr—wn)t c.c.} + 2¢0x®@ [yE1|2 n |E2]2} . 2.4)

The first two terms generate electromagnetic fields at frequencies 2w; and 2w,. This is known
as second-harmonic generation (SHG). The next two terms produce radiation at frequencies
wy + wy and w; — wq, which are known as sum-frequency generation (SFG) and difference-
frequency generation {DFG), respectively. The last term does not produce radiation, however
it generates a static electric field across the nonlinear medium, known as optical rectification.

(a) Stimulated emissions {b) Spontaneous Parametric
Down-Conversion

w1 i 2 (1)1 Wi
—-——-——-» ___________»
(2) p— 22 Wp=Wi+Ws (2)
0 X Yl X
2 > > wWitw2 ws
—»
—— N /T Y /1 V)

Nonlinear medium Nonlinear medium

Figure 2.1: Second-order Nonlinear Processes. (a) When an electromagnetic field interacts
with a nonlinear medium having a nonlinear susceptibility x(?, the resulting electromagnetic
field contains second harmonics (2w ,2ws), sum-frequency (w; +ws) and difference-frequency
(w1 — wa) components. (b) In Spontaneous Parametric Down-Conversion a pump photon with
frequency (wy) is spontaneously split into two photons with frequencies w; and w;. The down-
converted photons satisfy energy conservation wy + w; = wy.

The process of difference-frequency generation found many of its practical applications
in the amplification of signals. For example, in optical parametric amplification a laser with
frequency w, is used to pump a nonlinear crystal. At the same time, a small signal wave with
frequency w; is introduce into the medium. The frequency w; is smaller than the frequency of
the pump. Then, by means of DFG a second wave is generated at frequency w; = wp,—w;. This
new optical field is called the idler wave. The idler wave stimulates the generation of fields
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at the signal frequency (wy = w, — w;). The new signal waves repeat the process. Hence, the
generation of the idler wave reinforces the generation of the signal wave, and viceversa. The
signal wave is exponentially amplified along the nonlinear medium in conjunction with the
idler wave.

What makes the process of DFG of particular interest in this work, is the possibility of
producing an entangled two-photon state. In parametric amplification, we stimulate the emis-
sion by introducing the signal wave together with the pump. However, even without the signal
wave, there is the possibility that a spontaneous process creates the signal and idler fields (Fig.
2.1b). In the terminology of photons, it is not possible to say which photon becomes the idler
and which photon becomes the signal. This indistinguishability generates the entanglement
between the two photons. This spontaneous process is known as Spontaneous Parametric
Down-Conversion (SPDC) and is reviewed in section 2.3. Before that, let us introduce the
ideas behind quantum entanglement.

2.2 Introduction to Quantum Entanglement

Entanglement refers to the phenomenon where two or more particles are linked in a way that
the measurement of one instantly changes the quantum state of the other, no matter how far
away they are. Entanglement appeared at the early stage of quantum mechanics. Einstein,
Podolsky and Rosen [17] published a seminal paper criticizing the interpretation of quantum
mechanics about the wave function. In that paper they proposed a thought ("Gedanken™)
experiment to probe that quantum mechanics is incomplete. They proposed that there must
be some hidden variables which are not being taking into account. Later, John Bell showed
that the predictions of hidden variable theories are in conflict with the predictions of quantum
mechanics [18]. Bell developed an inequality (known as Bell’s inequality) which is based
on statistical measurements. Bell’s inequality allowed to test the predictions of quantum me-
chanics versus hidden variable theories. It turned out that the experimental results agree with
the quantum mechanical predictions.

Detector 1 measures V vt Photon 2 collapses to H
Y : Correlation
: ; measurements
N H v H H D1 D2
' Ry -
¢ el SOUFCE H v
4 / ’ vV H
H Vv
i H \%
: Photon 1 Photon 2 : % H
\ H
H \%
\ H

Correlations

Figure 2.2: Example of polarization-entangled photons. Two photons are entangled in polar-
ization when the detection of one photon changes the polarization state of the second photon.
In this example, the entangled photons are anti-correlated.
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A simple example to illustrate the idea of entanglement is shown in Fig. 2.2. There
are several kinds of entangled systems. They can be atoms, ions, molecules, etc. In this
particular example, we consider entanglement between photons. The entangled photons can
be generated by particle collisions or by atomic transitions. The source generates two pho-
tons propagating in opposite directions. Detectors DI and D2 measure the polarization of
the photons traveling to the left and to the right, respectively. By looking at the results of
each detector, we can tell that the state of the photon is a superposition of horizontal (H) and
vertical (V') polarizations. In terms of quantum mechanics, the state of each photon is written
as |¢) = (JH) + |V))/+v/2. If we measured the correlations, we would find that the photons
are anti-correlated which means that whenever we get vertical polarization in D1 we get hor-
izontal polarization in D2. The state of the system is the superposition of the states HV and
VH

) = (|HW V)2 + V)1 [H)2)/V2, (2.5)

where the subindexes 1 and 2 refer to the detectors D1 and D2, respectively. The previous
equation is what Einstein criticized about quantum mechanics. Eq. (2.5) implies that if D1
measures V' polarization, the state of the second photon collapses to H even when this photon
has not been detected by D2. In other words, the detection of photon 1 changes the polariza-
tion state of photon 2 and viceversa. It was probed by Bell’s inequality measurements that the
quantum state given in Eq. (2.5) agrees with the experimental results, excluding all the hidden
variables theories.

The first experiments that demonstrated the validity of quantum mechanics were done
using polarization entanglement[19, 20, 21]. The most famous is the experiment of Aspect et
al. [20] which is equivalent to the example given in Fig. 2.2. In this experiment, two photons
were created in an atomic cascade of calcium. Due to the angular momentum conservation,
the photons are emitted in opposite directions and with orthogonal polarizations. The quantum
state of the system is equivalent to Eq. (2.5) but with a different phase.

The important concepts in quantum entanglement are superposition and indistinguisha-
bility. When the possible outcomes of a process are indistinguishable, the quantum state is
constructed by the superposition of each state that represents an outcome. For example, in
Aspect’s experiment, there is no way to tell the polarization and direction of each photon.
This indistinguishability produces the superposition shown in Eq. (2.5).

After Bell’s inequality [18], new criteria to test quantum entanglement were developed
[22, 23, 24, 25]. Instead of deriving a Bell-type inequality, let us explain the simplest math-
ematical test. The general idea is to show that the combined quantum state of the system
cannot be written as the product of the individual state of each particle. Suppose that a source
generates photon pairs with the following quantum state:

) = (H)((H)2 + [H)[V)2 + [V H)2 + [V)1[V)a) /2. (2.6)

It is straightforward to show that the state can be factored as |U) = (|H); +1V)1)/V2(|H)s+
|V)2)/+/2. Therefore, the state |¥) is separable or not entangled. An example of an entangled
state was given by Eq. (2.5). In this case, we can see that the state cannot be factored. Then,
the state is said to be inseparable or entangled. In the context of indistinguishability, the prod-
uct state (2.6) means that is possible to tell the polarization of each photon before a measure-
ment is done (notice that the two photons have diagonal polarization | D) = (|H)+|V))/v/2).
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It is important to make the distinction that, entanglement refers not to the particles themselves,
but to a certain property or degree of freedom. For example, we can have two polarization-
entangled photons having separable frequency states. Therefore, the indistinguishability is
not associated to the particles, but to a property of the system.

For the case of photons, is possible to generate entanglement in polarization, spatial
mode and energy. It is even possible to produce entanglement on each degree of freedom[26].
The general state of an entangled two-photon system is [27]:

) = %ﬂamm +1ANI8)), @7

where the |a) and |3) are orthonormal vectors in the Hilbert space of photon 1, and |y) and
|0) likewise for photon 2. Then, the state cannot be factored into the product |x);[£)s.

SPDC is one of the most versatile tools to generate photon entanglement in many degrees
of freedom. SPDC is of quantum mechanical nature and in the next sections we’ll review its
properties.

2.3 Spontaneous Parametric Down-Conversion

The process of Spontaneous Parametric Down-Conversion is a nonlinear effect which pro-
duces pair of photons highly correlated in time of emission, frequency and momentum. It was
predicted by the quantum mechanical description of optical parametric amplification [15] and
was known as parametric luminescence or optical parametric noise[28]. The first to study the
statistics of down-converted photons was Zel’dovich and Klyshko[29] in 1969. A year later,
SPDC was experimentally demonstrated by Burnham and Weinberg [30]. The correlation
properties make the two photons very attractive for testing quantum entanglement[16]. After
the work of Burnham and Weinberg, entanglement in SPDC was demonstrated in many de-
grees of freedom, e.g. polarization, energy, linear momentum and orbital angular momentum({31].
" The basic principles in the SPDC process can be understood by energy and momentum
conservation (Fig. 2.3). When a nonlinear medium with a second-order susceptibility x? is

(a) SPDC process (b) Energy and momentum conservation
[T
Wi

ks ki

Wp . S

Iy w >

Y N Ws ko
Nonlinear Crystal ]

Figure 2.3: Spontaneous Parametric Down-Conversion. (a) A pump photon with frequency
wp propagating inside a nonlinear crystal is spontaneously down-converted in two photons w;
and w;. (b) Energy and momentum diagrams of a single SPDC process. The process conserves
energy and momentum, which implies that the frequencies of the photons satisfy w,+w; = wy
and their wavevectors k, + k; = k,.
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pumped by a laser, with a small probability (in the order of 107!?), a pump photon is split
into two photons, which are called signal and idler, respectively. The process conserves the
energy and momentum of the original photon, which implies the following relations in the
frequencies (w) and propagation vectors (k) of the photons:

Wp = Ws + wy, (28)
k, = k,+k; 2.9)

where p, s and ¢ stand for pump, signal and idler. The second equation is known as the phase-
matching condition and determines the spatial and spectral distribution of the down-converted
photons. In materials with normal dispersion, Egs. (2.8) and (2.9) cannot be satisfied simul-
taneously. This problem is overcome by using anisotropic crystals, where the refractive index
n depends on the polarization of the photons. According to the polarization of the down-
converted photons, there are two types of SPDC which are shown in Fig. 2.4. In Type I

(a) Type | SPDC

Phase-Matching Trajectory of the Polarization in the
Condition emissions Transverse Plane
Signal Idler
Pump -
T Nonlinear Crystal
(b) Type Il SPDC
Phase-Matching Trajectory of the Polarization in the
Condition emissions Transverse Plane

;

Nonliﬁﬁéméi Crystal

Figure 2.4: Types of Geometries in Spontaneous Parametric Down-Conversion. (a) Type 1
SPDC. The down-converted photons have parallel polarization but orthogonal to the pump
photons. The propagation directions form two concentric cones. (b) Type II SPDC. The
down-converted photons have orthogonal polarization and their propagation directions form
two cones symmetrically tilted with respect to the direction of the pump photons.

SPDC the photons have the same polarization but orthogonal to the pump. The directions of
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emission of the down-converted photons form two collinear cones. The cones are collinear
with the optics axis defined by the pump. In the degenerate case, when the two photons have
the same frequency, the cones overlap. In Type II SPDC the down-converted photons have
orthogonal polarization and one of them has the same polarization than the pump photon. The
trajectories of the photons define two cones whose axis are tilted with respect to the pump.
The tilt lays in the plane defined by the pump and the optics axis of the anisotropic crystal. In
the transverse plane, the two photons are always emitted in opposite directions, except for the
particular case where they propagate collinearly with respect to the pump photon.

The magnitude of the wavevector inside the crystal is k| = n(w)w/c, where ¢ is the
speed of light in vacuum. The phase-matching condition in Eq. (2.9) can be rewritten as:

n(wp)wpp = n(ws)wss + nw;)w;i (2.10)

where the direction of the photons are indicated by the unitary vectors p,s, and i. The theory
of anisotropic crystals can be found in many references. For the purposes of the thesis, the
case of uniaxial crystals is reviewed. For biaxial crystals, refer to Born and Wolf [14].

An uniaxial crystal supports two orthogonal propagation modes, the extraordinary and
ordinary mode. The ordinary mode has refractive index no(w) and polarization perpendicular
to the plane of the optical axis of the crystal. The extraordinary mode has a polarization laying
in the plane of the optics axis and has a refractive index which also depends on the direction
of propagation. The extraordinary index of refraction has the following dispersion relation:
cos?(9)  sin®() e

npw) - ngw)

Ne(w, d) = (2.11)

where # is the angle between the optics axis and the wave vector. The limiting values of
ne(w, 0) are ne(w, = 0) = no(w) (where ng is the index of refraction for the ordinary mode)
and n.(w, ¥ = 90) = ng(w). The crystal is uniaxial positive if ng > no and uniaxial negative
_if ng < no. The values of no and ng for a given frequency can be found in the literature[32].
However, their values can be approximated by the Sellmeier’s equations [32, 33]:

nyp = A+ B/(X*+C)+ DX, (2.12)

where the coefficients A,B, C' and D are experimentally calculated. The manufacturer of
the crystal provides the values of the coefficients [34]. Using the previous equations, we can
calculate the angles and frequencies that satisfy the phase-matching condition. Practically,
we also need to take into account the refraction from air to crystal and the internal refraction
from the crystal to air in order to calculate the angles of observation. Appendix A shows the
numerical values that were calculated in this work. There is a geometrical solution to the
problem, which is useful to understand the symmetries of the two types of SPDC.

2.3.1 Geometrical interpretation

For a fixed frequency, the dispersion relation |k| = n(k)w/c is the equation of a surface in the
k-space, known as the k-surface. Each mode has its respective k-surface. The intersection of
the wavevector k with the k-surfaces determines the values of np and n.. To visualize this
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idea, refer to Fig. 2.5, where we can see the plane (k,, k) for negative and positive uniaxial
crystals. The optics axis of the crystal is the direction of k.. The surfaces intersect this plane
in an ellipse and a circle. The circle corresponds to the ordinary mode and the ellipse to the
extraordinary mode. Consider that the wave vector have a direction u forming an angle § with
respect to the optics axis. The intersection of u with the circle gives the value of |k,| and
the intersection with the ellipse gives the value of |k.|. With this interpretation, we see that
for a fixed frequency, the refractive index of the extraordinary mode change with the angle
of propagation. The two modes share the same index of refraction when the wave propagates
parallel to the optics axis. Using this interpretation, we can now observe how to satisfy the

(a) NEGATIVE UNIAXIAL CRYSTAL (b) POSITIVE UNIAXIAL CRYSTAL
kz kz
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Figure 2.5: k-Surfaces in uniaxial crystals. An electromagnetic wave propagating inside an
uniaxial crystal has two propagation modes. The propagation plane is defined by the optics
axis of the crystal and the propagation direction u. The ordinary mode has polarization or-
thogonal to the propagation plane whereas the extraordinary mode has parallel polarization.
The intersection of the line with direction u with the k-surfaces defines the values of the re-
‘fractive indexes 7, and n, for the extraordinary and ordinary modes, respectively. (a) In a
negative uniaxial crystal n. < n,. (b) In a positive uniaxial crystal n. > n,.

phase-matching condition. Refer to Fig. 2.6. It is convenient to choose the polarization of the
pump in the extraordinary mode. In this way, we can control the angle of emission by rotating
the crystal. Since we can control the angle between the optics axis and the pump, the solution
for |k, | is found by the intersection with the k-surface. For the down-converted photons, we
trace the k-surface of each one in the same plane. The origin of one of the surfaces is placed
at the end of k,. The solution of the phase-matching equation is given by the intersection of
the two surfaces. In Type I SPDC the k-surface is given by the ordinary mode which form a
circle in the (k,, k,) planes. We can see that the intersection of the two circles in Fig. 2.6a
produces two solutions which are symmetrically oriented with respect to the pump beam. If
we consider the complete space, we have spheres instead of circles for the k-surfaces. The
intersection of the circles define the two cones shown in Fig. 2.4a. For Type II, one of the
k-surfaces corresponds to the extraordinary mode. In this case, the intersection of the ellipse
with the circle produces two solutions which are asymmetric with respect to the pump (Fig.
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2.6b). In the same way, if we consider the 3D-space, the intersection of the ellipsoid with the
sphere form the two tilted cones shown in Fig. 2.4b.

(a) Type | SPDC (b) Type Il SPDC

kz kz

~= Ordinary = Ordinary
-~ Extraordinary - Extraordinary .

/// K A // ) ki
T k!
ks kx : - kx

Figure 2.6: Geometrical interpretation of the phase-matching condition. The solution of
the phase-matching condition is the intersection of the A-surfaces produced by the down-
converted photons. (a) In Type I SPDC the solution is the intersection of two circles, which
in the 3D-space form the concentric cones in Fig. 2.4a. (b) In type II SPDC the solution cor-
responds to the intersection of an ellipse and a circle which produces the tilted cones shown
in Fig. 2.4b.

2.3.2 Quantum Mechanical Description of SPDC

A first approach to study the process of SPDC is to consider the interaction Hamiltonian with
the signal and idler fields having two possible modes [13]:

Hy = ihgalda) + ifgal)a + H.c., (2.13)

where H.c. stands for Hermitian conjugate of the previous terms. a(*) and a*) are the annihi-
lation operator for the signal and idler fields, respectively. The constants g;, g are related to
the second-order susceptibility x‘?) and the properties of the pump. The pump is treated as a
classical field. In the interaction picture, the quantum state evolves as

() = exp(—iHt/R)[1(0)). (2.14)

The efficiency of photon generation is proportional to 77y = |gy 27|, Where 7 is the interaction
time of the process. Generally, the efficiency is in the order of ~ 10~'2 (one photon pair is
generated for each 10'2 photons). Expanding the exponential in Eq. (2.14) and taking the
initial state as the vacuum, the state becomes

[v) &~ mula)|y) + 2] 8)|9). (2.15)
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This final state, means that, if we measure one of the photons and find that is in the mode a,
the other photon is in the mode v and this happens with probability 7;. The same argument
holds for the second term. The modes « and 3 are orthogonal as well as the modes «y and 4.
For example, if we consider that the mode o« = H (so 8 = V)and vy = V (6 = H), we arrive
at the entangled state given in Eq. (2.5).

In general, the process of SPDC produces entanglement in the energy degree of freedom.
The polarization entanglement is usually engineered by using additional elements (which
means that the state becomes entangled in two degrees of freedom). For the frequency de-
gree of freedom, the state in Eq. (2.15) can be written as

[¥) = mi|wi)slwa)s + N2lwa)slwr ) (2.16)

where the energy conservation Eq. (2.8) implies that w; 4 wy = wp,. It is clear that Eq. (2.16)
represents a frequency-entangled state.

24 One-photon and two-photon interference

The double-slit experiment by Thomas Young started the study of interference. Despite its
long history, interference still remains to challenge our understanding. Feynman referred to
interference as the only mystery of quantum mechanics. The Feynman'’s rules of interference
are [35]:

1. The probability P of a particular outcome from the interaction of a particle with an ap-
paratus is given by the square of the absolute value of a complex probability amplitude

7.

P = Probability.
f = Probability amplitude,
Po= IfP @10

2. When the same outcome can occur in indistinguishable alternative ways, the probability
amplitude is the sum of the probability amplitudes for each way considered separately.
There is interference. For example:

f = h+/
P o= |hi+ff @.18)

3. If an experiment is performed which is capable of determining whether one or another
alternative is actually taken, the probability of the event is the sum of the probabilities
for each alternative. The interference is lost.

P=P + P (2.19)

We proceed to apply the rules of interference for optical experiments. In optical ex-
periments, light coming from several sources is allowed to come together and mix, and the
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resulting light intensity is measured at various positions. The interference is characterized by
the phase difference between the sources. However, according to Feynman’s rules of interfer-
ence, the interference is lost when the different pathways of the light are distinguishable.

The principles of quantum optical interference can be generalized as follows [36]. Con-
sider two fields produced by the sources S4 and Sg, as shown in Fig. 2.7. A detector D1
is used repeatedly to measure the probability P, (z,) of detecting a photon in a short time
interval as a function of position z;. From the source S4 (Sg) to detector D1 the photon
acquires a phase ¢4; (¢p1). Then, the probability amplitude of the photon coming from S 4
(Sg)is fa(da1) (fe(B1)). If the sources are indistinguishable, according to the Feynman’s
rules of interference, we sum the probabilities amplitudes f4 and fg and the resulting proba-
bility is P = | fa{éa1) + f5(¢p1)|%. The interference is characterized by the phase difference
¢a1 — ¢p1. On the other hand, if we can tell from which source the photon comes, the in-
terference is lost and the resulting probability is P = |fa(¢a1)|? + |fe(¢p1)|?>. Because
the probability depends on the second power of the optical field and on the detection of one
photon at a time, this kind of experiments are called second-order or one-photon interference.

(a) One-photon interference (b) Two-photon interference
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Figure 2.7: (a) One-photon interference. Detector D measures the probability of detecting
a photon as a function of position z. (b) Two-photon interference. Detectors D1 and D2
measure the probability of detecting one photon in z; and a second photon in x5.

Two photodetectors D1 and D2 working in coincidences measure the joint probability
Ps(z1,x2) of detecting one photon at position z; and a second photon at 5. In this case,
the probability /% depends on the fourth power of the field, and hence we call this kind of
experiments fourth-order or two-photon interference. The interference is characterized by the
phase differences ¢ 47 — ¢ and ¢ 49 — Ppo.

We remark that the quantum interference is not the interference between particles (pho-
tons in this case). In one-photon interference, only the probability amplitudes of the same
photon interfere with each other. In the case of two-photon interference, the probability am-
plitudes of the photon pairs interfere with each other.

The central component in all the interference experiments is the optical beam splitter.
In the classical wave picture, the effect of the beam splitter can be understood as the splitting
of the incoming wave into a reflected and a transmitted partial wave. Each of these waves
contains half the energy (Fig. 2.8a). However, the process of splitting becomes conceptually
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difficult in the photon picture.

(a) The wave picture (b) The photon picture

o mfm

e
o8}

Figure 2.8: Wave and photon pictures of the 50:50 beam splitter. (a) In the wave picture an
incident electromagnetic wave is split in two electromagnetic waves containing half its energy.
(b) In the photon picture an incident photon is split into two “virtual” photons. The probability
of detecting a virtual photon is 1/2. However, detecting one of the virtual photons cancels the
probability of detecting the other virtual photon.

Let us represent a monochromatic photon with angular frequency w entering the beam
splitter through the input port A as |w, a) (Fig. 2.8b). The beam splitter transforms an initial
quantum state 1)), = |w, a) into

[V)out = 7w, d) + tlw, c), (2.20)

where r, ¢ are the reflection and transmission coefficients (for a perfect 50:50 beam splitter,
r =i/V/2and t = 1/1/2). The states |w, ¢) and |w. d) represents the output ports C and D,
respectively. This means that with a probability of |r|? the photon can be found in C and with
probability |¢|? the photon can be found in D.

2.4.1 The one-photon Michelson interferometer

Let us review the one-photon Michelson interferometer in the context of quantum mechan-
ics (Fig. 2.9). Consider a photon wavepacket state written as a weighted superposition of
monochromatic modes

)i = / dwo(w)lw, a), 2.21)

with ¢(w) being the probability amplitude of the state |w). The spectral density $(w) =
|¢(w)|? is normalized ( [ ®(w)dw = 1), has a central frequency @ and bandwidth Aw at full
width at half maximum (FWHM).

The beam splitter transforms each monochromatic mode according to the Eq. (2.20).
|w, d) evolves along path 1 and acquires a phase exp(iwt;). After exiting the beam splitter
through output port B becomes |w, d) — ¢ exp(iwt)|w,b). In the same way, |w, c) acquires
a phase exp(iwto) and at the output port B |w, ¢) = rexp(iwts)|w, b). Then, the wavepacket
state after the Michelson interferometer is

[V out = 7’t/dw¢')(w)(1 + e |w), 2.22)
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where ¢(w,ws) is a weighting function peaked at w; = wy = w,/2, w, is the frequency of
the pump source and w; + wy; = w,. We assume a monochromatic pump laser. Eq. 2.26 is
the generalization of Eq. (2.16). The reference arm introduces a time delay 7 and |w, a) ac-
quires a phase exp(iw7). In the same manner as before, the beam splitter transforms the state
lw, a)|w, — w, b) as given in Eq. 2.25. Keeping the terms that contribute to the coincidences
and considering the phase delay in the input port A, the output state is

(.dp .
V)i = / dwo(w, w, — w)e™ (r?|w, dY|w, — w, ) + 2w, c)|w, — w, d)). (2.27)
0
Notice that the terms where w = w,/2 — dw and w = w,/2 + dw are indistinguishable, i.e.

|wp/2 = dw, d)|wy/2 + dw, ¢) and |w,,/2 + Sw, ¢)|w,/2 — dw, d). The coincidences rate C(7)
is

wp/2 . .
C(r) = / dow|B(wp/2 — 6w, wp/2 + dw)|?|rel@r/2=00T o 2eiwp/2ow)r 12 () 7g)

—wp/2

We use the fact that ¢(w,/2 — dw,wy/2 + dw) = ¢(w,/2 + dw, w,/2 — dw). Then, we assume
that |¢(wi, w2)|? is modulated by spectral filters in front of the detectors. This approximation
is valid when the bandwidth of the down-converted photons Awsppc > Awy, where Awy s
the bandwidth of the filters. We assume that the transmissivity F'(w) of the filters is symmetric,
center at w,/2 and having a normalized Gaussian distribution, that is

1 - 2)?
Flw) = Voot exp <—%) , (2.29)

with 0 = Awy/2+/21n(2) being the standard deviation and Awy the full width at half max-
imum. Finally, substituting |¢|* = F(w,/2 + éw) in Eq. (2.28) and considering a 50:50
beam splitter (r = i/v/2 and t = 1 /\/2), the coincidences rate or fourth-order interferogram

* becomes

C(1) < 1 — exp (—20°7%). (2.30)

The interferogram is shown in Fig. 2.11 which contains a dip when 7 = 0. The dip is known
as the HOM dip and was experimentally demonstrated by Hong ez al. [9]. Compared to the
Michelson interferogram, the HOM interferogram contains two important characteristics:

e Because of the frequency correlations, the interferogram doesn’t contain fringes. In
addition, as we will see in Chapter 4, the interferogram is not affected by frequency
dispersion.

¢ The coherence length of the dip is half the coherence length of the Michelson inter-
ferogram. This means that the HOM interferogram produces an enhancement in axial
resolution by a factor of 2.

The next chapter analyzes the characteristics of the two-photon Michelson interferometer.



CHAPTER 2. THEORETICAL BACKGROUND 23

Hong-Ou-Mandel dip

Average

FWHM

Coincidences rate

Time delay T

Figure 2.11: Coincidences interferogram for the HOM interferometer. The interferogram
traces out a dip when both photons travel the same optical path length (7 = 0). The coher-
ence length (FWHM/2) of the HOM dip is half the coherence length given in a Michelson
interferometer.



Chapter 3

The Two-Photon Michelson
Interferometer

This chapter describes the properties of the two-photon Michelson interferometer. We start
discussing the working principles by considering a monochromatic approach. Then, we ex-
tend the theory to include the spectral properties of the SPDC process. Finally, we show
experimental results that prove our theoretical predictions.

The two-photon Michelson interferometer is shown in Fig. 3.1a. It makes use of a source
of photon pairs. At the output of the interferometer, we measure the two-photon state by using
a second beam splitter and two photodetectors working in coincidences. The introduction
of the second beam splitter decreases the coincidences rate by half, but doesn’t change the
interference pattern. Interference in the coincidences rate occurs because of the different
ways the photon pairs can propagate through the interferometer.

Consider that a pair of photons enter the beam splitter through the input port A. The
photon pairs can exit the Michelson interferometer by four different ways: both photons are
transmitted and then reflected, both photons are reflected and then transmitted or one pho-
ton is transmitted/reflected and the second photon is reflected/transmitted (Fig. 3.1b). The
indistinguishability of these scenarios gives rise to interference in the coincidence counts.

Consider the input state given by the product of two monochromatic modes |¢);, =
|wy)|ws). The photon pairs enter the beam splitter through the input port A. After the interfer-
ometer, each monochromatic mode becomes |w) — rtexp(iwti) + trexp(iwty) where ¢ is
the time required to travel the reference arm whereas ¢, is the time required to travel the fixed
arm, r and ¢ are the reflection and transmission coefficients of the beam splitter, respectively.
The final state

'l/">out — ,,‘2//2(Ciw1tleiw2t1 + pwite iwats + plwit yiwats + ({iwltz(iiw2t1)|w1>|WQ>, 3.1

is equivalent to the four scenarios given in Fig. 3.1b. This approximation, however, is not
suitable for differentiating between entangled and separable states.

The interference pattern depends on the correlation between the two photons. If the
two photons are not entangled, the interference pattern is the product of two single-photon
interferograms (refer to Fig. 2.9). If the photons are entangled, the interference pattern reflects
the degree of entanglement. Therefore, by recording the interferogram we can measure the
degree of entanglement between the photon pairs.
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where I'(7) is the Fourier transform of ®(w) [refer to Eq. (2.23)]. This separable state can be
easily understood in terms of statistical independence. The probability of detecting photon 1
and photon 2 is P, N P, = P P,, where P, and P, are the probabilities of detecting photon
I and photon 2, respectively. In this case P, = P, = 1 + ['(7) cos(@w). For the case of the
down-converted photons

C(r) x //dwldwgé(wl,m — w1)(1 + cos(w7))(1 + cos((ws — wy)T)). (3.12)
Then, we make use of the approximation given in Eq. (3.9) to obtain the final result
1 1
C(r)/Co =1+ §FP(T)FF(27') +(Tp(7)+ 1)L (1) cos(@WpT) + §FP(T) cos(2wpT), (3.13)

where I'p(7) = [ dws P(ws + wp) cos(ws7) and Tr(7) = [ dwi F(wi + D) cos(wiT).

The coincidences interferogram in Eq. (3.13) features four contributions. The DC term
Cqy is given by the average number of coincidences. The second term corresponds to the
interference of two monochromatic modes. This term is equivalent to the HOM dip explained
in section 2.4.2. The third term accounts for the interference of two photons going through
different arms (cases iii and iv in Fig. 3.1b). The last term originates from the interference of
both photons traveling along the same path (cases i and ii in Fig. 3.1b).

Let us now to illustrate Eq. (3.13) by considering three different cases:

Completely entangled state This case corresponds when v — oo or equivalent when the
coherence length Ly of the down-converted photons is Ly << Lp, where Lp is the
coherence length of the pump [Fig. 3.4a].

Partially entangle state This is the intermediate case when Lg ~ Lp and is a superposition
of a completely entangled state and a separable state [Fig. 3.4b].

Separable state In this case v — 0 which happens when Ly >> Lp [Fig. 3.4c].

3.1 Experimental Results

To experimentally confirm Eq.(3.13), we measured the fourth-order interferogram with two
different pairs of filters. Our experiments used a 100 mW diode laser with nominal wave-
length of 407 nm and coherence length of 200 ym. The laser pumps a BBO nonlinear crystal
whose optical axis is oriented at 3.6 degrees with respect to the propagation direction of the
laser (refer to appendix A). This configuration produces Type I collinearly propagating down-
converted photons pairs with degenerate center wavelengths of 8§14 nm [37]. After the crystal,
the pump laser is suppressed with a combination of a polarizing beam splitter and a longpass
filter. The down-converted photons are sent into a Michelson interferometer and the output is
analyzed by means of coincidence detection (Fig. 3.5).

We adjust the path-length difference between the interferometer arms to zero by using
a white-light source with a coherence length of 50 um. The path-length of one of the inter-
ferometer arms can be adjusted by translating the end mirror with a piezo motor. The latter
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Chapter 4

Quantum-Optical Coherence
Tomography

This chapter studies the implementation of QOCT using the two-photon Michelson interfer-
ometer with down-converted photons. We start introducing the mathematical description of
the classical OCT and the standard QOCT with the HOM interferometer. Then, we introduce
the theory of QOCT using the two-photon Michelson interferometer and discuss its advan-
tages and limitations with numerical simulations. Then, we show the results of our proof of
principle experiments.

4.1 Comparison of OCT and QOCT

Let us start with a brief discussion of the principles underlying OCT. The basic configuration
of OCT is shown in Fig. 4.1a. OCT makes use of a classical light source with a short coher-
ence time and implements a standard Michelson interferometer to measure the interference
pattern of the reflected light from a sample located in one of the interferometer arms. The
reflection from the sample is represented by a transfer function s(w) which contains all the
information regarding the internal layers. For an incident monochromatic plane wave with
angular frequency w,

s(w):/ r(z,w)e2PE9d s, 4.1
0

where 7(z, w) is the complex reflection coefficient from a layer at position z and ¢(z, w) is the
phase accumulated by the wave while traveling through the sample to the depth z. We assume
that the medium is homogeneous, isotropic and there is not absorption.

The source is characterized by a power spectral density P(w, + ), where () is the
angular frequency deviation about the central frequency w,. The source has a bandwidth
Aw, at FWHM. For simplicity, we assume that P is a symmetric function. The reference arm
introduces a variable delay time 7 while the sample is located at the second arm. The intensity
[ at the output of the interferometer is measured using a photodetector. The delay T is swept
and the interference pattern or interferogram /(7) is recorded. Considering a sample with a
transfer function given by Eq. (4.1), the interferogram becomes proportional to

1(7) Ty + 2Re{T(7)} cos(w,7), (4.2)
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coincidences circuit. For a sample described by s(w), as provided in Eq. 4.1, the coincidences
rate C() is proportional to

C(1) x Ag — Re{A(27)}, (4.6)

where the self-interference term Ag and the cross-interference term A(7) are
Ao = / A0 s + Q)PD(Q), (4.7)
Alr) = /dﬂs(wc. + Q)s* (wo — Q)P(Q)e ™. (4.8)

Notice that the unity background factor present in Eq. (4.3) for OCT is absent in A, which fa-
vors the signal to noise ratio (SNR). Moreover, the QOCT cross-interference term A(7) probes
the sample at two frequencies, w,, + {2 and w, — €2, in a multiplicative fashion. In addition, as
we will see, A(7) generates terms that are independent of the sample dispersion. Finally, the
factor of 2 by which the cross-interference term in Eq. (4.6) is scaled, in comparison to that in
Eq. (4.2) for OCT, leads to an enhancement of resolution in QOCT. The enhancement is result
of the quantum entanglement between the down-converted photons. A factorable state with
identical bandwidth does not yield neither the factor of two enhancement nor the dispersion
cancelation.

4.1.1 Numerical simulations

We proceed to generate numerical simulations of the interferogram for both applications. For
that purpose, the sample model s(w) can be idealized as a discrete summation

s(w) = Z'r’j(w)eﬂ‘pj(“’), (4.9)
J

where the summation index extends over the layers that constitute the sample. This is a
customary approximation for many biological samples that are naturally layered, as well as
for other samples that are artificially layered such as semiconductor devices. For simplicity,
we assume that the dispersion profile of the medium between all layers is identical, so that
w;i(w) = B(w)z;, where 3(w) = n(w)w/c is the wave number at angular frequency w, z; is
the depth of the jth layer from the sample surface (zo = 0), n(w) is the frequency dependent
refractive index and c is the speed of light in vacuum. Expanding 8(wq + Q) to second order
in )

1
Blwo + Q) =~ By + By + 566’92, (4.10)

where ) = '(wy) is the inverse of the group velocity vy = 1/3'(wo), and 3] = 3" (wq) rep-
resents the group velocity dispersion (GVD). The cross-interference term in OCT [Eq.(4.4)]

can be written as
D(r) =S r ¢ (7 — 22 ) g2 4.11
(1) j ;4 T ” e , ( )

where Cg)j ) comes from reflection from the jth layer after suffering GVD over a distance
2z;, the subscript d indicates dispersion and the superscript (07) indicates that the dispersion
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is included from the initial surface of the sample to the jth layer. The quantity Céj ") is the
Fresnel transformation of P(§2) with dispersion coefficient /5 [14]

UM (r) = / AQP() 030 =007 4.12)

The resolution of OCT is therefore limited to samples with negligible GVD over the depth of
interest.

For the case of QOCT, the discrete version of the cross-interference term A(7) is given
by the sum of two contributions

o
DIl - 4U—O>

2+ 2k, .
4 Z 7A<(]k) J k) 1200(z; ~2k) (4.13)

Vo
J#k

with ®(7) being the inverse Fourier transform of ®(§ 2). Notice that the first contribution
represents reflection from each layer without GVD. This term provides the information of
the depth and reflectance of the layers that constitute the sample. The second contribution
represents cross terms coming from interference between reflections from each pair of layers.
These cross terms are dispersed due to propagation through the inter-layer distances z; — zj,
and they carrier information about the sample dispersion that is not accessible via OCT.

Let us now show numerical comparison between OCT and QOCT. We consider two
cases in order to emphasize the main differences, which are resolution enhancement and dis-
persion cancelation. In the first example the sample is a glass slab with refractive index
n = 1.6. We neglect the dispersion of the glass. The aim is to show the resolution enhance-
ment in QOCT. In the second example, the glass slab is buried at some depth in a highly
dispersive medium. In this case the goal is to prove the dispersion cancelation in QOCT. For
the purposes of our calculations, we choose amplitude reflection coefficients r1=0.5 and 15 =
0.7 and thickness d = 150 pm. For both OCT and QOCT we assume that the source has
a central wavelength \g = 27¢/wy = 814 nm and a Gaussian spectral distribution with a
bandwidth of 10 nm which corresponds to a coherence length of about 55 ym. For QOCT
this can be realized using a 3-barium borate crystal pumped by a source with central wave-
length of 407 nm. For the second example, the slab is at d; = 2 mm below the dispersive
medium and we assume that the dispersion profile of the surrounded medium is characterized
by 3 =5x10"%s/m(vg = 1/3" = 2 x 10® m/s) and 3" = 88 x 10~ s?/m. The reason to
simulate this particular case, is because in ophthalmologic imaging, for example, the structure
of interest is located behind a large body of dispersive ocular media.

Figures 4.2a and 4.2c show the result of the first example. As expected, the QOCT
resolution is a factor of two superior to that achievable in OCT. The peak between the two dips
is a result of quantum interference between the probability amplitudes arising from reflection
from the two different surfaces. The dips are result of quantum interference between the
probability amplitudes arising from reflection from each layer independently. The width of
the middle peak is determined by the dispersion of the medium between the two surfaces
and not by the surrounded medium. Therefore, the dispersion of the region between the two
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This interferogram is more complicated than the HOM interferogram. The four contributions
come from the different pathways that the photon pairs can take through the interferometer
(refer to Fig. 3.1). The self-interference term M, is the average number of coincidences.
From its definition is equivalent to ['g for the case of OCT [Eq. (4.3)]. The second contri-
bution M, (which we call the bunching term in the previous chapter) is actually equal to the
cross-interference term A(7) for the case of QOCT with the HOM interferogram [Eq. (4.8)].
M, is produced by the cases when the signal and idler photons travel separately through the
interferometer. Since each photon has central frequency wy the fringes coming from the inter-
ference of these cases oscillate with frequency wy. The last contribution M; is produced by
the cases when both photons travel together through the interferometer. In this case the bunch
of the two photons result in fringe oscillations with twice the frequency of a single photon 2wy
(which is equal to the pump frequency).

This interferogram by itself doesn’t provide more information than the interferogram
given by the single photon Michelson interferometer in the classical OCT. On the contrary, the
interference pattern results more complicated to analyze because the fringes oscillate at two
frequencies wy and 2wy. This could be the reason that this interferometer had not been applied
in QOCT. However, as we can see from Eq. (4.14), the contribution given by 3 is frequency
isolated from the other terms and therefore we can Fourier process the interferogram to filter
out this term. As we mentioned, M(7) is equal to the cross-interference term A(7) in the
HOM interferogram and therefore it contains all the properties that we emphasized previously.
With this in mind, we proceed to generate numerical simulations of the interferogram given
by the two-photon Michelson interferometer and show the post-processing process in order to
recover the information of the sample structure. For illustration, we generate the interferogram
taking the same parameters as used in the first example of the previous cases. So, we consider
a 150 pum glass slab surrounded by air.

The coincidence interferogram is shown in Fig. 4.4a. The fringes oscillate at two differ-
ent frequencies wp and 2wy. However, it is not clear in the interferogram because of the scale
of the abscissas. But, by Fourier transforming the interferogram, as show in Fig. 4.4b, it is
‘clear that the interferogram follows the behavior given by Eq. (4.14). The solid line in Fig.
4.4ais the term 2Re{M;(27)}. It is clear that this term is equivalent to the term —Re{A(27)}
in QOCT [Eq. (4.6)], which contains the location of the layers and information regarding the
inter-layers dispersion. In Fig. 4.4b we have subtracted the average coincidences. In order
to obtain the term 2Re{Af,(27)} we implement a low-pass filter center at the zero frequency.
The bandwidth Awy is larger than the bandwidth of AM;(w). The frequency bandwidth of
M, (27) is twice the bandwidth Aw of the joint spectral density ®(§2). Therefore, the band-
width of the numerical filter should be minimum 2Aw but not large enough to take frequency
components from the other terms.

Let us now discuss the procedure to extract the location of the layers from the coinci-
dences interferogram. As we can see from Eq. (4.13), the second term which contains the
inter-layers information oscillates with respect to g = n(wp)wy/c. After filtering the interfer-
ogram, in order to obtain the location of the layers, we can average over the central frequency
wp until the second term vanishes. For illustration, we show in Fig. 4.5 the behavior of the
interferogram when we change the central frequency. Clearly, the location of the layers is
unaffected by the averaging process. As expected, the central peak oscillates with respect to

Bo-
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interferogram, we can average over the central frequency of the down-converted photons.
The central frequency w, may be changed by varying the pump frequency w, = 2wy. This
technique faces practical problems for the HOM interferometer since the angle of emission of
the down-converted photons from a nonlinear crystal depends on the frequency of the pump.
Our proposal of QOCT with the Michelson interferometer is superior in this aspect because
we can use sources where the emission is always collinear regardless of the pump frequency,
e.g. photonic fibers.
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Chapter 5

Conclusions and future work

The thesis developed the theory for the implementation of Quantum-Optical Coherence To-
mography with the two-photon Michelson interferometer instead of the standard implemen-
tation with the Hong-Ou-Mandel interferometer. We showed the basic principles of the two-
photon Michelson interferometer when the source is given either by separable states or entan-
gled states. We found that the resulting interferogram with entangled down-converted photons
can be numerically processed in order to recover the same information that can be achieved
using the HOM interferometer. Our results provide a new configuration for QOCT that, in
comparison with the HOM interferometer, is easier to implement and can be adapted for the
future generations of entangled sources and detectors.

There are several research areas that can be explored using this configuration where
the HOM interferometer faces several difficulties. For example, we can use collinear Type I1
down-converted photons in order to explore polarization-sensitive samples. The type II down-
converted photons can be generated using periodically poled nonlinear crystals which emit in
a collinear fashion by default. Our theory should be modified by considering polarization.

Since the coincidences interferogram provides information about the degree of entan-
glement, we can use this interferometer in order to measure the degree of entanglement with
sources that, because of its configuration, the emission of the entangled photons is collinear,
e. g. we can study the spectral properties of photonics fiber. The use of photonics fibers for
the generation of entangled photons is a current research topic. The spectral properties of
the emitted photons are determined by the physical properties and the geometry of the fiber.
There are several parameters that shape the spectrum and therefore we can explore the joint
spectral density using the two-photon Michelson interferometer.

We can use the entangled properties of the down-converted photons in order to study
turbulent media. A turbulent media is characterized by a refractive index spectrum that varies
from point to point. As we shown in Chapter 4, the coincidences interferogram is immune
to sample dispersion and therefore we can recover the position of the internal layers of the
sample by averaging several measurements.

Another interesting feature, is the oscillating peak that appears between two layers. The
physics is similar to a standing wave, the length of which is determined by the separation of the
adjacent layers. This behavior is not present in classical OCT. We could generate a physical
model of the sample analogous to the standing wave and obtain the oscillation modes. This
could provide an elegant method to recover the sample structure.
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Appendix A

Instrumentation and experimental
implementation

This appendix reviews the details for the experimental implementation.

A.1 Determination of the pump laser

The efficiency for generating down-converted photons is proportional to the nonlinear suscep-
tibility x (2 which depends on the pump frequency. In addition, the maximum efficiency of the
photodetectors that were used in our experiments is 80 % for 700 nm and drop off below 10
% for 1000 nm. The efficiency is important since the efficiency of the coincidence detection
is the product of both photodetectors. Therefore, the choice of the laser pump is limited by
the efficiency requirements.

It is customary to generate down-converted photons in the near infrared to operate de-
tectors with high efficiency. To obtain near-infrared down-converted photons the best pump
laser is a UV laser. In our experiments we use a 407 nm diode laser with produces 814 nm
down-converted photons. At this wavelength the efficiency of the photodetectors is about 60
%. Therefore, the efficiency of a coincidence is 36 %.

A.2 Solving the phase-matching condition

We use a 3-barium borate (BBO) nonlinear crystals cut for type-I parametric down-conversion
to produce down-converted photons with linear polarizations parallel to each other but orthog-
onal to the pump laser. The BBO crystal that was used in the experiments is cut at 30.4° with
respect to the normal of the frontal face of the crystal. The polarization of the 407 nm pump
laser is oriented for the extraordinary mode of the BBO crystal which emits down-converted
photons forming a conical angle of 6°. For the purpose of this thesis, however, we need to
rotate the crystal in order to generate collinear down-converted. In order to calculate the angle
of incidence, we need first to solve the phase-matching condition given in Eq. (2.10) for the
collinear emission, which turns out to be

ne(2wp, 0) = ny(wo), (A.1)
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where wy = w,/2 is the angular frequency of the degenerate down-converted photons which
is half the frequency of the pump photons. n. and n, are the extraordinary and ordinary
refractive index of the crystal. The extraordinary refractive index depends on the angle ¢
between the propagation direction of the pump and the optics axis of the crystal. The refractive
index n, for a birefringent crystal is equal to

cos?(f)  sin®(#) 1z

nel:6) = |20 T i)

(A.2)

The values of no and ng were calculated using the Sellmeir equations for the BBO crystal
[32, 33]

n3(\) = 2.7359 + 0.01878/(A* — 0.01822) — 0.01354)\%, (A.3)
nt(\) 2.3753 + 0.01224/(A% — 0.01667) — 0.01516A2, (A4)

Il

where A is the wavelength at free space A = 27¢/w and is given in ym. With the pump
wavelength A, = 407 nm and the wavelength of the down-converted photons \; = 814
nm, we obtain ng(0.407) = 1.567, np(0.407) = 1.691 and np(0.814) = 1.660. Using
these values with Eq. (A.2) and solving Eq. (A.1), we calculate that the refractive index
nsi = Ne(A = 407nm, 0) = ny,(A = 814nm) for pump and down-converted photons becomes

ng = 1.66014 (A.5)
0 = 28.675°. (A.6)

where si refers to signal-idler. However, ¢ is the angle of propagation inside the nonlinear
crystal. We can use Snell law sin(6®) = n;sin(9")) where (¥ is the angle of incidence
and transmission with respect to the normal of the crystal face. The angle 6*) is given by
9) = § — o = 1.725 where o = 30.4 is the optics axis of the crystal. Then, the incidence
angle is 8 = 2.86°.

We mount the crystal in a rotatory base in order to tilt the angle of incidence. Because of
the length of the crystal (5§ mm), the output of the down-converted photons is vertically shifted
about 100 um. After the interference process, the light is coupled to multimode fibers which
are connected to the photodetectors. Since the circular area of the core of the multimode fiber
has a diameter of 62.5 pum, the shift has to be corrected when coupling the light into the fibers
by translating the position of the fiber or the focusing lenses.

A.3 Histogram of the coincidences

We use two single photon counting avalanche photodiodes (SPC-APD) working in coinci-
dences. The efficiency is about 60 % at 814 nm wavelength. The active area is 180 ym diam-
eter. It is very important to keep the photodetectors from receiving ambient light, because they
can be destroyed (maximum counts per second is 10 millions). To avoid the background noise,
we connect the APD with optical fibers. We use multimode optical fibers (NA = 0.275 and
diameter of 62.5 pm). In order to couple the light into the fiber we use lens with NA = 0.25
and focal lens of 11 mm.
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When a single photon is detected, the APD sends a TTL pulse of 2.5 V (minimum) high
using a 50§ load and 15 ns wide. The pulses are sent into the electronic coincidence detector
(PicoHarp 300). We introduce a time delay between the pulses by extending one of the cable
that connects to the coincidence detector. By doing that, we shift the center of the coincidence
histogram and with this we can detect the four scenarios that are shown in Fig. 3.1b. Without
the delay, one of the cases iii or iv in Fig. 3.1b is discarded because the detector does not
measure negative delay times.

For the coincidences we use a time resolution of 4 ps, and a time window of 7 = 3 ns.
For each step of the piezo motor, we measure the coincidences during T = 10 seconds in order
to increase the signal to noise ratio. A typical coincidences histogram is shown in Fig. A.la.
In order to obtain the interferogram, for each histogram we integrate the coincidences between
the 3 ns time window. We implement a Labview program to synchronize the piezo motor with
the coincidence detector. At the same time, we measure the single counts interferogram on
each photodetector in order to subtract the accidental counts, which is given by the equation
AB7 /T where A and B are the single photon counts of detectors A and B (it is equivalent to
the area under the coincidences peak).

We perform an interesting experiment to distinguish over the different scenarios shown
in Fig. 3.1b. We increase the path-length difference to 60 cm between the interferometer arms
in order to introduce a time delay of 2 ns. The histogram for this configuration is shown in
Fig. A.1b. The center of the histogram is at 32 ns because we introduce about 10 m of cable
to delay one of the TTL pulses generated by the photodetectors. Notice that the central peak
is about twice the intensity of the side peaks because is given by the cases when both photons
are reflected and when both photons are transmitted. Because they travel together, the time
difference between them is 0. Then, the side peaks correspond to the cases when one photon
is reflected and the other transmitted.

As we mentioned in Chapter 3, the post-selection technique introduces a path-length
difference large enough to separate the four scenarios and then selects the central peak. By
doing this, the coincidences interferogram is given by the superposition of both photons being
reflected plus both photons being transmitted. Therefore, the coincidences interferogram is
equal to a single photon interferogram with fringes oscillating at twice its central frequency,
similar to Fig. 3.4a but with maximum visibility of 1.

A.4 Alignment and balancing of the optical paths

There are two principal requirements for the construction of the two-photon Michelson in-
terferometer: alignment and length balancing of the two optical paths. Alignment is difficult
because the beam cannot be viewed without an expensive low-intensity light detector array
and since the acquisition time is slow (10 seconds), it is not possible to scan the reference arm
to find the equal path-length position.

Alignment is achieved by introducing a 633 nm helium-neon laser in the optical pathway
of the down-converted photons. The optical pathway is guided using apertures. The location
of the apertures is optimized by maximizing the single counts. After optimizing the apertures
with the He-Ne laser, we proceed to generate the down-converted photons using the nonlinear
crystal. Since the polarization of the pump laser is vertical, the plane of the optics axis should
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perpendicular to both lines. It is very important to perfectly align the plane of the optics axis
with the polarization of the pump laser because if there is an angle between then, part of the
pump laser is projected in the horizontal polarization. After the crystal we use a polarizing
beam splitter (PBS) to filter out the pump laser, and therefore if part of the pump laser become
horizontally polarized, it won’t be filter out by the PBS. This misalignment between the optics
axis and the polarization of the pump beam is one of the main sources of noise in this kind of
experiment.

After the alignment with the He-Ne laser and the orientation of the crystal, we proceed
to optimize the generation of down-converted photons. We start by pumping the crystal at
normal incidence. Eventually, we slowly tilt the crystal about the incidence angle that was
calculated previously (69 = 2.86°) and monitored the single counts in one detector until
reaching the maximum. Then, we do the same procedure with the second photodetector.
Finally, we optimize the coincidences by aligning the fibers. Remember that we have to
correct the vertical displacement introduced by the internal refraction.

When the coincidences are maximized, the interferometer will be aligned. But since
the coherence length of the He-Ne laser is in the order of centimeters, the optical paths are
unlikely to be balanced. Remember that the coherence length of the down-converted photons
is in the order of microns. The paths of the interferometer are balanced exchanging the laser
by a broad spectral light source. We use a super-luminescence diode with a coherence length
of 50 microns. The light is collimated with a lens to ensure good spatial coherence and
collimation. Fringes are observed when the optical paths of the interferometer are balanced
to within 50 microns. The balancing was achieved manually since the translation stage of the
reference mirror has a resolution of about 10 microns.

The interferogram was achieved by implementing a piezo motor to the reference mirror.
The piezo motor has an average step size of 20 nm. Since the piezo motor is activated by a
TTL pulse, we coordinate the translation of the piezo motor with the coincidence detection
with a Labview program that we implemented. Because of the hysteresis of the piezo motor,
the average step size is not equal when the mirror is moving forward or backwards. Therefore,
we have to calibrate the piezo motor before the measurements. In order to calibrate the piezo
motor, we can use the interference fringes produced by the He-Ne laser. Since the coherence
length of the He-Ne is large, the fringes are very well defined. We measured an average step
size of 17.5 nm and 22.6 nm for the forward and backward direction respectively.

A.S Experimental implementation

The complete experimental arrangement is shown in Fig. A.2. Description of each component
can be found in Table A.1 and pictures of the experiment are shown in Figures A.3, A.4 and
AS.
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Table A.1: Experimental components
Tag Component Comments Price (USD)
M Mirror Thorlabs R > 96% $50.00
FM Flipper mirror (2) Newport $ 440.00
BBO | 3-barium borate crystal United Crystals 5 mm?* $1,000.00
PBS Polarizing beam splitter cube | Thorlabs PBS251 $203.00
BS 50:50 Beam splitter cube (2) | Thorlabs CM1-BS014 $560.00
LPF Long-pass filter Chroma HQ700LP $275.00
BPF Band-pass filter (2) Chroma D810/10X $400.00
MMEF | Multi-mode fiber (2) Thorlabs, NA = 0.275 $30.00
L Lens (2) Thorlabs C220TME-B $160.00
APD Avalanche Photodiode (2) Perkin Elmer $8.,000.00
PM Picomotor New Focus $600.00
CD Coincidence detector Picoharp 300 $10,000.00
DL Diode Laser Coherent CUBE 407 nm $7,000.00
He-Ne | He-Ne laser Thorlabs $1,000.00
SLED | Superluminescence diode Thorlabs $2,800.00
~$33,000.00




Figure A.3: Experimental setup.
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Figure A.5: Two-photon Michelson interferometer.
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