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Abstract

A well designed territory enhances customer coverage, increases sales, fosters fair performance and rewards systems and lower
travel cost. This paper considers a real life case study to design a sales territory for a business sales plan. The business plan
consists in assigning the optimal quantity of sellers to a territory including the scheduling and routing plans for each seller.
The problem is formulated as a combination of assignment, scheduling and routing optimization problems. The solution
approach considers a meta-heuristic using stochastic iterative projection method for large systems. Several real life instances
of different sizes were tested with stochastic data to represent raise/fall in the customers demand as well as the appearance/loss
of customers.
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1. Introduction

Companies are using more analytics to enable better sales force decisions, for example, the sales territory
design, or the way in which the responsibility for accounts is assigned to salespeople or sales teams.

The distribution of customer workload and opportunity across the sales force has a direct impact on salespeo-
ples ability to meet customer needs, realize opportunities, and achieve sales goals.

According to Zoltners [1], territory design optimization can increase sales by 2 to 7%, without any change in
total resources or sales strategy. Territory Design is the problem of grouping small geographic areas (so called
basic areas) into a fixed number of larger clusters, in a way that the latter are acceptable according to relevant
planning criteria, like balance, compactness and contiguity [2].

During this process, commercial territories are delimited in order to help agents to sell more efficiently. De-
limitation is done by allocating a number of existing and potential clients to each distribution representative acting
in a given area, usually, but not always, established on geographical criteria.

This research considers a real life case design of territory business plan. The plan should consider three main
aspects. First, the grouping of customers located in a certain region to a sellers with capacity limitations. Second,
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the weekly schedule plan for visits to fulfill the demand of the customers. Due to customers requirements, the
visits should be spread over the week. Finally, the daily route of the seller to visit the customers.

The districting problem considers the location of the customers (such as points in the area or nodes of a
network) with a given distance between every pair of points. We wish to find a cluster of customers using the
nearest neighbor approach. Therefore, each cluster will represent a seller in the solution. This objective can be
interpreted as the tightest cluster of m points. This is similar to the one facility version of the max-cover problem
(for a network or discrete formulation [3], for planar models [4], for one facility [5], and for several facilities [6])
where we wish to find the location of several facilities which cover the maximum number of points within a given
distance.

Gonzalez-Ramirez [7] analyze a logistics districting problem for package pickup and delivery within a region,
motivated by a real-world application. The region is divided into districts, each served by a single vehicle that
departs from a central depot. The districting process aims to optimize two criteria: compactness and workload
balance, but the problem is formulated as a single objective problem, with the weighted sum of the two criteria
under consideration. The authors propose a heuristic solution approach combining elements of Grasp and Tabu
Search. This approach doest not consider the scheduling of visits in a given period of time.

Effective scheduling systems aim at matching demand with capacity so that resources are better utilized and
waiting times are minimized. Tuga and Emre [8] provide a comprehensive survey on appointment scheduling in
outpatient services. The underlying problem applies to a wide variety of environments of outpatient scheduling,
and is modeled using queuing system representing the unique set of conditions for the design of the patient ap-
pointment. The authors present a complete survey of problem definitions and formulations considering the nature
of Decision-Making and Modeling of Clinic Environments. In addition, they mention a variety of performance
criteria used in the literature to evaluate appointment systems, which are grouped as: a)Cost-Based Measures,
b)Time-Based Measures, c)Congestion Measures, and d) Fairness Measures.

Finally, the goal of the problem described above is to optimize the distribution process from depots to cus-
tomers (routing design). The main goal is that customer’s demand of goods is satisfied without violating any
problem-specific constraint. In the literature, these kind of logistic problems are known as Vehicle Routing Prob-
lems (VRP). Typically, the objective function is the minimization of the complete distance traveled by the vehicles
while servicing all the customers. The VRP is an interesting problem in operations research due to its practical rel-
evance and the difficulty to be optimally solved. Moreover, it is one of the most demanding NP-hard problems [9].
In reality, the task of finding the best set of vehicle tours by solving optimization models has a high computational
cost, prohibitive for medium and large real applications.

Caceres et al. [10] present a survey on VRP’s applied to real life problems. The authors call these VRP’s
as Rich (realistic) VRP’s (RVRP’s) and classify their variants according to the company decision levels and the
routing elements involved. A classification that applies for this case study is Multi-Period/Periodic VRP with
Multiple Visits/Split deliveries. In this classification, the clients are visited several times as vehicles may deliver
a fraction of the customer’s demand. Moreover, optimization is made over a set of days, considering a different
frequency of visits to each client.

The mathematical formulation of the problem combines objectives and constraints of three classical approach-
es, the clustering of customers (districting), the scheduling of visits, and the routing plan. Particularities of the
modeling approach include scheduling constraints of visits spread over the week, service and traveling times; as
well as time capacity to ensure the fulfillment of the customer’s demand.

The paper is organized as follows. A general mixed integer linear programming (MILP) formulation for the
problem is presented in section 2. Section 3 describes a projection method for large systems of linear equations
and two optimization models to cut the problem size and to reduce the solution time. In section 4, the models are
tested for different scenarios. Finally, conclusions are presented in section 5.

2. Mathematical Formulation

Consider a set of customers C = {1, 2, ...,N} and a set of potential sellers S = {1, 2, ..., |S |} dispersed in a given
region with geographical coordinates (long, lat). It is desired to design a business plan that defines a minimum
number of sellers required to fulfill the customer’s demand β. The sellers will attend the demand of customers
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during the weekdays W = {1, 2, 3, 4, 5, 6} denoted by index t in the scheduling plan per week. Finally, it is desired
to get the optimal daily routing. The distance between two location is computed using the Haversine formula
given in the following equation:

di, j = 2R arcsin
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2
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+ cos (lati) cos

(
lat j

)
sin2
(

lon j − loni

2

)

where latitude (lat) and longitude (long) are given in radians, and R is earth’s radius (mean radius = 6,371km)
The Haversine formula determines the great-circle distance between two points on a sphere given their longi-

tudes and latitudes. Important in navigation, it is a special case of a more general formula in spherical trigonome-
try, the law of haversines, that relates the sides and angles of spherical triangles [11].

The mathematical formulation of the model is defined using the following equations:
The objective function (1) represents the sum of three goals, the minimization of the distance between cus-
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assignment of visits during the first days of the week. This equation has three binary decision variables: ys

i with
value of 1 if the customer i is assigned to seller s, and xs,t

i, j with value of 1 is customer j is visited after customer i
by seller s on day t and, vs,t

i with the value of one if customer i is visited bye seller s during the day t

min
∑
s∈S

∑
i∈N

ds,iys
i +
∑

i

∑
j

∑
s

∑
t

di, j x
s,t
i, j +
∑

i

∑
s

∑
t

t ∗ vs,t
i (1)

As for constraints, (2) ensures that a customer is attended by only one seller.
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Part of the goals in the problem is to define the scheduling plan for visits during the week. Then a binary
variable vs,t

i takes a value of 1 if the customer i assigned to seller s is visited on day t. Next equation (3) relates
two binary variables y and v in order to guaranties that a customer assigned to the seller is actually visited.
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Equations (6) and (7) are used for connectivity purposes. Equation (6) establishes that the number of incoming
links to a client node must be equal to the number of outgoing links, whereas equation (7) sets for each client one
arrival and one departure at the time (degree of the node is 2).
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Next equation (8) ensures that sum the service time per customer θi during the day does not exceed the available
time of the seller τs.
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The total visits per week are given by the frequency σ. The frequency is computed by dividing the demand β
and capacity ω. In this way, equation (9) establishes the number of visits to carried out per customer according
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to the given frequency. Equation (10) avoids consecutive visits to those customers whose frequency is less than 4
visits per week. ∑

t

∑
s
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Finally, equations (11) and (12) allow to assign the proper order of visits to customers during the routing plan
to avoid sub-tours. Here, a continuous variable e is introduced. This variable denotes the order in which customer i
is visited in the route plan of seller s during day t. Equation (11) ensures that difference between the order of visits
to two consecutive customers is one, whereas equation (12) limits the maximum order of visits to the customer.

es,t
i − es,t

j + Nxs,t
i, j ≤ N − 1; ∀i, j, t, s; i � j ∈ N (11)

es,t
i ≤
∑

j

vs,t
j ; ∀i, j, t, s; i � j ∈ N (12)

3. Solution Methods

The proposed approach combines assignment, scheduling and routing problem formulations. The above three
problems individually have been shown to be NP-complete [12]. Therefore, the time required to achieve an
optimal solution of the whole model (problem) increases exponentially with the growth of the problem size. To
overcome this difficulty, the problem is divided into three sub-problems (or phases). The objective is to work with
smaller problems at each phase. The first phase is treated as a assignment optimization problem that minimizes
the distance between sellers and customers. The second phase of the problem is focused on solving the scheduling
problem for each seller. Finally, the third phase solves the routing problem for each active working day defined
during the second phase.

The first phase tackles the largest part of the problem size, in a previous approach [13], a greedy algorithm was
proposed to solve this phase. Although the algorithm achieve low execution times. For some instances the gap
obtained for the objective function needs to be improved. In this research, a projection method for large system
of linear equations, adapted to deal with mixed equality an inequality constraints, is used in order to assign the
sellers to the customers.

Projection methods for solving systems of linear equations have been known for some time. Projection meth-
ods are so named because a m − dimensional method will map m components of the approximate solution vector
onto a subspace determined for example by k ≤ m. The method used in this research was proposed by Sabelfeld
[14]. The method is a randomized block projection method combined with the Johnson-Lindenstrauss dimension
reduction. The steps of the method are as follows:

1. Take a m × n matrix A, and a column vector b, choose an integer parameter s = 8log(m)/ε2, ε is the desired
accuracy, which corresponds to the probability level 1−m−2 in the J-L theorem, and the initial approximation
x0.

2. We aim at an approximation of the solution x to Ax = b.
3. Set k = 0, generate an n × s random matrix R satisfying the independence and symmetry condition, say, a

Gaussian matrix R = {gi j} where the entries gi j are independent zero mean Gaussian random numbers with
variance 1/s , and calculate the rows hi = (AR)i = aiR.

4. Sample a set of N = m rows at random, say, according to pi = ||ai||22 = ||A||2F . Uniform sampling is also
possible. Note that N can be taken less than m which implies that the random search of rows is carried out
only among a part of all the rows. For each row, calculate the distance ∆i = |bi−(hi; RT xk)|/||hi||2 and choose
a j as the row with the maximal ∆ j . This row is used to calculate the next projection step in our iteration
process (13) .
An hedging step can be introduced here to prevent the case that the chosen j is worse than the random row
actually used in the calculation of the projection. So along with the chosen a j take also an arbitrary row ap

in the set of chosen rows, and calculate
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∆ j =
|b j − (a j, xk)|
||a j||2

, ∆p =
|bp − (ap, xk)|
||ap||2

If ∆p ≥ ∆ j set j = p.
Calculate the projection

xk+1 = xk +
b j − (a j, xk)

||a j||22
aT

j (13)

5. k + k + 1, go to 4.

The projection methods deals with the assignment of the customers to sellers. The next step is the scheduling
plan for visits. The sequence of visits for each seller is determined by solving the corresponding scheduling
problem. Its objective function is given in Equation (14).

min
∑

i

∑
t

t ∗ ·vt
i (14)

The objective function (14) minimizes the total days used for visiting, subject to constraints (8)-(10). This
objective function helps to schedule the nearest customers per day. Finally, the routing is solved per day and per
seller in phase 3. The model of the third phase is based on the routing problem formulation. The objective function
is given in (15).

min
∑

i

∑
j

di, j · xi, j (15)

The objective function (14) minimizes the total distance of the routes subject to constraints given by equations
(4)-(7), and (11)-(12).

Figure 2 shows the three phases of the proposed method. The phase 1 is the assignment of customers to sellers
solved using t a projection method. Then the schedule of visits is solved using the branch a bound procedure of
an optimizer. Finally, the routing plan is also solved using a branch and bound procedure of an optimizer.

Fig. 1: Proposed solution for territorial business plan
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4. Tests and Results

To test the performance of the proposed approach, several instances were tested. The data for each instance
correspond to a real life case taken from a soft-drinks manufacturer [13].

Table 1 shows the nomenclature used to identify instances, where the rows are used to describe the territory
and the columns denote the kind of seller required for the type of products distributed. For each couple of territory
and seller, the table provides the total number of customers to be assigned.

Territory/Type of Seller A B C D E F G
T1 48 37 163 15 970 145 10812
T2 33 12 463 4 1645 186 -
T3 26 18 405 9 1219 112 -
T4 59 40 448 17 1981 243 22475

Table 1: Customers assigned per territory and type of seller

As shown in the table 1, the variety of sizes is good enough to prove whether the proposed approach is efficient
for a business plan. Parameters of the data are given by the company. The location of customers and sellers
(lat, long), the service time per customer θ, the available time of a seller τ, and the capacity ω are deterministic.
The demand of the customers follows a uniform distribution β ∼ U {βmin, βmax}.

The company requires to generate a weekly solution within a business day. Then, the execution time becomes
an important issue to address. The results are given in terms of both objective functions as well as execution times.
The results are compared with a previous approach presented in [13].

The projection method algorithm was implemented in matlab 2016a v9.0.0.341360. The scheduling and rout-
ing methods algorithms were implemented using AMPL to call the optimizer gurobi v6.5. The results for the
phase 1 are given in table 2 and figure 3. For each combination of territory and seller, the table provides the
optimal value of the objective function, the result from the projection method and the gap of the solution.

Instance OF-OPTIMAL OF-Greedy OF-PM GAP-greedy GAP-pm
T1B 397.8 454.7 397.8 14% 0%
T2B 440.1 532.0 488.5 21% 11%
T3B 236.7 271.5 260.4 15% 10%
T4B 703.3 909.6 752.5 29% 7%
T3A 423.6 495.6 495.6 17% 17%
T3D 150.9 175.8 161.5 16% 7%
T2D 95.4 113.1 109.7 19% 15%
T1A 301.7 378.3 381.5 25% 26%
T1D 126.8 145.8 128.7 15% 2%
T4D 271.3 385.3 336.5 42% 24%
T3F 1375.2 1897.8 1499.0 38% 9%
T1F 1359.6 1906.4 1645.2 40% 21%
T2A 763.5 961.9 977.2 26% 28%
T4A 1266.5 1388.9 1418.5 10% 12%
T2F 1118.5 1275.1 1398.2 14% 25%
T4F 4137.2 5245.7 4675.1 27% 13%

Table 2: Results of phase 1-Projection method vs Greedy algorithm

As table 1 shows, the gap between two methods is not related to the size of the instance but to a combination
of distance and demand of the customers. Figure 2 shows a comparison of the execution time of the three solution
approaches. As the figure shows, the time rapidly increases for the exact method. For this case, the size of the
instance impacts greatly the execution time. In the initial experiments it was set to achieve the solution in seconds

Laura Hervert-Escobar / Procedia Computer Science 00 (2017) 000–000

and aim for the approximate solution. This led to a large gap in the objective function values when applying the
exact and projection methods in some cases (up to 28 per cent in the worst case). But for some problems the
optimal solution was achieved in both cases. Additional experiments have shown that in case of the projection
method, the convergence is improved when the selected block is set to the minimum size of 2.

Fig. 2: Solving time results for the projection method

An example of the solution is given in figure 3. As figure shows, the phase 1 shows the cluster of the customers
assigned to a sellers. Different color and shapes are used to distinguish the assignment of customers to sellers.
The upper right side of the figure shows the results of phase 2, where the schedule for visits is presented. Finally,
the bottom right side shows one day route for the seller.

Fig. 3: Solution example for instance T3C

5. Conclusion

Assignment, scheduling and routing problems have attracted the attention of both researchers and practitioners
for several decades due to the practical value of solving such problems efficiently in decision-making contexts, the
ever-present need and desire to incorporate increasingly realistic constraints and objectives into the models, the
challenges associated with solving the problems, and the ability of the basic formulations to represent important
decision-making issues in business contexts. These four factors continue to be important to this day and are likely
to be present and influence the algorithmic developments for years to come.
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This work presents a three-phase approach to solve a real life problem with different problem sizes. The first
phase uses a projection method to assign customers to sellers, the method proved an efficient solving time, with
gaps from 0 to 28% in the objective function. The

The described approach allows also to tackle the uncertainties stemming from practical problems such as
different sizes of territory and particular features of the demand such as the distance and the service time. Future
research lines includes parallel implementation for larger problems.
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