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Abstract. Numerical and approximate analytical solutions for the compact layer growth 

kinetics in a pure iron solid cylinder, during a plasma nitriding process, are obtained. The 

numerical simulations of the model are performed by using a front tracking finite difference 

scheme and the heat balance integral method. We propose a model where the main assumption 

is to consider a diffusion zone of constant thickness, which is solved for cylindrical 

symmetries. We present results for the time evolution of the compound layer, where the 

obtained solutions from both methods are consistent with the expected behaviour in the 

asymptotic time limit and experimental data from other authors.   

1.  Introduction 

Nitriding thermochemical treatments in different kind of steels are broadly used in industry because of 

their numerous applications [1, 2]. Nitriding can be performed with gas containing ammonia or 

cyanide salts and also through weakly ionized plasma [3]. The nitrogen flux from the surface into the 

bulk, carries allotropic transformations, which notably enhance the mechanical and chemical 

properties of piece. The combination of a compact nitride layer, followed by a diffusion zone in 

ferrite, produces an important improvement in wear resistance, a significant increase in hardness and 

in many cases, progression of fatigue resistance.  Plasma assisted thermochemical treatments allow 

diffusion to occur at low temperatures compared to other processes [1-3], so that very low distortions 

are developed in pieces. In addition, these treatments produce no pollutants.  

Modeling the concomitant growth of compact layers of nitrides in the Fe-N2 thermodynamic 

system has been targeted by several authors [4-7]. An important aspect of the mathematical modelling 

of nitriding processes, is the geometry of the piece under treatment [8, 9]. Many papers are devoted 

only to the modeling of layer growth kinetics over plane surfaces; therefore, this work is focused on 

the study of nitride layer growth on cylindrical symmetries. Considering mass balance at each 

interface, we have performed a numerical simulation for the concomitant growth of compact nitride 

layers during plasma nitriding within a solid cylinder of pure iron. We will show that for these kind of 

geometries, the solutions obtained from the finite difference scheme (FDS) and heat balance integral 

method (HBIM), are able to capture the physical behavior of the process. 
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2.  Problem statement 

 

2.1 Mathematical model 

We will consider an iron sample with a cylindrical cross section where nitrogen gas has penetrated in 

such a way that at time 0t , the  ,    and   phases are already formed. The surface concentration is 

constant and equal to 
maxC  and the boundary conditions at each interface are determined through the 

2Fe-N  phase diagram. The surface concentration of nitrogen located at x R  is denoted as 
maxC , 

where R  is the radius of the sample. Therefore, the boundary conditions in cylindrical coordinates are 

given by 

    max min
1 1,, ,C R t C C R t C     ,  (1) 

at the   phase, where   is the thickness of the   layer. Furthermore, with    and   defined as the 

'  and diffusion zone thicknesses respectively, the boundary conditions for each layer are given by 

    max min
2 2 ', ,   ,C R t C C R t C            ,  (2) 

and 

    max min
3 ' 3 ', ,  ,C R t C C R t C                 .  (3) 

Nitrogen transport within iron is assumed to be of Fickian nature. Consequently, classical diffusion 

equations are used to describe mass transport phenomena, and due to the symmetry of the system, the 

diffusion equations are solved in cylindrical coordinates. Interface motion is driven by the flux jump 

through the following Stefan condition 
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where the constants , 1i iC   represent the concentration jump at each interface, in such a way that for 

1i  , 
min

1,2

max

'C CC    , 1D D  and 2 'D D . For 2i  , 
mi

2

n

,3

max

'C C C    and 
3D D . 

Moreover, for 1i  , iL  represents the epsilon layer thickness, as 1L  ; for 2i  , iL  represents the 

compound layer thickness '2L    , and for 3i  , iL  represents the compound layer and 

diffusion zone widths '3L       . The main idea of this proposal, is the assumption of a 

diffusion zone with constant thickness. Based on this assumption, the kinetics of the interface between 

the   zone and pure iron matrix is only governed by the motion of the '/   and ' /   interfaces. As 

a result of this, the diffusion zone is being pushed by the compound layer. 

2.2 Numerical solutions 

A second order FDS and the HBIM are used to solve the diffusion equations, along with the Stefan 

condition at the '/   and ' /   interfaces given by equation (4). In order to obtain a physically 

viable solution from the HBIM, we test the type of concentration profiles that have been proposed for 

cylindrical configurations in heat conduction problems [11], such as a linear-log and parabolic-log 

profile. The initial parabolic profiles used to solve the diffusion equations and the Stefan condition are 

given by 

 
min ) (( , ) ( )( ) lni i

i

i i i

x
C C R L x b t

L
a t

R
x t

 
     

 
 , (5) 

VIII International Congress of Engineering Physics                                                                            IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 792 (2017) 012056          doi:10.1088/1742-6596/792/1/012056

2



 

 

 

 

 

 

for 1,2i  . Finally, the proposed concentration profile for the diffusion zone is written as 
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23

2

3 3) (( , ) n) ( ( l)
x

C C R L xx t a bt t
R L



 
     

 
   (6) 

The initial concentration profiles are obtained by calculating the functions ( )ib t  from the boundary 

conditions described in section 2.1, and assuming an initial logarithmic profile. It was shown in [10] 

that for this model, the concentration profile is linear for large time values, and does not depend on the 

shape of the initial profile. It will be shown here, that for a cylindrical geometry this holds as well. 

3.  Results and Discussion 

The results obtained with the FDS and the HBIM described in section 2 will be shown in this section. 

For the numerical simulations, the nitriding temperature used is 793K , effective diffusion constants at 

each layer are 15 25.3367 10 m / sD

 , 
1 2

'

45.8555 10 m / sD

  and 12 24.9343 10 m / sD

 . 

The concentrations at each interface are taken from the 
2Fe-N  phase diagram as max 7.68,C   

min 7.5204,C   
ax

'

m 5.8849,C   
in

'

m 5.7738,C   max 0.0627C   and min 0.0C   in % wt . Finally, the 

initial thickness of each layer is assumed to be 0.0480 m  , ' 0.3739 m

   and 80 m  , as 

in [10]. 

All figures below, show the results obtained for each layer, by using the FDS and HBIM described 

in section 2. In figure 1, we show the solutions from both methods for a sample of radius 0.10 mR   

and a diffusion zone 80 m  thick. An important consequence of this model is that for large time 

values, the jump in the net flux through each interface approaches zero; therefore 

 
max min max min max min max min

' ' ' ' ' ' ' '( ) / ( ) / , ( ) ( ) .D C C D C C D C C D C C                          (7) 

From equation (7) it is easy to obtain the thickness of each layer in the asymptotic time limit [10], as 

 
 
 

 
 

max min max min

-lim -lim -limmax min max min
,

D C C D C C
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In this time limit, the net flux of mass through a point x  within any layer is zero; therefore  

   max min

i-1 i

( ) (

( )

)i i ii i iD C C x D C x C

R x L x R L

 


  
, 

which can be solved for the concentration at an arbitrary point within the compound layer or diffusion 

zone as 

 

max min ma

1

1

i

1

x m n

( ) ( )
( ) ( )i i i i i i

i i i i

i

C C C C
C x x R

L L

L L L L



 



 


   , for 1i iR L x R L      (9) 

On each figure we use equation (8) to check that every solution obtained through any of the 

proposed methods, captures the predicted behaviour for large time values. In figures 2 and 3 the results 

for several values of the sample radius are shown and compared against the predicted thickness of 

each layer, in the asymptotic time limit. In figure 2, the results from the FDS and HBIM are shown for 

the   layer. As can be observed, there is a weak dependence on the radius of the sample. 
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Figure 1. FDS and HBIM solutions for the time evolution of the   and    layer thicknesses. 

Finally, similar results for the '  layer growth kinetics are shown in figure 3. Also in this case, the 

solutions obtained from the FDS and HBIM, do not depend significantly on the radius of the sample.  

 
Figure 2. Time evolution of the   layer for different values of the sample radius. a) FDS and b) 

HBIM solutions for a diffusion zone of 80 m . 

 

VIII International Congress of Engineering Physics                                                                            IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 792 (2017) 012056          doi:10.1088/1742-6596/792/1/012056

4



 

 

 

 

 

 

 
Figure 3. a) FDS and b) HBIM solutions for '  layer growth with different values of R . 

A comparison between the experimental results of [4] which are performed on planar samples and 

the solutions obtained for a cylindrical geometry is shown in figure 4. Each curve belongs to the 

solution calculated for a specific thickness of the diffusion zone. As the width of   is increased, the 

relative difference between adjacent curves reduces monotonically. The largest value of   belongs to 

the continuous line, which is shown in figure 4. For this value, the asymptotic limit is reached at 
102 10 st   , which is 610  orders of magnitude larger than the total nitriding time used in the 

experiment of [4]. For this reason, further increase in  , produces almost identical results to the 

curves shown in solid lines, which correspond to the solutions used to compare with the experimental 

data. These numerical experiments suggest a constant thickness of the diffusion layer. Solutions of this 

model were obtained for planar geometries [10], which are very close to the numerical solutions 

obtained here for cylindrical geometries.  

For small values of  , the mass flux through the diffusion zone is of the same order of magnitude 

than the flux through the    layer, which implies that   iron is quickly saturated with Nitrogen, 

slowing any further growth of the    layer. This is illustrated in figure 4, where the dashed line 

corresponding to the smallest value of   is observed to approach very rapidly to the asymptotic limit. 

In fact, once the compound layer has formed, diffusion zones are typically several orders of magnitude 

thicker than   and    layers, because effective diffusion coefficients for the diffusion zone are two 

orders of magnitude larger than those corresponding to   and    layers. Thus, for typical values of 

 , the flux through this zone is very small compared to the flux within the    layer, this is why the 

influence of mass transport within the diffusion zone is almost negligible. By considering a large 

diffusion zone of constant thickness, the proposed model is neglecting the effects that mass transport 

within the diffusion zone may have on the compound layer growth kinetics. This is shown to be a 

good approximation, once each layer is formed. Therefore, in order to compare the results from the 

proposed model, the starting point is chosen at time values where the diffusion zone is at least one 

order of magnitude thicker than any layer. For example, the numerical results shown in figure 4, are 

obtained by starting at 3001.22st  , where the first data point is reported in [4] and every layer is 

already formed. 
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Figure 4 Solid lines 

correspond to the 

solutions obtained 

with the HBIM and 

data points from the 

experiment in [4] are 

shown in blue and red 

circles for each layer. 

The maximum relative 

difference between the 

numerical results and 

the experimental data 

is observed to be of 

6.32%. 

 

4.  Conclusion 

This work presents a correctly stated mathematical model of growth kinetics for compact concomitant 

layers of nitrides during plasma nitriding of pure iron in cylindrical surfaces. The introduced model is 

consistent with the mechanism of mass transfer (Fick’s Second Law and mass balance at the 

interfaces) and relevant available information on the problem (diffusion coefficients and nitrogen 

solubility limits). The obtained solutions, employing data from other authors and information 

produced in our analysis, yield congruent results between the numerical and semi-analytical methods. 

Finally, our solutions are observed to be in excellent agreement with the values predicted by equation 

(8), and no significant dependence on the shape of the sample is observed, as can be expected from the 

predicted thickness of each layer, in the asymptotic time limit. 
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