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SUMMARY 
 
In this work a Supply Chain Design problem is addressed. The problem is based on a 
two-echelon distribution system for a single product. In the system, plants ship the 
product to distribution centers, and these dispatch the product to the customers. One of 
the decisions in the problem is to locate the distribution centers among a set of potential 
sites. There are optional arcs between each pair of facilities in each echelon that represent 
different transportation channels defined by cost and time parameters. These 
transportation channels can be seen as transportation modes (rail, truck, airplane, etc.), 
transportation services from the same company (regular, express, overnight, etc.) or 
services offered by different companies. At difference of similar models for the same 
type of problem the transportation channel selection introduces a tradeoff between cost 
and time. The cause of this tradeoff is that a faster delivery service is usually more 
expensive.  
 
The general problem named “Capacitated Fixed Cost Facility Location Problem with 
Transportation Choices” (CFCLP-TC) has two objectives: to minimize the cost and to 
minimize the transportation time from the plants to the customers. The cost criterion is an 
aggregated function of fixed and variable costs. The time function represents the 
maximum time that may take to transport the product along any path from the plants to 
the customers. The mathematical model decides distribution centers location, 
transportation channel selection, and transportation flows. The aim in the solution of the 
problem is to present the set of non-dominated alternatives to the decision maker. 
Therefore it is treated as a bi-objective mixed-integer program that minimizes the time 
and cost objectives simultaneously. 
 
To solve the CFCLP-TC several versions of one algorithm were developed to implement 
the ε-constraint method. These versions were compared among them and the best was 
selected to obtain true efficient sets and bound sets for the instances tested.  
 
A limit on the size of “solvable” instances was identified according to the available 
computational resources. This limit is on instance sizes with 255 binary variables and 940 
constraints. Several instances of sizes below this limit were solved with the ε-constraint 
based algorithm and their true efficient sets were obtained. For instances of larger size a 
modification to the ε-constraint based algorithm was done to obtain their upper bound 
sets. 
 
Also four lower bounding schemes were studied. These were based on linear relaxations 
of the mixed-integer program. The relaxation of the set of variables corresponding to the 
distribution center location resulted in the best lower bound sets. 
 
Because of the computational complexity of the CFCLP-TC a metaheuristic algorithm 
was developed in an attempt to solve it. This algorithm uses some elements from state-of-
the-art metaheuristics for single and multiobjective optimization. The parameters of the 
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algorithm were fixed after some tuning tests. The metaheuristic algorithm was finally 
tested in instances of small and large sizes. The approximate efficient sets obtained were 
compared to the true efficient sets for small instances, and to the upper bound sets for 
large instances. The results indicate an excellent performance of the metaheuristic 
algorithm in particular for large size instances. 
 
 
Contributions 
 
There are several contributions of the work. First, to the best of my knowledge, this 
problem had not been addressed before from a multi-objective perspective.  Thus, the bi-
objective model approach is introduced. Although some papers show similar works, the 
combination of elements in the CFCLP-TC has no precedent. About the exact method to 
solve the CFCLP-TC, the ideas used to design the ε-constraint based algorithm seem 
evident but the literature in multiobjective optimization does not show explicit use of 
them. In reference to metaheuristics for multiobjective optimization, the design of an 
algorithm different from Evolutionary Algorithms is also an important contribution 
because of the dominance of these methods in the field. Additionally, the computation of 
lower bound sets is not usual in works using metaheuristic methods. Hence a more 
complete work was achieved over the standard in the literature. 
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CHAPTER 1 
 
 
INTRODUCTION 
 
 
Motivation 
 
Supply chains have received much attention recently after recognizing the importance of 
the logistic costs in the cost structure of the products. Their efficient management 
provides a competitive advantage to domestic and international firms. At the strategic 
level the managers must design the supply chain to achieve the minimum cost and to 
meet a level of customer service. While cost is a criterion with a unique measure, 
customer service level has several measures being the most used the availability of 
product from inventories and the lead time to deliver a product to the customer. The 
balance between the cost and customer service level provides short and long term 
advantages for a firm. 
 
Ballou (1999) divides the supply chain planning in decisions concerning inventory, 
transportation, and facility location. The supply chain, also known as distribution network 
is composed of facilities and transportation flows between facilities. These facilities 
perform different roles as suppliers, plants, warehouses, distribution centers, and retailers. 
The decisions implied in supply chain design are (Simchi-Levi, Kaminsky, and Simchi-
Levi, 2000): 
 

• To determine the number of facilities 
• To determine the location of the facilities 
• To determine the capacities of the facilities 
• To allocate products to facilities 
• To determine the flow of products between facilities 

 
Network design decisions determine the supply chain configuration and have a 
significant impact in logistic costs and responsiveness (Chopra and Meindl, 2004). For 
instance, facility location has a long term impact in the supply chain because of the high 
cost to open a facility or to move it. Opening and inventory costs induce to reduce the 
number of facilities while responsiveness causes a contrary effect. A high number of 
facilities may reduce the lead time to deliver a product to the final customer. In certain 
products lead time can be viewed as an added value so that the firm that makes them 
available first can obtain short and long term advantages in the market. 
 
Many models developed to design distribution systems are based on discrete location of 
facilities where a set of potential sites is known. The earliest models were formulated by 
Balinski and Mills (1960), Baumol and Wolfe (1958), and Kuehn and Hamburger (1963). 
These and subsequent models have been formulated as mixed-integer programming 
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problems. The evolution of such models has considered until recently (Klose and Drexel, 
2005) the following elements: 
 

• Number of echelons 
• Facility capacity 
• Number of products 
• Time periods 
• Stochastic demand 
• Side constraints to include: 

o Single or multiple sourcing 
o Routing 

 
An area of opportunity in supply chain design is to address the influence of the 
transportation channel selection. The decision to use a certain transportation channel has 
an effect on the lead time to deliver a product which often is an indicator of customer 
service level. The availability of different channels to transport the product between a 
pair of facilities is a feature of modern logistic services. These transportation channels 
can be seen as transportation modes (rail, truck, ship, airplane, etc.), shipping services 
(express, normal, overnight, etc.) or just as simple as the offer of services from different 
companies. Transportation choices are differentiated by parameters of time and cost. 
Commonly these parameters are negatively correlated with shorter times for the most 
expensive alternatives. For many years distance was treated as surrogate of transportation 
cost and time. Nowadays this is not a valid assumption. 
 
Separating the cost and time parameters creates a bi-objective problem with possibly 
several non-dominated solutions. In this work the supply chain design problem to be 
addressed takes into account the cost-time tradeoff. At difference of existing models the 
solution methods proposed here try to generate the set of non-dominated solutions as 
alternatives for the decision maker. The problem has been named “Capacitated Fixed 
Cost Facility Location Problem with Transportation Choices” (CFCLP-TC).  
 
 
Objectives 
 
After presenting the CFCLP-TC, the following tasks are undertaken: 
 

• Derivation of a bi-objective mixed-integer programming model. 
• Implementation and study of an exact algorithm to obtain the true efficient set. 
• Derivation and study of a few schemes for obtaining lower bound sets. 
• Obtaining upper bound sets for large instances as reference for comparison. 
• Design, implementation, and study of a metaheuristic algorithm to solve large 

instances. 
 
One of the main contributions of this work is the development of the metaheuristic 
algorithm. The results of the metaheuristic algorithm are compared to the upper bound 
sets obtained. This comparison shows the advantages of the metaheuristic algorithm. 
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Relevance 
 
The Supply Chain Design problem proposed here includes some of the most common 
decisions in the literature for similar problems. An additional decision is the selection of 
the transportation channel between facilities. The problem and the mathematical model to 
solve it have not been presented previously in the literature. The solution approach also 
has not been considered previously for similar problems. This approach minimizes 
simultaneously the time to transport the product from the plants to the customers and the 
combined cost of facility location and transportation. The solution approach constructs a 
set of non-dominated alternatives for the decision maker. Hence the problem, the model, 
and the solution approach are relevant in the field of Supply Chain Design. 
 
As will be explained later, the CFCLP-TC is NP-Hard.  From the academic point of view 
the development of exact and heuristic methods to solve it is very interesting. Although 
an exact method can be applied to solve small instances there is an instance size limit 
according to the computational and time available resources. Thus a heuristic method 
may be well suited to solve large size instances. 
 
A metaheuristic algorithm was designed to solve large instances of the CFCLP-TC. The 
relevance of this development is that the use of metaheuristics in multiobjective problems 
is relatively recent. In particular the literature is abundant in applications of Evolutionary 
Algorithms. In this work a different metaheuristic approach is used. The contribution of 
this development is of high importance in the field of metaheuristics for multiobjective 
optimization. 
 
Finally, the knowledge acquired in this study may be useful in the future to extend the 
research on this problem, to implement the proposed ideas in the solution of similar 
problems, or to develop a generic metaheuristic for multiobjective optimization. 
 
 
Organization 
 
The Capacitated Fixed Cost Facility Location Problem with Transportation Choices 
(CFCLP-TC) is fully described in Chapter 2. This includes the description of the 
mathematical framework and a discussion of its computational complexity. Chapter 3 
shows the literature review where recent methods to solve similar problems are 
discussed. The computational complexity of the CFCLP-TC justifies the use of a 
heuristic method for large instances. Hence the metaheuristics for multiobjective 
problems are reviewed. A state-of-the-art approach in the design of metaheuristics for 
single-objective problems is the Adaptive Memory Programming framework. It is used in 
the design of the metaheuristic algorithm and a brief review about it is provided. 
 
The algorithms to obtain true efficient sets and bound sets for the CFCLP-TC are 
described in Chapter 4. Three versions of an algorithm based on the ε-constraint method 
were developed. Their performance is compared and the best alternative is used to obtain 
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true efficient sets and bound sets. Additionally four lower bounding schemes are 
proposed. The metaheuristic algorithm proposed is described in Chapter 5. The 
procedures and methods that integrate the metaheuristic algorithm are explained there.  
 
Chapter 6 shows the experiments carried out with the exact algorithms to obtain true 
efficient sets and bound sets. The lower bounding schemes proposed are tested and 
compared. At this point the metrics to compare efficient solutions sets are explained. 
Some experiments with the metaheuristic algorithm parameters are used to analyze its 
behavior and are employed to fix their values for subsequent experiments. The 
metaheuristic algorithm is tested with instances of several sizes and the results are 
compared to the upper bound sets obtained previously. Finally, Chapter 7 shows the 
conclusions of the study and provides of some examples of extensions to the problem and 
the methods for further research. 
 
Additionally Appendix 1 describes introductory material with definitions for dominance, 
efficiency, and solution sets. The exact methods used to solve multiobjective problems 
are explained there. 
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CHAPTER 2 
 
 
PROBLEM DESCRIPTION AND MATHEMATICAL MODEL 
 
 
Problem description 
 
The “Capacitated Fixed Cost Facility Location Problem with Transportation Choices” 
(CFCLP-TC) is based in a two-echelon system for the distribution of one product in a 
single time period. In the first echelon the manufacturing plants send product to 
distribution centers. The second echelon corresponds to the flow of product from the 
distribution centers to the customers. The number and location of plants and customers 
are known. 
 
There is a set of potential locations to open distribution centers. The number of open 
distribution centers is not defined a priori. Each candidate site has a fixed cost for 
opening a facility. Each potential site has also a limited capacity. This capacity is related 
to dispatching rate which depends on factors like physical limits, equipment, and 
productivity of the facility. 
 
The plants have limited manufacturing capacity. This capacity represents the production 
rate at each plant. A supply constraint states that each distribution center is supplied at 
most by one distribution center, what is called a single source constraint. However, the 
demand of each customer must be met. 
 
The most important feature added to the problem, and one of the main contributions of 
this work is to consider several alternatives to transport the product from one facility to 
the other in each echelon of the network. Each option represents a type of service with 
associated cost and time parameters. The existence of third party logistic companies 
(3PL) makes different transportation services in the market available. The alternatives are 
generated by the offer from different companies, the availability of different types of 
service at each company (e.g. express or regular), and the use of different modes of 
transportation (e.g. truck, rail, airplane, ship or inter-modal). Commonly, these 
differences involve an inverse correspondence between time and cost, i.e. a faster service 
is more expensive. A scheme of the distribution network is shown in Figure 2.1. 
 
The idea of this problem is to select the appropriate sites to open distribution centers and 
the flow between facilities. One of the objectives is to minimize an aggregated function 
that combines transportation cost and distribution center fixed cost. This part of the 
problem is very common in distribution networks where manufacturing plants and points 
of demand already exist. However, the problem considered here also includes the 
selection of the transportation channel. This decision has an impact in the transportation 
time from the plant to the customer. The cost-time tradeoff must be considered in the 
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formulation of a mathematical model that minimizes both criteria simultaneously. Hence, 
the problem is addressed with a bi-objective optimization model. Following this approach 
one criterion minimizes the combined cost of transportation and facility location. The 
other criterion looks for the minimum time to transport the product along the path from 
the plant to the customer. 
 
 

 
Figure 2.1 Scheme of the Capacitated Fixed Cost Facility Location Problem with Transportation 

Choices (CFCLP-TC).  

 
 
In order to keep the model tractable the following assumptions are made. Inventory costs, 
production costs, capacity on the transportation links, congestion times at the facilities, 
international supply chain aspects, and non-linear transportation costs are not considered. 
Therefore we have assumed that distribution centers do not retain inventory and their 
function is only to split the product received from the plants. The distribution centers may 
receive product from any plant. There is no incentive to ship the product directly from the 
plants to the customers. Also, transshipment between facilities at the same stage is not 
allowed. Locally, at each pair of nodes origin-destination the transportation channels with 
dominated parameters are eliminated, i.e. those with coincident longer time and greater 
cost than any other. The sum of the capacity of the plants is enough to satisfy the total 
demand. The sum of the capacity of the potential distribution centers is enough to satisfy 

 6



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

the total demand. An important assumption is the discretization of the time parameter. 
Therefore, given reasonable times for transportation (hours, days) the values can be 
represented as integer units. 
 
 
Mathematical model 
 
The CFCLP-TC problem described previously is represented in a bi-objective mixed-
integer programming model. The model formulation is preceded by the notation shown 
below. 
 
Sets: 
 
I : set of plants i 
J : set of potential distribution centers j 
K : set of customers k 
LPij : set of arcs l between nodes i and j; i ∈ I, j ∈ J 
LWjk : set of arcs l between nodes j and k; j ∈ J, k ∈ K 
 
Parameters: 
 
CPijl : cost of transporting one unit of product from plant i to distribution center j using 

arc ijl; i ∈ I, j ∈ J, l ∈ LPij
CWjkl : cost of sending one unit of product from distribution center j to customer k using 

arc jkl; j ∈ J, k ∈ K, l ∈ LWjk
TPijl : time for transporting any quantity of product from plant i to distribution center j 

using arc ijl; i ∈ I, j ∈ J, l ∈ LPij
TWjkl : time for transporting any quantity of product from distribution center j to 

customer k using arc jkl; j ∈ J, k ∈ K, l ∈ LWjk

MPi : capacity of plant i; i ∈ I 
MWj : capacity of distribution center j; j ∈ J 
Dk : demand of customer k; k ∈ K 
Fj : fixed cost for opening distribution center j; j ∈ J 
 
Decision Variables: 
 
Xijl : quantity transported from plant i to distribution center j using arc ijl; i ∈ I, j ∈ J, 

l ∈ LPij

Yjkl : quantity transported from distribution center j to customer k using arc jkl;  j ∈ J,  
k ∈ K, l ∈ LWjk

Zj : binary variable equal to 1 if distribution center j is open and equal to 0 
otherwise; j ∈ J 

Aijl : binary variable equal to 1 if arc ijl is used to transport product from plant i to 
distribution center j and equal to 0 otherwise; i ∈ I, j ∈ J, l ∈ LPij
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BBjkl : binary variable equal to 1 if arc jkl is used to transport product from distribution 
center j to customer k and equal to 0 otherwise; j ∈ J, k ∈ K, l ∈ LWjk

 
Auxiliary Variables: 
 
T : maximum time that takes sending product from any plant to any customer 

1
jE  : maximum time in the first echelon of the supply chain for active distribution 

center j, i.e. ( )ijlijllij ATPE
,

1 max= ; i ∈ I, j ∈ J, l ∈ LPij

2
jE  : maximum time in the second echelon of the supply chain for active distribution 

center j, i.e. ( )jkljkllkj BTWE
,

2 max= ; j ∈ J, k ∈ K, l ∈ LWjk

 
MODEL 1: 
 

( )21 ,min ff  
 

∑∑∑ ∑∑ ∑∑
∈∈ ∈ ∈ ∈ ∈∈

++=
Jj

jj
Ii Jj Jj

jkl
Kk LWl

jkl
LPl

ijlijl ZFYCWXCPf
jkij

1     (1) 

Tf =2           (2) 
 
Subject to 
 

021 ≥−− jj EET    ∀ j ∈ J      (3) 

01 ≥− ijlijlj ATPE    ∀ i ∈ I ,  j ∈ J, l ∈ LPij   (4) 

02 ≥− jkljklj BTWE    ∀ j ∈ J ,  k ∈ K, l ∈ LWjk   (5) 

∑ ∑
∈ ∈

=
Jj

k
LWl

jkl DY
jk

   ∀ k ∈ K     (6) 

∑∑
∈ ∈

≤
Jj LPl

iijl
ij

MPX    ∀ i ∈ I      (7) 

0≥−∑ ∑
∈ ∈Kk LWl

jkljj
jk

YZMW   ∀ j ∈ J      (8) 

∑ ∑∑∑
∈ ∈∈ ∈

=−
Kk LWl

jkl
Ii LPl

ijl
jkij

YX 0   ∀ j ∈ J      (9) 

1=∑ ∑
∈ ∈Jj LWl

jkl
jk

B    ∀ k ∈ K     (10) 

1≤∑
∈ ijLPl

ijlA     ∀ i ∈ I ,  j ∈ J     (11) 

1≤∑
∈ jkLWl

jklB     ∀ j ∈ J , k ∈ K     (12) 

0≥− ijlijl AX     ∀ i ∈ I ,  j ∈ J, l ∈ LPij   (13) 
0≥− jkljkl BY     ∀ j ∈ J ,  k ∈ K, l ∈ LWjk   (14) 

 8



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

0≥− ijlijli XAMP    ∀ i ∈ I ,  j ∈ J, l ∈ LPij    (15) 
0≥− jkljklj YBMW    ∀ j ∈ J ,  k ∈ K, l ∈ LWjk    (16) 

0≥−∑ ∑
∈ ∈

j
Ii LPl

ijl ZA
ij

   ∀ j ∈ J      (17) 

0,,,, 21 ≥jklijljj YXEET   ∀ i ∈ I ,  j ∈ J, k ∈ K, l ∈ LPij, l ∈ LWjk (18) 
{ }1,0,, ∈jklijlj BAZ    ∀ i ∈ I ,  j ∈ J, k ∈ K, l ∈ LPij, l ∈ LWjk (19) 

 
In this formulation, objective function (1) minimizes the sum of the transportation cost 
and the cost for opening distribution centers. Objective function (2) minimizes the sum of 
the maximum lead time from the plants to the customers through each distribution center. 
This function was reformulated from equation (20) to eliminate the non-linearity: 
 

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ += jkljkllkijlijllij

BTWATPf
,,2 maxmaxmaxmin      (20) 

 
Constraints (3) – (5) complete the linearization of equation (20) into objective function 
(2). It is evident that variables Aijl and BBjkl should take the value of 1 only for open 
distribution centers. Therefore, equation (20) considers the paths through open 
distribution centers and minimizes the maximum time along the supply chain. Constraint 
(6) requires the demand satisfaction of each customer. Constraint (7) is formulated for not 
exceeding the capacity limits of the plants. Constraint (8) states that the flow going out 
from a distribution center must not exceed the capacity of the facility, but at the same 
time requires that the flow of product only can be done through open distribution centers. 
Constraint (9) keeps the flow balance at the distribution center. Constraint (10) 
establishes that each customer must be supplied by a single source. At most one arc may 
be selected between nodes i-j and nodes j-k, as required in constraints (11) and (12) 
respectively.  
 
The following constraints were formulated to make a proper link between the sets of 
variables Aijl, BBjkl, Xijl, Yjkl, and Zj. When solving for f1 as main objective function the 
model tries to minimize the values of Xijl, Yjkl, and Zj. In the other direction, when solving 
for f2 the model tries to minimize the values of Aijl, BjklB . Constraints (13) and (14) require 
that an arc must be inactive if it does not have flow through it. This avoids overestimating 
Aijl and BBjkl when solving for f1. 
 
The flow of product only can be done through active arcs as stated in constraints (15) and 
(16). Constraint (17) ensures that a distribution center must be closed if it has no active 
incident arcs on it, i.e. the distribution center does not receive flow of product. In this 
way, when solving for f2 the model does not overestimate Zj and avoids passing flow 
through inactive arcs. 
 
Constraint (18) is for continuous non negative variables. Binary variables are required in 
constraint (19). If demands and capacities have integer values it is not necessary to 
change constraint (18) to require integer values for Xijl and Yjkl. This is because once fixed 
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the values for Aijl, BBjkl, and Zj, the remaining structure is a transportation problem. It is 
well known that the unimodularity property of this problem produce these integral results 
under such condition. 
 
Also should be noted that constraint (10) implies that a problem has a feasible solution 
only if for each customer exists at least one distribution center with enough capacity to 
satisfy its demand. 
 
 
Complexity of the problem 
 
One of the sub-structures involved in the CFCLP-TC is the classical discrete facility 
location problem. This sub-problem can be obtained through several relaxations of Model 
1. The first step is dropping objective function (2) with the variables Aijl and BBjkl, and the 
related constraints (3–5) and (10–17). The capacity constraint in the plants is relaxed 
eliminating equation (7). To treat only the second echelon of the supply chain let consider 
an instance with CPijl = 0, ∀ i∈I, j∈J, l∈LPij, that reduces to zero the first term of 
objective function (1) and allows dropping constraint (9). Relaxing also the capacity 
constraint at the distribution centers, equation (8) is rewritten for each variable Yjkl. 
Demand parameter Dk is moved from constraint (6) to objective function (1). At this 
point we select the arc with the lowest cost for each pair j-k. This relaxed model has the 
structure of the uncapacitated facility location problem (UFLP) and is shown below. 
Cornuejols, Nemhauser, and Wolsey (1990) have shown that the UFLP is NP-Hard. 
Therefore, the CFCLP-TC inherits that complexity to be considered NP-Hard too. 
 

∑∑∑
∈∈ ∈

+=
Jj

jj
Jj Kk

jkjkk ZFYCWDf1min       (1’) 

 
Subject to 
 
∑
∈

=
Jj

jkY 1    ∀ k ∈ K     (6’) 

0≥− jkj YZ     ∀ j ∈ J, k ∈ K     (8’) 
0≥jkY     ∀ j ∈ J, k ∈ K     (18’) 
{ }1,0∈jZ     ∀ j ∈ J      (19’) 

 
Table 2.1 and Table 2.2 give an account of model size in terms of the number of 
constraints and number of variables, respectively. 
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Table 2.1 Number of constraints in the CFCLP-TC 

Constraints Number of constraints 
(3) | J | 
(4) ∑∑

∈ ∈Ii Jj
ijLP  

(5) ∑∑
∈ ∈Jj Kk

jkLW  

(6) | K | 
(7) | I | 
(8) | J | 
(9) | J | 

(10) | K | 
(11) | I | * | J | 
(12) | J | * | K | 
(13) ∑∑

∈ ∈Ii Jj
ijLP  

(14) ∑∑
∈ ∈Jj Kk

jkLW  

(15) ∑∑
∈ ∈Ii Jj

ijLP  

(16) ∑∑
∈ ∈Jj Kk

jkLW  

(17) | J | 
(18) ∑∑∑∑

∈ ∈∈ ∈

+++
Jj Kk

jk
Ii Jj

ij LWLPJ ||21  

(19) ∑∑∑∑
∈ ∈∈ ∈

++
Jj Kk

jk
Ii Jj

ij LWLPJ  

Constraints (3) – (17) ∑∑∑∑
∈ ∈∈ ∈

++++++
Jj Kk

jk
Ii Jj

ij LWLPKJJIKJI 33**24  

Variable declarations ∑∑∑∑
∈ ∈∈ ∈

+++
Jj Kk

jk
Ii Jj

ij LWLPJ 2231  

TOTAL ∑∑∑∑
∈ ∈∈ ∈

++∗+∗++++
Jj Kk

jk
Ii Jj

ij LWLPKJJIKJI 55271  
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Table 2.2 Number of variables in the CFCLP-TC 

Variables Number of variables 
Zj | J | 

Aijl ∑∑
∈ ∈Ii Jj

ijLP  

BBjkl ∑∑
∈ ∈Jj Kk

jkLW  

Xijl ∑∑
∈ ∈Ii Jj

ijLP  

Yjkl ∑∑
∈ ∈Jj Kk

jkLW  

1
jE  | J | 
2
jE  | J | 

T 1 

Binary | J |+∑∑
∈ ∈Ii Jj

ijLP +∑∑
∈ ∈Jj Kk

jkLW  

Continuous 1+2| J |+∑∑
∈ ∈Ii Jj

ijLP +∑∑
∈ ∈Jj Kk

jkLW  

TOTAL 1+3| J |+2∑∑
∈ ∈Ii Jj

ijLP +2∑∑
∈ ∈Jj Kk

jkLW  
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CHAPTER 3 
 
 
LITERATURE REVIEW 
 
 
Supply chain design 
 
The first models for supply chain design that involved facilities location and distribution 
flows are due to Balinski and Mills (1960), Baumol and Wolfe (1958), and Kuehn and 
Hamburger (1963). The model presented by Kuehn and Hamburger (1963) considers a 
two-echelon multi-commodity system. The products are transported from the factories to 
the customers through open warehouses. The decision variables are the quantity of each 
product to be transported and the selection of the warehouses to open. The factories and 
the warehouses have a limited capacity and the demand of all the product-customer pairs 
must be met. The objective function combines transportation costs, fixed costs for 
warehouse opening, variable cost because of inventories handling, and a penalty for 
exceeding a certain lead time. That model was addressed using a heuristic approach that 
opens warehouses sequentially and later performs closing and exchange movements for 
improvement. This procedure is the base of local search methods used at present for this 
type of problems. That problem has many of the elements considered in supply chain 
design at present. However, many of the costs functions considered are described in a 
general form and the implicit nonlinearities made almost impossible to solve it in an 
exact form at that time. Similar problems presented later used some relaxations to obtain 
an exact solution. These relaxations were the linearization of the cost functions, 
considering unlimited capacities, and the exclusion of the shipping delay penalty. 
 
Since facility location is one of the hardest sub-problems involved in supply chain design 
the literature on this problem is abundant and sometimes is the center of interest. Several 
reviews show the works developed in supply chain design and facility location after those 
seminal papers. The reader is invited to see the reviews by Aikens (1985), Thomas and 
Griffin (1996), Vidal and Goetschalckx (1997), Ballou (2001), Daskin, Snyder, and 
Berger (2003), and Klose and Drexel (2005). In general the optimization models 
described in these reviews were formulated as mixed-integer programs and solved by 
decomposition techniques and heuristic methods. The methods used commonly are 
Benders decomposition, Lagrangian relaxation based methods, hierarchical 
decomposition techniques, dynamic programming, and genetic algorithms.  
 
Only until recently the aspect of time has been considered again in the distribution 
network design. This parameter has effects on costs and also can be affected by the 
supply chain configuration. In the problem studied in this work this parameter is 
influenced by the selection of the transportation channel between facilities. The 
assumption is that a faster transportation mode is also more expensive creating a tradeoff 
between cost and time that affects the distribution network configuration. This balance 
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leads to modify previous models to include a bi-objective mixed-integer programming 
approach. In the literature of multiobjective optimization in supply chain design the 
balance of these measures has not been studied extensively, as can be appreciated in the 
review by Current, Min, and Schilling (1990). While some works recognize the 
importance of the time parameter and others recognize the importance of transportation 
channel selection, only a few make the connection between these two aspects. In the 
following paragraphs some recent works that include these elements and their relation are 
described. 
 
In general the selection of a transportation channel has been limited to the transportation 
mode. It is inferred from the description of the problem that the term “transportation 
channel” is more generic and includes not only choices for the transportation mode but 
also for different types of services from one or several transportation companies. 
Although the principles may be the same, this distinction is important to describe a more 
general case. 
 
 
Cost-time tradeoff with one transportation channel between facilities 
 
A first set of works include those that identify the cost-time tradeoff as an important 
element in supply chain design. However, these papers do not relate this balance to the 
availability of transportation choices between facilities. Zhou, Min, and Gen (2003) 
introduced two separate objective functions for cost and time. The total sum of 
transportation times is minimized in one objective function. In that paper only one 
transportation alternative between each pair of warehouse-customer nodes is considered. 
The facility location decision is not included in the model. A genetic algorithm is used to 
construct a set of non-dominated solutions. Eskigun et al. (2005) use an aggregated 
function for time and cost. Although different transportation modes are included in their 
model (rail and truck), the problem is to select between a direct and an inter-modal 
shipping strategy. They do not have transportation choices between each pair of 
locations. A Lagrangian heuristic is developed to solve the mixed-integer programming 
model. In the problem proposed by Truong and Azadivar (2005) the cost-time tradeoff is 
recognized. In this case the time measure is included in the objective function as a 
parameter that influences inventory cost. Lead time is based on the complete production-
distribution path for the product without transportation alternatives between nodes. Their 
solution approach is based on an iterative method that uses a hybrid genetic algorithm. In 
an intermediate stage of the algorithm a mixed-integer programming model and a 
simulation model are created and solved. The results are used as entries for the external 
cycle of the genetic algorithm. Altiparmak et al. (2006) handle transportation time as a 
constraint. In their problem a set of feasible distribution centers is selected a priori. These 
facilities are those that are able to deliver the product to the customer before a time limit. 
Selection of transportation mode is not considered in their model. Three objective 
functions are proposed to minimize total cost, to maximize total customer demand 
satisfied, and to minimize the unused capacity of distribution centers. In this case a 
genetic algorithm is used to obtain a set of non-dominated solutions.  
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Multiple transportation channels between facilities without the cost-time tradeoff 
 
A second set of papers appreciate the influence of the transportation channel selection in 
the distribution network design. The main feature of this set of works is that the cost-time 
tradeoff is not related to that decision. In the model proposed by Benjamin (1990) the 
selection of the transportation mode is based on the capacity of the channel. The time 
parameter is not considered. The problem is formulated as a non-linear programming 
model that minimizes an aggregated cost objective function. This function combines 
transportation and inventory costs. The solution procedure is a heuristic method based on 
the Benders decomposition technique. Wilhelm et al. (2005) also include transportation 
mode selection but it is based on cost. In this case a portion of the quantity transported 
can be assigned to different transportation modes. It is a multi-period problem where the 
supply chain configuration changes dynamically. A set of scenarios were solved to 
optimality for relatively small instances. Cordeau, Pasin, and Solomon (2006) presented a 
model that has many of the elements of classic distribution network design. Additionally, 
the selection of transportation mode is one of the decisions in the model. Nevertheless, 
the cost-time tradeoff is not studied. The selection of the transportation mode is based on 
capacity and cost. They used a Benders decomposition method, commonly used in these 
types of problems.  
 
 
Cost-time tradeoff with multiple transportation channels between facilities 
 
The last set of works recognizes the importance of the cost-time tradeoff and relates it to 
the availability of transportation choices between facilities. In the paper by Arntzen et al. 
(1995) the cost-time balance is handled as a weighted combination in the objective 
function. The decision is made on the quantity to be sent through each available 
transportation mode. Here, transportation time is a linear function of the quantity shipped. 
The problem is solved using elastic penalties for violating constraints and a row-
factorization technique. In the work by Zeng (1998) the importance of the lead time-cost 
tradeoff is emphasized. This feature is directly associated to the available transportation 
modes between pairs of nodes in the network. The author proposed a mathematical model 
to optimize both measures in the process of supply chain design. A main difference with 
traditional models is that facility location is not addressed. A dynamic programming 
algorithm was presented to construct the set of efficient solutions assuming the 
discretization of the time objective. Graves and Willems (2005) propose a model that 
aggregates cost and time in the objective function. Their approach is not directly related 
to transportation modes but it is open to any alternative to be chosen at each stage of the 
network design process. They use a dynamic programming algorithm to solve this 
problem. Chan, Chung, and Choy (2006) present a multiobjective model that optimizes a 
combined objective function with weights. Some of the criteria include cost and time 
functions. In this case the time function is composed by many sources in addition to 
transportation time. The selection of the transportation channel is associated to the cost-
time tradeoff. It is a complex model that includes stochastic components. However, in 
this case facility location is not considered. Similarly to other approaches the 
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transportation time is a linear function of the quantity transported. In this case a genetic 
algorithm is the base of an iterative method to solve the problem for several weight 
scenarios. 
 
 
Remarks 
 
It is evident that there are few works that handle the cost-time tradeoff derived from the 
transportation channel selection in the supply chain design problem. The scarce models 
proposed in the literature are different from the CFCLP-TC model presented. Those 
models make some assumptions that facilitate the solution of the problem but that are 
unreal or inconvenient for the decision making process.  
 
The first assumption is the linearization of time. While this assumption helps to make the 
problem easier to solve it is not adequate to represent real transportation conditions. 
Usually the time to transport a product is independent of the quantity to be shipped. In the 
negotiation of a transportation service the quantity may affect cost because of economy 
of scale but time is not affected. Hence the transportation time is tied directly to the 
transportation channel and it is independent of the quantity transported. 
 
The second assumption is the preference for some criterion, usually the cost objective. 
The use of this assumption is implicit when the multiobjective problem is transformed to 
a single-objective problem combining the cost and time criteria in an aggregated (utility) 
function. It helps also to reduce the complexity of the problem but it is inconvenient for 
the decision making process because some times the preferences of the decision maker 
are not known a priori. Additionally, the selection of the appropriate weights is a difficult 
task for criteria with different measures like cost and time that can not be compared 
directly. Hence an approach to show different non-dominated solutions as alternatives to 
the decision maker is eluded while it may be a good choice when his/her preference is not 
known or the criteria can not be compared easily.  
 
These assumptions were excluded from the formulation and the solution approach to 
obtain a more realistic model capable of providing a set of alternatives to the decision 
maker. The multiobjective nature of the problem leads to make a review of the exact and 
metaheuristic available methods to solve such type of problems. This review is shown in 
the following sections. 
 
 
Metaheuristics for multiobjective optimization 
 
In the following paragraphs a review of metaheuristics used for multiobjective 
optimization is provided. A particular emphasis is given to applications for 
Multiobjective Combinatorial Optimization Problems, and in methods different from 
Evolutionary Algorithms. Particular features of selected implementations are discussed 
along the section. To understand the definitions and terms used in this section the reader 
is invited to see the introductory material in Appendix 1. 
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Methods  
 
Most of the work in multiobjective optimization has been made using Evolutionary 
Algorithms. The reader is invited to see the material in Coello Coello, Van Veldhuizen, 
and Lamont (2002), Deb (2001), and Abraham, Jain, and Goldberg (2005) for these 
methods.  
 
The review of Jones, Mirrazavi, and Tamiz (2002) reveals the state-of-the-art of 
metaheuristics in the field of multiobjective optimization. Most of the applications are in 
the areas of engineering and medicine. In that review near 70% of the papers used 
methods based on Genetic Algorithms, 24% used Simulated Annealing, and 6% were 
based on Tabu Search. An opportunity area was identified in using other metaheuristic 
techniques such as GRASP, Ant-Colony Optimization, etc. Even in a recent special issue 
of the European Journal of Operational Research only two of seven papers used Tabu 
Search based methods while the rest used Evolutionary Algorithms (Jaszkiewicz and 
Tuyttens, 2006). Therefore the door is still open to use metaheuristics like GRASP, 
Scatter Search, Variable Neighborhood Search, Tabu Search, etc. The reader is invited to 
see the book by Glover and Kochenberger (2003) as a reference of these techniques 
applied to single-objective problems. Some applications of Simulated Annealing and 
Tabu Search to multiobjective problems can be seen in Ehrgott and Gandibleux (2004). 
In the following lines some works that use these methods and papers with interesting 
applications or algorithm features are discussed. 
 
In terms of the topics, several works have been developed in the field of Scheduling 
because it is well suited for multiobjective formulations. Some examples are shown in 
Ishibuchi and Murata (1998), Arroyo (2006), and Geiger (2007). Some studies have been 
published for multiobjective optimization of supply chain design by Zhou, Min, and Gen 
(2003), Altiparmak et al. (2006), Villegas, Palacios, and Medaglia (2006), Lin and Kwok 
(2006), and Caballero et al. (2007). 
 
Ishibuchi and Murata (1998) used a hybrid algorithm that combines a Genetic algorithm 
and Local search for a flow shop scheduling problem. To guide the combination and the 
local search an aggregated function serves as fitness function. The weights of this 
aggregated function are varied randomly in each generation. The implementation of this 
technique comes after an important observation over previous works. Many studies had 
used a constant weight approach while others used each criterion as fitness function. If 
only one of these techniques is taken, some points in the non-dominated set can not be 
reached. Therefore they take a half-way approach where the weights of the objective 
functions are varied. In the local search phase each solution conserves these weights and 
therefore a guiding direction. The local search examines only a restricted neighborhood 
selected randomly to avoid spending too much time in this phase. At each generation they 
update the set of non-dominated solutions and select randomly some few to be introduced 
in the next population as elite solutions. The set of non-dominated solutions obtained 
with this hybrid algorithm has a good dispersion in the approximate efficient frontier 
avoiding over-population of some regions. 
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Arroyo (2006) used an interesting combination of GRASP (Greedy Randomized 
Adaptive Search Procedure) and VNS (Variable Neighborhood Search) to solve a 
multiobjective flowshop scheduling problem. In his approach, a weighted objective 
function is used to guide the GRASP constructive method and the VNS improvement 
method. The weights are systematically changed each iteration. Also here an external set 
of non-dominated solutions is maintained and updated when a set of solutions is obtained 
in any stage. Because of the nature of VNS three neighborhood structures were used. This 
GRASP/VNS method was compared to other Genetic Algorithms for some test instances. 
GRASP/VNS was superior in terms of quality of the non-dominated solutions set 
obtained. 
 
In the paper by Geiger (2007) a local search method is used as a part of an Evolutionary 
algorithm to solve a multiobjective flow shop scheduling problem. The aim of that study 
is to evaluate the quality of the non-dominated solutions sets obtained with different 
neighborhood operators. In the exploration of the neighborhood of a solution, each 
neighbor is used to update the approximate efficient frontier. An important conclusion in 
this work is that a combination of neighborhood structures achieves better results than 
using a single structure. 
 
Lin and Kwok (2006) used Simulated Annealing and Tabu Search separately to solve a 
multiobjective Location-Routing problem. The decisions are to select places for depots, 
to construct routes from these depots and to assign vehicles to these routes. They propose 
three objective functions to evaluate the cost, the workload balance and the time balance. 
Their metaheuristic algorithms are based on the optimization of the cost function but each 
solution generated in the process is used to update a set of non-dominated solutions. They 
evaluate the results for a real case comparing to the manual method used by the firm and 
among different versions of the metaheuristics. They construct some additional instances 
to complement their study. These methods were able to produce sets of non-dominated 
solutions of better quality than the method used by the firm. However Tabu Search 
performed better than Simulated Annealing. This work at difference of others that use 
metaheuristics for multiobjective optimization does not try to establish search directions 
toward each objective function. In common with other papers it improves a set of non-
dominated solutions each time a new feasible solution is found. 
 
The metaheuristic developed by Caballero et al. (2007) is based on Tabu Search to solve 
a Multiobjective Location-Routing problem. This problem is related to the field of 
obnoxious facilities location because it tries to locate incineration plants for biological 
wastes. They develop a metaheuristic named MOAMP that uses a Tabu Search scheme to 
generate and improve solutions. Through the procedure, each solution generated is used 
to update a reference set of non-dominated points. An initial set of non-dominated points 
is generated using Tabu searches guided by each objective function. After that, this set is 
improved through N Tabu searches guided by a weighted objective function that 
minimizes the distance to the ideal point obtained from the last set of efficient solutions. 
The weights are generated randomly in each one of the N searches. 
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The paper by Czyzak and Jaszkiewicz (1998) proposes a method based on Simulated 
Annealing to obtain an approximate efficient set for a multiobjective combinatorial 
optimization problem. They use their method in the multiobjective knapsack problem. 
Nevertheless, the most interesting idea there is concerning to the acceptance criterion for 
a new solution obtained from the neighborhood of the current solution. They observe 
three cases: where the new solution is dominated by the current solution, where the new 
solution dominates the current solution, and where the new solution in non-dominated by 
the current solution. In the first case the new solution may be discarded. In the second 
case the new solution may be accepted immediately, but the question is what to do in the 
third case. The option they take is to accept the new solution with a certain probability 
based on the degradation of the objective value of one of the criteria. They use this 
degradation to calculate the probability to be used in the Simulated Annealing scheme. 
The method developed was used on the multiobjective knapsack problem with better 
results than a previous method also based on Simulated Annealing. 
 
It is evident that many metaheuristics, even Evolutionary Algorithms are introducing a 
method for local search. Ehrgott and Gandibleux (2004) have the intuition that the 
combination of a constructive method and a local search method is the research direction 
in the design of metaheuristic algorithms for MOCO problems. An issue to be considered 
in the design of such kind of metaheuristics is the definition of the acceptance criterion 
for a new solution. In single objective problems a fitness function is easily defined, but in 
the multiobjective case it is not so easy. Paquete and Stutzle (2006) analyze the effects of 
two approaches for this decision. The first approach is based on the component-wise 
ordering of the objective value vectors, and the second approach is based on scalarization 
of the objective function vector. One of the conclusions of Paquete and Stutzle (2006) is 
that instead of using only one acceptance criterion, a combination helps to improve the 
performance of the metaheuristic. While they use a scalarization as acceptance criterion, 
the neighborhood of a good solution is explored and the feasible solutions found are used 
to update the set of non-dominated solutions. Also they observed that the time required to 
obtain a good approximation of the efficient frontier is almost the same as the time taken 
to obtain a high quality solution to the single objective problem. In general, it is one of 
the features that have attracted the interest in using metaheuristic algorithms for 
multiobjective optimization. During the exploration of solutions a set of non-dominated 
solutions can be updated with each new solution generated. This strategy of Elitism is a 
feature of the most recent Evolutionary Algorithms. 
 
Molina et al. (2007) developed a metaheuristic named SSPMO based on Scatter Search 
and Tabu Search to solve non-linear multiobjective optimization problems. Their hybrid 
method begins with the generation of a set of non-dominated solutions using the 
metaheuristic MOAMP based on Tabu Search, also used by Caballero et al. (2007). The 
second phase of their method uses Scatter Search to improve the approximate efficient set 
found in the previous stage. The reference set is constructed with the best solution found 
for each objective function and with solutions that maximize the distance in the criterion 
space. The distance is based on a normalized L∞ metric. A tabu list is considered to 
exclude with certain probability a “diverse” solution from the reference set. All pairs of 
solutions in the reference set are combined with a linear function. The improvement 
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method uses Tabu Search and each new solution generated is evaluated to be included in 
the approximate efficient frontier. The experiments solved instances of benchmark 
problems used commonly to test Evolutionary Algorithms. The comparison is between 
SSPMO and the first phase method (MOAMP) with an evident improvement of the set of 
non-dominated solutions. They also compare against other two reference methods: 
SPEA2 and MOSS. In the conclusion SSPMO achieved better results particularly in 
terms of density and distribution of the set of non-dominated solutions. 
 
Silva, Figueira, and Climaco (2007) proposed a hybrid method that combines Scatter 
Search and Partial Optimization to solve large instances of the bi-criteria knapsack 
problem. They argue that current metaheuristic algorithms obtain only approximate 
efficient sets of low quality for large instances of this problem. Some causes are that the 
approximate efficient set is not well dispersed, the number of true efficient solutions 
obtained is small, the number of solutions in the approximate set is smaller than the 
number of solutions in the true efficient set, and the improvement of these metrics usually 
requires significant amount of CPU time. In their Scatter Search scheme the Combination 
method fixes some variables and it uses the non-fixed variables to define a smaller 
problem that can be solved exactly. This reduced problem is optimized with a known 
exact method. From this partial solution the complete solution can be constructed. This 
hybrid method was able to obtain a high percentage of true efficient solutions in large 
instances in a short time. Nevertheless it is highly dependent of the existence of an 
efficient exact method to solve the reduced problem. 
 
Jaszkiewicz (2001) points out that the development of hybrid algorithms is one of the 
most significant trends in the field of metaheuristics. Many Evolutionary Algorithms are 
implementing advanced Local search strategies and using methods like Tabu Search. As 
observed in the papers described above, in the implementation of a local search method 
some questions arise. In general there is a trend to use a combination of neighborhoods 
instead of using only one. The definition of the acceptance criterion for a new solution 
has been solved in different forms. One approach is to use an aggregated function which 
is easy to implement but may lead to the problem of the weighted sum method of 
obtaining only supported efficient solutions. Other approach is to use each objective 
function or a distance metric to a reference point (Caballero et al., 2007). This approach 
may lead to a high density of solutions in the “extremes” or in the “center” of the 
efficient frontier. A more intuitive strategy is to use the dominance among the current and 
the new solution. For a strict dominance the decision is clear but the question still is open 
about what to do with a non-dominated solution. Although Czyzak and Jaszkiewicz 
(1998), and Jaszkiewicz (2001) have proposed some alternatives further research must be 
done in this direction. 
 
It is also evident that the implementation of methods different from Evolutionary 
Algorithms has not reached an impulse. Few researchers are experimenting with methods 
like GRASP, VNS, and Scatter Search. Hybrid implementations of exact methods and 
metaheuristics are interesting but few. Hence the use of these methods is still an open 
door for research. 
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Once that a metaheuristic algorithm has obtained an approximate efficient set the next 
step is to measure the quality of such set comparing its features with a true efficient set or 
with another approximate efficient set obtained with a reference method. In the case of a 
single objective problem two metrics are definitive: the value of the objective function 
and the run time of the algorithm. In the case of a multiobjective problem there is not a 
single solution but a set of solutions with characteristics like cardinality, distribution, and 
coverage. Therefore the comparison of different solutions sets is a new problem with 
many sides. In the next subsection this important topic is discussed. 
 
 
Comparison metrics 
 
As Ehrgott and Gandibleux (2000), Carlyle et al. (2003), and Coello Coello (2005) note, 
an unresolved issue in Multiobjective Optimization Metaheuristics is to establish 
adequate metrics to compare the results of different methods and even to compare to a 
known efficient frontier. The aims of a metaheuristic algorithm for multiobjective 
optimization are to minimize the distance between the solutions set and the true efficient 
set, to distribute the solutions uniformly in the efficient frontier, and to obtain the greatest 
possible number of efficient solutions (Deb, 2001; Carlyle et al., 2003; Tan et al., 2006). 
 
Jaszkiewicz (2001), Carlyle et al. (2003), Kim (2003), and Coello Coello (2005) provide 
of good reviews of the most recent metrics that exist to compare solutions sets obtained 
with exact or approximate methods. A first group of unary metrics assign a value to a 
solution set according to its own features like distribution, coverage, and cardinality. As 
noted early these metrics may be conflictive and probably some preference must be given 
to one of them. A second group of binary metrics compares pairs of solutions sets. The 
comparison is made on the distance between them, and the dominance of one set over the 
other. Finally, a third group uses partial information from the decisions maker’s value 
function. Considering a priori that the information from the decision maker is 
unavailable, only the first two groups of metrics may be used. Jaszkiewicz (2001) also 
classifies the metrics according to the use of cardinality or geometry for comparison. 
 
Zitzler et al. (2002) developed an analysis on the group of unary metrics to conclude that 
in general it is impossible to define a set of them that uniquely describes the quality of a 
solution set, and that the existing unary metrics at best allow inferring that a set is not 
worse than another. Hence they conclude that at this moment the best metrics are those 
that compare pairs of solutions sets. 
 
Some of the most popular metrics come from the Evolutionary Algorithms literature: 
 

1) Dist1. It gives information about the average distance between solutions sets. 
(Czyzak and Jaszkiewicz, 1998). 

2) Dist2. It calculates the maximum distance between a pair of solutions sets 
(Czyzak and Jaszkiewicz, 1998). It is very similar to the metric μ1 proposed by 
Ehrgott and Gandibleux (2007) to compare bound sets. 
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3) Size of the space covered. It concerns to the size of the objective value space 
which is covered by a set of non-dominated solutions (Zitzler and Thiele, 1999).  

4) Coverage of two sets. It compares directly two sets of non-dominated solutions 
using as a metric the fraction of the Pareto front covered by each of them (Zitzler 
and Thiele, 1999). 

 
An interesting metric proposed recently by Altiparmak et al. (2006) is the RPOS. It 
constructs a reference set with the union of two or more approximate efficient sets. This 
reference set contains only non-dominated solutions. The RPOS measures the ratio of the 
solutions in a set that belong to that reference set. Presented with the cardinality of the 
approximate efficient set this metric indicates the quality of these solutions in terms of 
dominance.   
 
 
Adaptive memory programming 
 
Some of the most recent metaheuristics are hybrids that combine methods like Tabu 
Search, Scatter Search, Path Relinking, Genetic Algorithms, Simulated Annealing, 
Variable Neighborhood Search, GRASP, and others. This trend is appearing not only in 
methods to solve single-objective optimization problems but in metaheuristics for 
multiobjective problems too. These implementations are converging to the use of a 
constructive method combined with a local search method. Also the use of short and 
long-term memory is getting an important role in both stages to guide the construction of 
solutions toward specific or diverse regions in the solution space. This strategy in the 
design of metaheuristics is defined by Taillard et al. (2001) as Adaptive Memory 
Programming framework. Some common steps in this framework are: 
 

1. Initialization of the memory structure 
2. Iterate up to meting the stopping criterion: 

a. Construct a provisional solution with the data in memory 
b. Improve the solution by local search 
c. Update the memory structure 

 
Although the framework described by Taillard et al. (2001) has tried to generalize a 
common practice in the hybridization of evolutionary metaheuristics, the elements that 
each author takes from known metaheuristics are diverse. Recent applications have taken 
this name for their own hybrid metaheuristic. Some examples of Adaptive Memory 
Programming used in routing and location problems are shown below. 
 
González Velarde and Martí (2006) presented an Adaptive Memory Programming 
scheme to solve an International Sourcing Problem. They consider uncertainty in the 
exchange rates for the transportation of product to the customers from plants located 
worldwide. The objective function is a combination of fixed cost for selecting a plant and 
variable cost for transportation, affected by exchange rates. The formulation is based on a 
scenario optimization approach. The Adaptive Memory procedure consists of three 
stages. The first stage is a constructive method that uses a combined function of greedy 
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elements with a long-term memory element based on frequency of selection. This 
constructive stage generates good diverse solutions. The second stage improves the 
solutions by exchange of suppliers in groups of solutions with the same number of 
selected suppliers. The third stage is based on the Path Relinking methodology where 
new solutions are constructed by the combination of pairs of solutions from a reference 
set. These stages are repeated a defined number of iterations. They use this procedure for 
benchmark instances with known optimal solutions with very good results in terms of 
quality. The Path Relinking method of González Velarde and Martí (2005) is very similar 
to the method of combination described by Silva, Figueiras, and Climaco (2007) where a 
set of common variables is fixed and the differentiating variables are changed by some 
method. 
 
Tarantilis and Kiranoudis (2007) proposed their method for a variant of the Vehicle 
Routing Problem with a Heterogeneous Fixed Fleet. The objective is to minimize a 
combination of fixed (vehicle selection) and variable (transportation) cost of the routes. 
In a first step a combination of greedy and random selections is used to generate initial 
diverse solutions. In a second step the solutions are improved using Tabu Search with 
exchange moves. A short-term memory registers the moves in the search and a long-term 
memory registers frequency of selected arcs. In this way diversification and 
intensification are achieved. The improved solutions are combined extracting the most 
frequent elements and completing the solutions with a specialized heuristic. The new 
solutions are improved again with the Tabu Search method. This procedure is repeated 
for a number of iterations and each time the memory is updated. They use this procedure 
for two case studies in the sectors of construction and perishable goods distribution. 
 
Olivera and Viera (2007) used Adaptive Memory Programming to solve the Vehicle 
Routing Problem with Multiple Trips. Their constructive stage is based in the Sweep 
algorithm combined with the data in memory. The improvement phase is based on Tabu 
Search. The neighborhood is formed by exchange of routes between vehicles. In the 
procedure infeasible solutions are allowed and constraint violation is penalized in the 
objective function. The procedure is executed iteratively by a number of cycles. Their 
results improve a previous work for the same problem. 
 
In this dissertation the approach of González Velarde and Martí (2006) is used as a 
template to develop an Adaptive Memory Programming procedure to solve the CFCLP-
TC. The choice of that implementation is based on the quality of the solutions obtained 
for the single-objective problem, on the use of a variety of well known metaheuristic 
algorithms (GRASP, Local Search, and Path Relinking), and on the similarities of the 
structure of the problem to be adapted easily. In this way metaheuristics different to 
Evolutionary Algorithms are tested in a multiobjective combinatorial optimization 
problem. Also a state-of-the-art approach in single-objective metaheuristics is used, 
where the use of memory plays a relevant role. 
 
 
 
 

 23



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 
CHAPTER 4 
 
 
TRUE EFFICIENT SETS AND BOUND SETS 
 
This chapter explains the algorithms developed to obtain true efficient sets and bound 
sets for instances of the CFCLP-TC. These algorithms are versions of the implementation 
of the ε-constraint method. With some modifications one of these algorithms is used to 
obtain lower and upper bound sets. The differences between the versions of the 
algorithms and the modifications to obtain bound sets are described in detail below. Also 
four lower bounding schemes studied are explained here. To understand the definitions 
and terms used in this chapter the reader is invited to see the introductory material in 
Appendix 1. 
 
 
ε-constraint method 
 
As mentioned before, the exact method selected to obtain the true efficient set is the ε-
constraint method. Given the combinatorial nature of the CFCLP-TC an important 
number of non-supported efficient solutions for this problem may exist. Hence the 
weighted sum method is not a good alternative. 
 
The ε-constraint method (Steuer, 1989; Ehrgott, 2005) is based on a transformation of the 
problem. One objective function is selected as main objective function and the others are 
transformed in constraints as shown below. 
 

( )xf jmin  
 
Subject to 
 

( ) kk xf ε≤   k = 1, …, p  k ≠ j 
Xx∈  

 
The values of the parameters εk must be changed iteratively. The ε-constraint method is 
able to find all the efficient solutions including the non-supported solutions. Nevertheless 
it is possible only if the values of the parameters εk are adequately defined. Figure 4.1 
shows the case of a bi-objective problem where three values are defined for the right 
hand side of the objective function f2. 
 
The procedure to select the objective functions to be transformed to constraints and to 
assign values for the εk values is not defined and is problem dependent. A negative 
correlation between a pair of objective functions has the effect that for the highest values 
of one criterion the other exhibits the lowest values. Hence a natural implementation is 
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that once selected a criteria as main objective function, the values of εk for the other 
objective function are reduced iteratively. 
 
 

 
Figure 4.1 Scheme of the ε-constraint method for a bi-objective minimization problem. 

 
 
The first experiments with the CFCLP-TC were solving the single-objective problem for 
each criterion independently. Each one of these problems has a mixed-integer 
programming (MIP) structure. Very small instances were solved using CPLEX. Also the 
Linear relaxation (LP) of each problem was obtained. The LP/MIP ratio optimizing 
objective function f1 (cost) was smaller than optimizing objective function f2 (time). 
Table 4.1 shows the LP/MIP ratios for an instance with 3 plants, 3 warehouses, 4 
distribution centers, and 2 arcs between facilities. 
 
 

Table 4.1 LP/MIP ratios using f1 or f2 as main objective functions 
 Optimizing f1 Optimizing f2

f1 (LP) / f1 (MIP) 0.952  
f2 (LP) / f2 (MIP)  0.182 

 
 
Considering that the LP/MIP ratio was best optimizing objective function f1 (cost) it is 
expected that the gap in the branch and bound algorithm may be reduced easier than 
optimizing objective function f2 (time). Hence the transformation selected for the 
CFCLP-TC to implement the ε-constraint method has objective function f1 (cost) as main 
objective function and objective function f2 (time) as a constraint. The transformation of 
the original model is shown below: 
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MODEL 2: 
 

( )tf1min  
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Subject to 
 

tT ε≤            (2’) 
And constraints (3) – (19) 
 
The values of εt are changed at each iteration t to obtain the values for objective functions 
f1 and f2. These values are used to construct the set of efficient solutions for the instance.  
 
This transformation is also convenient considering two reasons. The first is that the 
discretization of the time parameters induces to integer values of objective f2. Therefore 
the value of the parameter εt can be changed in one unit between iterations. This 
possibility solves the problem of defining how to change the value of that parameter. If 
objective f1 were selected as the constraint, the rule to change the value of εt should be 
more elaborate because of the continuous value for this objective. The second reason is 
the difference in the ranges for both objectives. While these ranges depend on the 
instance data it may be expected that the range of the cost function is in the order of 
millions of monetary units and the range of the time function is in the order of tenths of 
time units. Hence the number of iterations may be potentially high if objective f1 is 
transformed to a constraint. 
 
To implement the ε-constraint method three algorithms were developed. Their main 
differences are the direction of change of the value of εt and the form to obtain its lower 
and upper limits. These versions were developed to take advantage of the use of an 
incumbent solution in the branch and bound algorithm used by any commercial solver for 
MIP problems. The use of an incumbent solution allows fathoming several nodes of the 
branch and bound tree from the early steps. In this way the solution time may be reduced 
according to the quality of this incumbent solution. 
 
 
Forward ε-constraint algorithm (eC) 
 
When the objective function f1 is optimized without constraint (2’) it is expected that 
variable T takes its highest value. Thus it is natural to think in reducing the value of εt 
sequentially. An assumption in the CFCLP-TC is that the time units can be discretized to 
have integer values. Thus the minimum change in the value of εt should be of one unit. 
With this logic at each iteration the value of εt is reduced by a constant δ = 1. 
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Nonetheless, an optimal solution in one iteration may result in constraint (2’) being 
inactive. Hence it is convenient to recalculate the value of T from the values of Aijl and 
BB

)

jkl of that solution using equation (20’):  
 

( ) ( ⎟
⎠
⎞⎜

⎝
⎛ += jkljkllkijlijllij

BTWATPT
,,

maxmaxmax       (20’) 

 
This strategy avoids solving problems with loose values of εt in constraint (2’) for the 
next iteration of the algorithm. The algorithm is shown in Figure 4.2. The exit condition 
in Step 4 implies that the value of T has a lower limit, i.e. there is a point where the value 
of εt results in an infeasible problem. 
 
 

 
Figure 4.2 Pseudocode for the Forward ε-constraint algorithm (eC). 

Algorithm eC 
Input:   Model 1 and 2 of the CFCLP-TC, Instance data. 
Output:  List of Non-Dominated Solutions (NDS). 
BEGIN 
01. t = 1. Optimize Model 1 dropping objective function f2. 
02. Recalculate T using equation (20’). 
03. Register the solution in the list of non-dominated solutions NDS with  and 

. 

tff 11 =
Tf =2

04. While obtaining an optimal solution for Model 2: 
05. t = t + 1. 
06. Recalculate εt with δ = 1: 

δε −= Tt . 
07. Optimize Model 2. 
08. Recalculate T using equation (20’). 
09. Register the solution in the list of non-dominated solutions NDS with  and 

. 

tff 11 =
Tf =2

10. End While. 
11. Eliminate dominated solutions from NDS. 
12. Print the list NDS in the output file. 
END 
 

 
 
Backward ε-constraint algorithm with lower and upper limits for f2 (ReC-2B) 
 
The branch and bound algorithm used by many commercial solvers allows using a known 
solution as incumbent solution to start the solution of a MIP. This utility improves the 
efficiency of the branch and bound algorithm because many solutions can be discarded 
initially from the tree. Also this incumbent solution may help to produce useful cuts in 
the first stages of the branch and bound algorithm. This utility was not used in the eC 
algorithm. A second version of the ε-constraint based algorithm was developed to take 
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advantage of this utility trying to solve the CFCLP-TC faster. Nevertheless the direction 
of change in the values of εt had to be changed with implications in the initialization and 
exit conditions of the algorithm. 
 
Consider two solutions S1 and S2 that are efficient solutions where  and 

. Solution S
( ) ( )2111 SfSf <

( ) ( )2212 SfSf > 2 is feasible for Model 2 when ( )12 Sft =ε . Hence S2 can be 
used as the start solution for that iteration of the ε-constraint method. 
 
To implement the use of a start incumbent solution a modification had to be made to the 
algorithm. Instead of running the cycle reducing εt, now the value of this parameter had 
to be increased. Two issues had to be considered here. The value of T also had to be 
recalculated each iteration but this parameter is no longer useful to know in advance the 
next value of εt. Hence the movement of εt is always of δ = 1 and some additional 
weakly-dominated points are obtained. Also the initial and final values of εt are not 
known unless a previous computation is made. To identify the lower limit of f2, i.e. the 
initial value of εt, Model 1 must be optimized dropping objective function f1. To identify 
the upper limit of f2, i.e. the final value of εt, Model 1 must be optimized dropping 
objective function f2 and recalculating the value of T with equation (20’). The cycles run 
between these extreme points. This algorithm is shown in Figure 4.3. 
 
 
Backward ε-constraint algorithm with estimated lower limit for f2 (ReC-1B) 
 
The third version of the ε-constraint method uses the same idea of the previous version 
about using an existing solution as start incumbent solution for the next iteration of the 
algorithm. It was observed that the linear relaxation of Model 1 dropping objective 
function f1 was very loose, resulting in long times for Step 5 of the ReC-2B algorithm. 
One way to avoid this optimization was to estimate a lower limit for f2 from the instance 
data and start the computation cycle from that point. The lower limit for f2, i.e. the initial 
value of εt is estimated with equation (21): 
 

( ) ( )⎟
⎠
⎞⎜

⎝
⎛ += jkllkijllij

first TWTP
,,

minminminε        (21) 

 
The implication of this procedure is that the cycle may begin from an infeasible problem 
for the start value of εt and some extra computations may be made until the changes in 
the value of εt produce a feasible problem. Yet the initial experiments showed that the 
accumulated run time of these computations is negligible. This algorithm is shown in 
Figure 4.4. 
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Figure 4.3 Pseudocode for the Backward ε-constraint algorithm with lower and upper limits for f2 

(ReC-2B). 

Algorithm ReC-2B 
Input:   Model 1 and 2 of the CFCLP-TC, Instance data. 
Output:  List of Non-Dominated Solutions (NDS). 
BEGIN 
01. t = 1. Optimize Model 1 dropping objective function f2. 
02. Recalculate T using equation (20’). 
03. Register the solution in the list of non-dominated solutions NDS with  and 

. 

tff 11 =
Tf =2

04. Register  as the final value for . Tlast =ε tε
05. Optimize Model 1 dropping objective function f1. 
06. Register . 2ffirst =ε
07. Initialize t = 2 and . firstt εε =
08. While : lastt εε <
09. Optimize Model 2. 
10. Recalculate T using equation (20’). 
11. Register the solution in the list of non-dominated solutions NDS with  and 

. 

tff 11 =
Tf =2

12. Register the solution as start solution for the next iteration. 
13. t = t + 1.  
14. Recalculate εt with δ = 1: 

δεε += −1tt  
15. End While. 
16. Eliminate dominated solutions from NDS. 
17. Print the list NDS in the output file. 
END 
 

 
 
 
 
 
 
 
 

 29



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 
 
 
 
 
 
 
 

 
Figure 4.4 Pseudocode for the Backward ε-constraint algorithm with estimated lower limit for f2 

(ReC-1B). 

Algorithm ReC-1B 
Input:   Model 1 and 2 of the CFCLP-TC, Instance data. 
Output:  List of Non-Dominated Solutions (NDS). 
BEGIN 
01. t = 1. Optimize Model 1 dropping objective function f2. 
02. Recalculate T using equation (20’). 
03. Register the solution in the list of non-dominated solutions NDS with  and 

. 

tff 11 =
Tf =2

04. Register  as the final value for . Tlast =ε tε
05. Estimate the value  with equation (21). firstε
06. Initialize t = 2 and . firstt εε =
07. While : lastt εε <
08. Optimize Model 2. 
09. If a feasible solution is obtained: 
10. Recalculate T using equation (20’). 
11. Register the solution in the list of non-dominated solutions NDS with  

and . 

tff 11 =
Tf =2

12. Register the solution as start solution for the next iteration. 
13. End If. 
14. t = t + 1.  
15. Recalculate εt with δ = 1: 

δεε += −1tt  
16. End While. 
17. Eliminate dominated solutions from NDS. 
18. Print the list NDS in the output file. 
END 
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Lower bound sets 
 
Because of the computational complexity of the CFCLP-TC the optimal set of efficient 
solutions cannot be obtained for relatively large instances by exact methods like the one 
just described.  In that case, one sorts to heuristic methods that find an approximate set of 
non-dominated solutions.  In the absence of optimal solutions, lower bounds need to be 
derived for assessing the quality of the heuristic solutions. In multiobjective problems it 
is more appropriate to talk about “lower bound set” (Ehrgott and Gandibleux, 2007) 
because of the existence of a set of solutions. In this work, four lower bound set schemes 
were proposed.  The schemes, based on linear programming relaxations of the MIP sub-
problems are described below. 
 

a) Linear relaxation (LP). It is the most common method to obtain lower bounds. 
However the quality of this bound is closely related to the formulation of the 
problem to achieve a tight value for the current objective function. 

b) Linear relaxation with cuts (LPc). It is basically the linear relaxation of the MIP 
after applying the cuts that CPLEX uses for pre-processing. 

c) Linear relaxation of variables Aijl and BBjkl (ABr). These variables represent a big 
portion of the number of binary variables in large instances. Given that it is not a 
complete linear relaxation of the model this lower bound should be better than the 
lower bound obtained through scheme (b). 

d) Linear relaxation of variables Zj (Zr). These variables are closely related to the 
facility location problem. Hence their relaxation may reduce the complexity of the 
problem and a good lower bound may be obtained in short time, also better than 
the lower bound obtained through scheme (b). 

 
To obtain the complete lower bound set for an instance using schemes (b), (c), and (d) a 
variation of the ReC-1B algorithm was used. The lowest and highest values for εt were 
defined according to the instance data and a fixed value of δ = 1 was used. The structure 
of the problem in schemes (a), (c), and (d) is still of a MIP while the scheme in (b) 
requires the use of a linear programming method. 
 
 
Upper bound sets 
 
A variation of the ReC-1B algorithm was used to obtain upper bound sets for large 
instances. To maintain certain uniformity in the procedure a time limit of 600 seconds 
was established to solve each MIP related with each value of εt. This limit implies that for 
certain values of εt the solver may not produce an optimal solution and depending on the 
instance size even a feasible solution may not be obtained.  
 
To overcome the problem of obtaining the start and final values of εt these values were 
estimated from the instance data. For every large instance solved the start and final values 
of εt and a value of δ = 1 were fixed.  
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Another issue to consider using this modified algorithm (ReC) is that some dominated 
points are generated. The final solution set must be cleaned of dominated solutions. The 
upper bound set obtained will be compared to the approximate efficient set obtained with 
the metaheuristic algorithm. 
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CHAPTER 5 
 
 
METAHEURISTIC ALGORITHM 
 
The CFCLP-TC is an NP-Hard problem, as discussed previously. This statement has the 
implication that the exact methods are inadequate to obtain efficient solution sets for 
large instances in reasonable time. The size limit of “solvable” instances is defined by the 
computational resources and the available time for the decision maker. The CFCLP-TC is 
a strategic decision type of problem, that is, a problem where decisions involve medium 
or long-term planning horizons.  Therefore running times of some hours or even a couple 
of days may still be seen as acceptable. 
 
The complexity of the CFCLP-TC requires using heuristic methods for large size 
instances. Metaheuristic algorithms are methods that have been applied with success to 
solve single-objective combinatorial optimization problems. Some of the best known 
metaheuristics are Genetic Algorithms, Tabu Search, and Simulated Annealing. 
Nonetheless there exist a variety of other methods like GRASP, Scatter Search, Path 
Relinking, Ant Colony Optimization, and Variable Neighborhood Search among others. 
Their application has evolved in recent years to solve multiobjective combinatorial 
optimization (MOCO) problems of greater complexity. In this work a metaheuristic 
algorithm to solve the CFCLP-TC is proposed. 
 
A trend in the design of metaheuristics for single-objective problems is to hybridize 
several known methods in a single procedure. The structure of these hybrid 
metaheuristics usually combines a constructive method, an improvement method, and the 
use of memory. Taillard et al. (2001) describe a framework named Adaptive Memory 
Programming (AMP) for this trend in metaheuristics design. 
 
There are still few applications of AMP to supply chain design problems. The more 
closely related to our work is the procedure proposed by González Velarde and Martí 
(2006). They present a metaheuristic framework that combines elements of GRASP, local 
search, path relinking, and adaptive memory programming, in a clever way to produce 
high quality solutions to a single-objective supply chain design problem.  The idea here is 
to exploit the similarities in problem structure, and extend the procedure for a multi-
objective case. This selection also serves to present a metaheuristic algorithm different 
from Evolutionary Algorithms which are the standard metaheuristics applied to 
multiobjective combinatorial optimization. This opportunity area to use other methods 
has been identified by Jones, Mirrazavi, and Tamiz (2002), and Arroyo (2006) among 
others. Thus a double advantage comes from the implementation of a single-objective 
state-of-the-art metaheuristic approach, different from Evolutionary Algorithms, to solve 
a multiobjective problem. 
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In the design of this metaheuristic algorithm some elements of the most recent 
implementations of Evolutionary Algorithms are taken into account. The experience with 
those methods can not be disregarded in the design of a metaheuristic for multiobjective 
optimization. Some of these elements are: 
 

• The use of a weighted aggregated function. This function guides the construction 
of solutions using greedy functions for specific elements. The weights in each 
objective greedy function are changed systematically to generate a well 
distributed efficient frontier. Arroyo (2006) uses a similar scheme in his 
GRASP/VNS metaheuristic in contrast with Ishibuchi and Murata (1998) that 
generate weights randomly. 

• The use of a strategy of Elitism. A set of non-dominated solutions is conserved 
through the execution of the algorithm and each new solution found in the way is 
used to update this set. This strategy is used in metaheuristics such as PSA 
(Czyzak and Jaszkiewicz, 1998), SPEA (Zitzler and Thiele, 1999), PAES 
(Knowles and Corne, 2000), and SSPMO (Molina et al., 2007). 

• The use of local search methods with several neighborhoods. The advantage of 
using several neighborhoods has been observed by Arroyo (2006), Geiger (2007), 
and Paquete and Stutzle (2006). 

• The use of dominance as acceptance criterion for new solutions obtained. This 
feature is well described by (Czyzak and Jaszkiewicz, 1998) in their Pareto 
Simulated Annealing approach. 

 
The metaheuristic algorithm designed to solve the CFCLP-TC has a scheme consisting of 
a constructive method, an improvement method, and a combination method. In the 
constructive method a GRASP procedure is incorporated. The improvement method 
explores three different neighborhoods and bases the acceptance criterion on the 
dominance of the new solutions. The combination method uses a Path Relinking scheme 
to combine pairs of solutions. In every method the construction of solutions is based on 
the optimization of some sub-problems using CPLEX. This software was selected 
because it obtains optimal solutions very fast, although other commercial software can be 
adapted to carry out these optimizations. During the execution of the algorithm an 
approximate efficient set is maintained. This set is updated with each new generated 
solution according to its dominance over the elements of the set. A memory element is 
incorporated after the first iteration of the algorithm to guide the construction of solutions 
to non-explored regions in the solution space.  
 
Although the application of this metaheuristic algorithm is specific for the CFCLP-TC 
the concepts and scheme can be modified for other problems. In the following sections 
more details are given about the specific procedures developed and their integration in 
the general metaheuristic algorithm. 
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Hierarchical construction procedure 
 
Before describing the general metaheuristic algorithm a basic procedure to construct 
solutions is explained. This procedure serves in all methods of the metaheuristic to 
construct feasible solutions with partial information about the distribution centers state 
(opened or closed). 
 
One of the methods to solve the single objective Facility Location Problem is to 
decompose the construction of a solution in two stages. The first stage is to select the 
facilities to be opened and the second stage is to determine the assignment of facilities to 
customers. In presence of a single source constraint this second stage has the structure of 
a Generalized Assignment Problem (GAP) and in the absence of this constraint the 
second stage can be solved as a Transportation Problem (TP). 
 
In the CFCLP-TC a similar decomposition is used to construct a feasible solution. The 
first stage is to select some distribution centers to be opened. The second stage is to select 
the potential arcs to be used for each pair of facilities, i.e. between plants and distribution 
centers, and between distribution centers and customers. The third stage is to assign 
customers to open distribution centers. The transportation flows are implicit in this 
decision because of the single source constraint in the CFCLP-TC. The fourth stage is to 
determine the flows from the plants to the distribution centers. 
 
The metaheuristic algorithm developed uses a hybrid scheme similar to that of Silva, 
Figueiras, and Climaco (2007) in reducing the general problem by fixing some variables, 
and solving optimally this reduced problem. In contrast with their approach CPLEX is 
used to solve optimally the sub-problems involved instead of a specialized exact method. 
 
 
Greedy functions 
 
The construction of one solution is based on the selection of two types of elements: the 
distribution centers to be opened and the potential arcs to be used between each pair of 
facilities. For each one of these elements two greedy functions are proposed. One greedy 
function corresponds to the cost criterion and the other greedy function is for the time 
objective. These functions are normalized to avoid the scaling problem. A high value of 
the greedy function implies a worse selection considering that both criteria, time and cost, 
are minimized. 
 
The cost greedy functions are: 
 

• For the distribution center j ∈ J (dcj): 
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• For the arc l ∈ LPij between plant i ∈ I and distribution center j∈ J (arcijl): 
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• For the arc l ∈ LWjk between distribution center j∈ J and customer k ∈ K (arcjkl): 
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The time greedy functions are: 
 

• For the distribution center j ∈ J (dcj): 
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• For the arc l ∈ LPij between plant i ∈ I and distribution center j∈ J (arcijl): 
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• For the arc l ∈ LWjk between distribution center j∈ J and customer k ∈ K (arcjkl): 
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As mentioned before, a frequency-based memory component is used to guide the 
construction of solutions toward non-explored regions of the solution space. This 
component is based on the frequency of selection of each element in a set of solutions.  
To calculate this frequency only the set of solutions generated in the constructive method 
is considered.  
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Each element is associated with a binary variable. The distribution center dcj is associated 
with variable Zj. The element arcijl is associated with variable Aijl. And the element arcjkl 
is associated with variable BBjkl. The frequency of each element is the number of times that 
the associated variable takes the value of 1 in the set of solutions. 
 
In each iteration the set of constructed solutions is used to keep a record of the 
accumulated frequency of each element, using a counter for this purpose. The counter 
accZj is related with variable Zj, and therefore with distribution center dcj. The counter 
accAijl is related with variable Aijl, and with the element arcijl. The counter accBjkl has 
relation with variable BBjkl, and the element arcjkl. 
 
The accumulated frequency is zero for all the elements in the first iteration. In the 
following iterations the accumulated frequency is updated. An external file is maintained 
to update the accumulated number of constructed solutions (accNCS) and the counters for 
each element (accZj, accAijl, and accBjkl).  
 
To guide the construction of solutions toward non-explored regions of the solution space 
the definition is that a higher value for the frequency component represents a worse 
selection of that element. 
 
The frequency functions are: 
 

• For the distribution center j ∈ J (dcj): 
 

( )
accNCS
accZ

dc j
j

f =φ         (28) 

 
• For the arc l ∈ LPij between plant i ∈ I and distribution center j∈ J (arcijl): 

 

( )
accNCS
accA

arc ijl
ijl

f =φ         (29) 

 
• For the arc l ∈ LWjk between distribution center j∈ J and customer k ∈ K (arcjkl): 

 

( )
accNCS
accB

arc jkl
jkl

f =φ         (30) 

 
These functions are combined in a weighted aggregated function that captures the 
influence of each criterion and the memory component for each variable. The vector of 
weights λ is conserved in the structure of each constructed solution. The aggregated 
greedy functions are shown in equations (31) – (33). 
 
( ) ( ) ( ) ( )j

f
fj

t
tj

c
cj dcdcdcdc φλφλφλφ ++=        (31) 
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c
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( ) ( ) ( ) ( )jkl

f
fjkl

t
tjkl

c
cjkl arcarcarcarc φλφλφλφ ++=      (33) 

 
The idea behind of using a weighted function is to obtain solutions well distributed along 
the efficient frontier instead of a concentration of solutions in the extremes of the frontier. 
The weights are changed systematically in each iteration of the constructive method. 
 
 
Distribution centers selection 
 
The stage to open (or close) distribution centers varies in each method and is the base to 
explore the solution space. In the constructive method a GRASP procedure is used. In the 
improvement method the distribution centers to be opened are selected according to the 
neighborhood exploration. In the combination method the facilities are selected according 
to differentiating elements between solutions. The idea is to select a set of facilities J’ to 
begin the construction of the solution. Then Zj = 1 for j ∈ J’ and Zj = 0 otherwise. 
 
 
Arcs selection 
 
Once that the set of open distribution centers J’ has been selected the next step is to select 
one arc l’ of those available between each pair of facilities; i.e. l’ ∈ LPijl ∀ i ∈ I, j ∈ J’, 
and l’ ∈ LWjkl ∀ j ∈ J’, k ∈ K. Given that the selection of the arc determines the 
transportation time and cost, the selection of an arc must not be biased completely toward 
one objective. To avoid this single-objective direction the selection is based on the value 
of the aggregated greedy function. Recall that the weight vector λ to calculate the 
aggregated greedy functions is inherited by the solution and conserved in its structure 
during the execution of the algorithm. The arc selected is that with the best (minimum) 
value of the aggregated greedy function. In case of tie any of the best arcs is selected 
randomly. Thus Aijl = 0 for l ≠l’ and BBjkl = 0 for l ≠ l’. 
 
The selection of the arcs to be used reduces the problem and exact methods can be 
applied to the derived sub-problems. The idea is to obtain an approximate efficient set 
very close to the true efficient frontier. 
 
 
Solution of the second echelon (distribution centers to customers) 
 
At this point a set of distribution centers J’ and arcs l’ between each pair of facilities have 
been selected. The flow of product between distribution centers and customers can be 
transformed to a Generalized Assignment Problem (GAP). The problem is to select 
which distribution center will serve each customer. At this point still a biased decision 
can be made if the assignment is based on cost or time. Therefore the value of the 
aggregated greedy function ( )'jklarcφ  is used as transportation “cost” for each arc. The 
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GAP sub-problem involved is shown below where the decision variables are variables 
BBjkl’ for selected arcs l’ ∈ LWjkl ∀ j ∈ J’, k ∈ K. 
 
GAP Sub-problem Model: 
 

( )∑∑
∈ ∈'
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The solution to this sub-problem is traduced to the assignment of customers to 
distribution centers. The corresponding product flow Yjkl is: 
 

⎩
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=
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BD
Y jklk
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        (38) 

 
This problem is solved using CPLEX to obtain an optimal solution. However, the GAP is 
NP-Hard and therefore for large size instances of the CFCLP-TC the optimization of this 
sub-problem may take an unreasonable time. A heuristic rule defined here was to use a 
time limit of 2 seconds. When CPLEX does not find a feasible solution in that time the 
Hierarchical construction procedure is broken and a message is returned to indicate that a 
complete feasible solution for the CFCLP-TC could not be found. A mechanism was 
developed to find a feasible solution in the Constructive method which consists in adding 
another open facility to the set J’. Regularly this mechanism solves the difficulty and 
feasible solutions can be found. It is possible if the condition that the total capacity of the 
potential distribution centers is larger than the accumulated demand of the customers. In a 
case where these two quantities are similar the assignment might be impossible resulting 
in a general infeasibility of the GAP. 
 
 
Solution of the first echelon (plants to distribution centers) 
 
The solution of the second echelon assigns customers to distribution centers. Then the 
distribution centers supply a potential demand given by: 
 

∑ ∑
∈ ∈

=′
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jklj
jk
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This potential demand serves to solve the transportation flow in the first echelon of the 
supply chain. Here the single-source constraint is not present and the sub-problem 
involved can be solved as a Transportation Problem (TP). Again to avoid a biased 
decision for the arcs, the value of the aggregated greedy function ( )'ijlarcφ  is used as 
transportation “cost” for each arc. The model for the TP sub-problem involved is shown 
below, where the decision variables are Xijl. 
 
TP Sub-problem Model 1: 
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The solution to this sub-problem is traduced to the flow of product from the plants to the 
open distribution centers. The corresponding arc transportation selection is given by: 
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Once the arcs at this echelon have been fixed a re-optimization is made using the true 
transportation costs in the objective function. However, only the arcs that were activated 
previously are used. This re-optimization looks for the reduction on the cost function 
minimizing the transportation cost. Fixing the arcs selection allows to keep the time 
function value unchanged in this echelon. To conserve the properties of the 
Transportation Problem the following definition is used, where M is a big number: 
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The model for the re-optimization of the TP is: 
 
TP Sub-problem Model 2: 
 

∑∑
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Subject to 
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Constraints (41) – (43) 
 
The solution for this problem may change the values for variables Xijl and again variables 
Aijl are adjusted using equation (44). 
 
At this point the solution is complete with assigned values for variables Zj, Aijl, BBjkl, Xijl, 
and Yjkl. As commented before this Hierarchical construction procedure is used in the 
different methods of the metaheuristic algorithm. The pseudo-code of this procedure is 
shown in Figure 5.1. 
 
 

 
Figure 5.1 Pseudocode for the Hierarchical construction procedure. 

Procedure Hierarchical construction 
Input:  Instance data. Set of open distribution centers J’ = {j ∈ J | Zj = 1}, values for 

the aggregated greedy functions ( ) ( ) ( )jklijlj arcarcdc φφφ ,, . 
Output:  Complete solution s or a message of infeasibility. 
BEGIN 
01. Select the arcs with the best value of the aggregated greedy function ( )ijlarcφ  and 

( )jklarcφ for each j ∈ J’. 
02. Solve the GAP sub-problem involved in the second echelon of the Supply Chain given by 

equations (34) to (37). 
03. If no feasible solution can be found for the GAP sub-problem: 
04. Return a message of infeasibility. 
05. Else: 
06. Assign values to the transportation flows Yjkl according to the solution to the GAP sub-

problem using equation (38). 
07. Calculate the accumulated potential demand at each distribution center using equation 

(39). 
08. Solve the Transportation Problem (TP) given by equations (40) – (43). 
09. Fix the arcs selection from the solution of the TP using equation (44). 
10. Redefine the transportation costs using equation (45) 
11. Re-optimize the transportation flow in the first echelon of the supply chain with the 

modified objective function (46). 
12. Modify the values of variables Aijl according to equation (44) using the new solution 

of the TP. 
13. Check the feasibility of the complete solution s. 
14. If solution s is infeasible: 
15. Return a message of infeasibility. 
16. Else: 
17. Return the complete solution s. 
18. End If. 
19. End If 
END 
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Metaheuristic algorithm 
 
As mentioned before a similar scheme to that presented by González Velarde and Martí 
(2006) was used to design the metaheuristic algorithm to solve the CFCLP-TC. The 
Adaptive Memory Programming scheme proposed by González Velarde and Martí 
(2006) was used to solve the Robust Capacitated International Sourcing (ROCIS) 
problem. The similarities are described below: 
 

• The metaheuristic algorithm to solve the CFCLP-TC uses three main methods: 
Constructive, Improvement, and Combination. 

• The constructive method is based on the use of greedy functions and memory 
components to select an initial set of facilities to be opened. In this way a balance 
between intensification and diversification is achieved. 

• The cost greedy function in the metaheuristic algorithm was adapted from that 
proposed by González Velarde and Martí (2006). The frequency function is also 
similar. 

• In the constructive method the opening of facilities is executed just until the total 
demand is exceeded by the accumulated capacity of the open facilities. 

• The combination method is based on Path Relinking. The combination is made 
over the set of open facilities for each pair of solutions in the reference set. This 
method generates a path of solutions between the initiating and guiding solutions 
achieving a deeper exploration of the solution space. 

 
 
General algorithm 
 
The metaheuristic algorithm for the CFCLP-TC is composed of three sequential methods. 
The first is a Constructive method, the second is an Improvement method, and the third is 
a Combination method. The pseudocode for the outer loop of the metaheuristic algorithm 
is shown in Figure 5.2. The notation is presented below. 
 
Parameters: 
 
α : Alpha value for the GRASP procedure into the Constructive method 
λf : Weight for the frequency component in the aggregated greedy function 
NCS  : Number of Constructed Solutions per iteration 
Niter  : Number of iterations 
 
Sets: 
 
NDS : Set of Non-dominated Solutions. This set is the approximate set of 

efficient solutions to be presented as the result of the metaheuristic 
algorithm. 

CS  : Set of Constructed Solutions. 
Cnds  : Set of Non-dominated solutions from the set CS. 
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POOL  : Set of the dominated solutions from the set CS. 
Cbds : Set of the solutions with the best value for objective f1 for each value of 

f2 in the set of dominated solutions POOL. This set is used to introduce 
diverse solutions in the improvement and the combination methods. 

RS : Reference set of solutions. It is composed of the solutions in the 
approximate efficient set NDS and the diverse solutions in the set Cbds. 

 
Variables: 
 
iter  : Counter for the iterations. 
AF : Vector that keeps the accumulated frequency of each binary variable 

(element). AF = [accZj, accAijl, accBjkl | ∀ i ∈ I, j ∈ J, k ∈ K, l ∈ LPij, l ∈ 
LWjk]. 

accNCS : Accumulated number of constructed solutions. 
RF  : Vector that stores the relative frequency for each binary variable. 

RF = [ ( ) ( ) ( )jkl
f

ijl
f

j
f arcarcdc φφφ ,,  | ∀ i ∈ I, j ∈ J, k ∈ K, l ∈ LPij, l ∈ 

LWjk]. 
 

 
 
 

Metaheuristic Algorithm 
Input:  Instance data, α, λf, Number of Constructed Solutions (NCS), Number of 

iterations (Niter). 
Output:  Set of Non-Dominated Solutions (NDS). 
BEGIN 
01. Set to zero the counter of frequency for all variables (AF) and the counter of solutions 

accNCS = 0. 
02. Initialize all the sets NDS = ∅, CS = ∅, C_nds = ∅, POOL = ∅, C_bds = ∅, RS = ∅. 
03. For iter = 1, …, Niter: 
04. RF = Calculate RF (AF, accNCS). 
05. CS = {s1, …, sNCS} = Constructive (α, λf, NCS, RF). 
06. Cnds = Dominance (CS). 
07. NDS = Update NDS set (Cnds, NDS). 
08. POOL = CS \ C_nds. 
09. Cbds = Best dominated (POOL, Cnds). 
10. RS = NDS ∪ Cbds. 
11. NDS = Improvement (RS, RF, NDS). 
12. If iter = Niter: 
13. RS = NDS ∪ Cbds. 
14. NDS = Combination (RS, RF, NDS). 
15. End If. 
16. accNCS = accNCS + NCS. 
17. AF = Update counter (CS, AF). 
18. Reinitialize the sets CS = ∅, Cnds = ∅, POOL = ∅, Cbds = ∅, RS = ∅. 
19. End For. 
20. Print the set NDS in the output file. 
END 
 

Figure 5.2 Pseudocode for the Metaheuristic algorithm. 
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At the first iteration the accumulated frequency of each variable is zero and the counter 
for the accumulated number of constructed solutions is zero. Therefore the relative 
frequencies are zero also. In the first iteration the memory has not influence in the 
construction of solutions. 
 
The Constructive method generates NCS solutions to be stored in a set CS. From this set 
the non-dominated solutions are selected and stored in the set Cnds. Only one solution is 
included in Cnds for each value of objective f2. The rest of the solutions are stored in a set 
named POOL. From the POOL set the best solutions for each value of objective f2 are 
selected and stored in a set Cbds, i.e. those with the best values for objective f1. The 
selection excludes those solutions from POOL that have similar values [f1 (s), f2 (s)] than 
any solution in the set Cnds. The aim of selecting the next best points above the efficient 
frontier in Cnds is to obtain several diverse solutions situated not too far from the true 
efficient frontier. The solutions in the set Cnds are used to update the approximate 
efficient set NDS. In the first iteration the set NDS becomes equal to the set Cnds. In later 
iterations each non-dominated solution from Cnds updates the approximate efficient set 
NDS. When a dominating solution appears the dominated solutions in NDS are deleted 
and the new solution is stored in the set.  
 
The reference set RS is the union of the sets NDS and Cbds. The idea is to have a set 
composed of the “best” solutions and some “diverse” solutions. The reference set does 
not change during the execution of the improvement and combination methods. The only 
set that is updated is NDS. Thus after the application of one method to the set RS, it is 
updated with the new set NDS. 
 
The Improvement method acts over each solution of the reference set RS. This method 
explores three neighborhoods from one current solution. The neighborhoods are opening, 
closing, and exchange of distribution centers. For each neighborhood the first feasible 
solution is selected. Each one of these neighbors is used to update the set NDS. The 
acceptance criterion is based on the dominance of the new solution over the current 
solution. According to this criterion a neighbor takes the place of the current solution and 
again the three neighborhoods of this solution are explored. The search finishes when 
only dominated solutions are produced in the neighborhood exploration. Then the next 
solution in the reference set RS is improved. 
 
Finally, the Combination method is applied in the last iteration. It is used as a post-
processing stage to achieve a final improvement of the approximate efficient frontier 
found in the previous iterations. This method is based on Path Relinking and the elements 
to combine are the distribution centers. 
 
At the end of the iteration the counter for the accumulated frequencies of each variable 
(element) is updated with the data from the set of constructed solutions CS. The sets are 
reinitialized also with exception of the set NDS. After the last iteration this set is written 
in the output file. 
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More details are given below for each method and the special functions developed. For 
the constructive, improvement, and combination methods the pseudocodes are provided. 
For the rest of the functions only an explanation is given. 
 
 
Update counter (CS, AF) 
 
This function updates the vector AF. It counts the number of times that a variable takes 
the value of 1 in all the solutions from the set CS. That number is added to the current 
value of the respective counter in the vector AF. 
 
 
Calculate RF (AF, accNCS) 
 
This function calculates the relative frequency that a binary variable takes the value of 1 
in all the constructed solutions. It uses the accumulated value in the vector AF and the 
accumulated number of constructed solutions accNCS. The values in RF are calculated 
according to equations (28) – (30). 
 
 
Dominance (CS) 
 
In this function each solution in the set CS is compared to the rest of the solutions in the 
same set. The purpose of the comparison is to determine if that solution is non-
dominated. Only the non-dominated solutions are included in the output set. According to 
the definition the current solution ŝ ∈ CS is non-dominated if there does not exist s ∈ CS 
such that fk (s) ≤ fk (ŝ) for all k = 1, 2, and fk (s) < fk (ŝ) for some k = 1, 2. However for 
several solutions with the same objectives values (f1, f2) only the first found is selected for 
the output set. 
 
 
Update NDS set (Cnds, NDS) 
 
This is an extension of the Dominance function. Here each solution from the set Cnds is 
compared to all the solutions in the set NDS. If some solution ŝ ∈ Cnds is non-dominated 
with respect to the solutions in the set NDS, it is included in the set NDS. At the same 
time if a solution s ∈ NDS is dominated by some solution ŝ ∈ Cnds the solution s is 
deleted from the set NDS. 
 
 
Best dominated (POOL, Cnds) 
 
This function selects for each value of objective f2 the available solution in the set POOL 
with minimum value of objective f1. The solutions from POOL that have similar values 
[f1 (s), f2 (s)] than any solution in the set Cnds are excluded from this selection. 
 

 45



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
Constructive (α, λf, NCS, RF) 
 
Ehrgott and Gandibleux (2000) commented on the importance of obtaining good initial 
solutions in metaheuristic algorithms. Their intuition is that a procedure that 
approximates the true efficient set since the first stages may be very useful. GRASP is 
one of the metaheuristics used in single-objective problems to generate good 
approximations to the optimal solution. The application of GRASP is extended to 
multiobjective problems, in this case for the CFCLP-TC. GRASP is used in the 
constructive method to select the distribution centers, using a parameter α to define the 
degree of randomness in the selection, λf for the weight of the frequency function in the 
aggregated greedy function, and the information of the relative frequencies in the vector 
RF. After this selection the rest of the Hierarchical construction procedure is used to 
obtain a complete solution. 
 
The constructive method generates a solution set of size NCS. For each solution sr, r = 
1,…, NCS, the associated weights  and  are generated with equations (47) and (48) 
respectively. Each vector [ ] is used to construct the complete solution s

r
cλ

r
tλ

f
r
t

r
c λλλ ,, r. The 

goal in varying systematically these weights is to generate solutions well distributed in 
the efficient frontier. Once the weights were generated the value of the aggregated greedy 
function can be calculated for each variable using equations (22) – (33). 
 

( )
1

1
−
−

−=
NCS

rNCS
f

r
c λλ          (47) 

( )
1

11
−

−
−=

NCS
r

f
r
t λλ          (48) 

 
The construction of a solution begins using a GRASP procedure to select some 
distribution centers to be opened. The GRASP procedure creates a list of unselected 
distribution centers L = {j ∈ J | Zj = 0}. Then a restricted candidate list RCL is 
constructed with the aggregated greedy function values ( )jdcφ  and the parameter α: 
 

( ) ( )( ) ( )( ) ( )( )
⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ −+≤∈=

∈∈∈ jLjjLjjLjj dcdcdcdcLjRCL φφαφφ minmaxmin|   (49) 

 
One element j’ of the RCL list is selected randomly and the value of Zj’ = 1 is fixed. A 
new list L is formed with the unselected elements and the process is repeated. The 
selection of the distribution centers finishes just after: 
 

∑∑
∈∈

≥
Kk

k
Jj

jj DMWZ          (50) 

 
From this point the Hierarchical construction procedure is used to complete the solution. 
However if the solution to the GAP sub-problem is not feasible the GRASP procedure is 
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repeated with the unselected distribution centers to open another facility until the GAP 
provides a feasible solution. This mechanism to achieve feasibility is based on the 
condition that the total demand can be supplied by the accumulated distribution center 
capacity. Evidently an initial checking of capacities of the whole instance must be done. 
Nonetheless given the single source constraint in the GAP sub-problem this condition 
does not guarantee to obtain a feasible solution even if all the distribution centers are 
open. If this infeasibility occurs then the instance of the CFCLP-TC is infeasible. The 
pseudocode for the Constructive method is shown in Figure 5.3. 
 
In the same reasoning of González Velarde and Martí (2006) the procedure used is not a 
strict GRASP method because the aggregated greedy function is not adaptive and its 
value remains constant through the construction of the restricted candidate list. In 
contrast with the method of González Velarde and Martí (2006) the RCL is restricted by 
the quality parameter α instead of using a fixed number of elements. 
 
 
Improvement (RS, RF, NDS) 
 
The exploration of neighborhoods in local search is one of the key components of 
successful implementations of metaheuristics for multiobjective optimization. The 
definition of the neighborhoods is problem dependent, and according to some results in 
the literature it is best to use a combination of neighborhoods instead of using a single 
one. Once that a new solution comes from the neighborhood exploration an acceptance 
criterion must be used. In single objective problems the best solutions are accepted with a 
an associated probability or if they are excluded from a tabu list. However in multiple 
objective problems the decision is not so easy. Landa Silva, Burke, and Petrovic (2004) 
resume three approaches for the acceptance criterion: 
 

• Combine the objectives. A weighted function is used to evaluate a solution. 
Weights are defined systematically or randomly for each objective. 

• Alternate the objectives. One criterion is optimized at a time. 
• Evaluate the dominance relation. There are three cases: the new solution 

dominates the current solution, the new solution is dominated by the current 
solution, and neither dominates the other. 

 
The first two approaches have been the classical implementations in the first 
metaheuristics developed. The last approach has been used in the most recent 
metaheuristics. The metaheuristic algorithm designed here to solve the CFCLP-TC uses 
this last approach.  
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Figure 5.3 Pseudocode for the Constructive method. 

Method Constructive 
Input:  Instance data, α, λf, Number of Constructed Solutions (NCS), vector of 

relative frequencies RF. 
Output:  Set of Constructed Solutions, CS = {sr | r = 1,…, NCS} or general infeasibility 

message. 
BEGIN 
01. Check general feasibility of the CFCLP-TC under the following conditions: 

∑ ∑
∈ ∈

≥
Ii Kk

ki DMP , ∑∑
∈∈

≥
Kk

k
Jj

j DMW  

02. If CFCLP-TC is infeasible: 
03. Return message of infeasibility for the CFCLP-TC. 
04. Else: 
05. CS = ∅. 
06. For r = 1, …, NCS: 
07. Initialize Zj = 0, Aijl = 0, Bjkl = 0, i ∈ I, j ∈ J, k ∈ K, l ∈ LPij, l ∈ LWjk. 
08. Initialize sr is incomplete. 
09. Calculate the vector [ ] for solution sf

r
t

r
c λλλ ,, r using equations (47) and (48). 

10. Calculate the aggregated greedy function for each element 
( ) ( ) ( )jklijlj arcarcdc φφφ ,,  using equations (22) – (33). 

11. While solution sr is incomplete and CFCLP-TC is feasible: 
12. While ∑∑

∈∈

<
Kk

k
Jj

jj DMWZ : 

13. Create a list of unselected distribution centers L = {j∈J | Zj = 0}. 
14. Create a restricted candidate list RCL using equation (49). 
15. Select randomly a distribution center j’ ∈ RCL, Zj’ = 1. 
16. End While. 
17. Set of open distribution centers J’ = {j ∈ J | Zj = 1}. 
18. sr = Hierarchical construction (J’, RF). 
19. If sr is infeasible: 
20. If | J’ | < | J’ |: 
21. Go To Step 13 to open another distribution center. 
22. Else: 
23. Return a message of infeasibility for the CFCLP-TC. 
24. End If. 
25. Else: 
26. CS = CS ∪ {sr} and the associated vector [ ] is stored in the 

structure of the solution s
f

r
t

r
c λλλ ,,

r. 
27. End If. 
28. End While. 
29. End For. 
30. Return the set CS in the output file. 
31. End If 
END 
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Czyzak and Jaszkiewicz (1998) analyzed the three cases that appear for dominance 
relations. In the case that the new solution is dominated it may be discarded. In the case 
when the new solution dominates it is accepted immediately.  But the question is what to 
do in the third case? The option they take is to accept the new solution with a certain 
probability calculated with the ratio of change of the degraded criterion. This probability 
is used in their Simulated Annealing metaheuristic.  
 
The general sequence of the improvement method is described in the following lines. The 
first step is to take one solution from the reference set RS as the current solution. The 
neighborhoods of this current solution are explored. The solutions obtained from these 
neighborhoods are pre-accepted based on dominance relations. One of the pre-accepted 
solutions is selected randomly as the new current solution. The process is repeated with 
the new current solution until none of the solutions from the neighborhood exploration 
can be pre-accepted. Then a new solution is taken from the reference set RS to be 
improved. 
 
It is important to mention that when a feasible solution is obtained in any step of the 
method it is compared to the approximate efficient set NDS to update it. Therefore these 
solutions are not lost in the process. 
 
The neighborhoods proposed are based on changes in the values of the variables Zj for the 
distribution centers dcj. For each neighborhood a sorted list is created according to the 
value of the aggregated greedy function ( )jdcφ . Each element in the list is taken at a time 
in that order. The accumulated capacity of this partial solution is checked. If the partial 
solution is feasible the rest of the solution is constructed with the Hierarchical 
construction procedure using the same vector [ ftc λλλ ,, ] of the current solution. If the 
partial or complete solution is not feasible the movement is undone and the next element 
in the list is considered. The procedure follows until the first feasible solution is found. 
Therefore the neighborhoods are partially explored. This design was chosen because of 
the computing time that takes constructing a complete solution. The neighborhoods to 
explore are three: 
 

• Closing of facilities CN (s). The open distribution centers are sorted in descending 
order by ( )jdcφ  value, i.e. from worst to best. 

• Opening of facilities ON (s). The closed distribution centers are sorted in 
ascending order by ( )jdcφ  value, i.e. from best to worst. 

• Exchange of facilities EN (s). The previous two lists are created. One open facility 
is closed and one closed facility is opened. The lists are explored taking as pivot 
the list for opening. 
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The solutions that result from each of these neighborhoods may be pre-accepted 
according to their dominance relation with the current solution. The pre-accepted 
solutions are registered in any of two sets HPS (High Priority Set) or LPS (Low Priority 
Set). The rules proposed for the acceptance criterion are the following, considering a 
current solution s and a new solution ŝ: 
 

• If ŝ  s or ŝ p p  s, HPS = HPS ∪ {ŝ}. 
• Else if s  ŝ: p/

o If ŝ produced a change in NDS, HPS = HPS ∪ {ŝ}. 
o Else LPS = LPS ∪ {ŝ}. 

• Else (s  ŝ): p
o Discard ŝ. 

• End if. 
 
An element of the set HPS is selected randomly as the new current solution. If this set is 
empty, an element of set LPS is selected randomly. If both sets are empty the local search 
finishes for the current solution and a new solution is taken from the reference set RS to 
explore. 
 
To avoid cycling a direction of improvement has to be fixed after the first movement in 
the search. Hence an additional rule is introduced for the last solution s and the new 
current solution ŝ: 
 

• If s  ŝ, in the following searches only solutions that improve the same criterion 
are accepted (f

p/
1 or f2), i.e. if f1 (ŝ) < f1 (s) only new solutions s’ with f1 (s’) < f1 (ŝ) 

may be pre-accepted, and the same occurs for f2. 
• Else if ŝ  s or ŝ p p  s, the direction of improvement is selected randomly. 

 
The scheme of the acceptance criterion and direction for improvement is shown in Figure 
5.4 for the current solution s. 
 
The improvement method explores all the solutions in the reference set RS. In the process 
the approximate efficient set NDS is updated. None of the solutions generated in the 
method are conserved with exception of those that are implicitly stored when the set NDS 
is modified. The pseudocode for the improvement method is shown in Figure 5.5. 
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Figure 5.4 Scheme of the acceptance criterion and direction of improvement. 
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Figure 5.5 Pseudocode for the Improvement method. 

Method Improvement 
Input:  Instance data, Set of reference solutions RS, vector of relative frequencies RF, 

Approximate efficient set NDS. 
Output:  Approximate efficient set NDS updated. 
BEGIN 
01. For each s ∈ RS: 
02. Current solution s’ = s. 
03. Exit_local_search = 0. 
04. While Exit_local_search = 0: 
05. Initialize HPS = ∅ and LPS = ∅. 
06. Obtain solution sc or infeasibility message exploring the closing neighborhood 

CN (s’). 
07. NDS = Update NDS set (sc, NDS). 
08. Apply the rules for the acceptance criterion and direction of improvement for 

sc. 
09. Obtain solution so or infeasibility message exploring the opening neighborhood 

ON (s’). 
10. NDS = Update NDS set (so, NDS). 
11. Apply the rules for the acceptance criterion and direction of improvement for 

so. 
12. Obtain solution se or infeasibility message exploring the exchange neighborhood 

EN (s’). 
13. NDS = Update NDS set (se, NDS). 
14. Apply the rules for the acceptance criterion and direction of improvement for 

se. 
15. If HPS ≠ ∅: 
16. Select randomly a solution ŝ ∈ HPS with the associated direction of 

improvement for the next movements. 
17. New current solution s’ = ŝ. 
18. Else if LPS ≠ ∅: 
19. Select randomly a solution ŝ ∈ LPS with the associated direction of 

improvement for the next movements. 
20. New current solution s’ = ŝ. 
21. Else: 
22. Exit_local_search = 1. 
23. End If. 
24. End While. 
25. End For. 
END 
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Combination (RS, RF, NDS) 
 
As mentioned earlier the combination method is based on Path Relinking. This procedure 
allows creating a path of solutions from the initiating solution to the guiding solution. In a 
single objective problem the best solution in this path is selected to update the reference 
set. Adapted to the multiobjective case, each feasible solution generated in the path is 
used to update the approximate efficient set NDS. 
 
Similarly to the improvement method the movements for combination use the variables Zj 
for the distribution centers dcj. Once that a movement has assigned values for each 
variable Zj in the intermediate solution the rest of the solution is constructed with the 
Hierarchical construction procedure. If a complete feasible solution is obtained it is used 
to update the approximate efficient set NDS. 
 
For an initiating solution s and a guiding solution r, and their corresponding variable 
values  and , two sets are constructed: s

jZ r
jZ

 
• FC = {j ∈ J |  = 1 and  = 0}, i.e. the distribution centers open in the 

initiating solution and closed in the guiding solution. 

s
jZ r

jZ

• FO = {j ∈ J |  = 1 and  = 0}, i.e. the distribution centers open in the guiding 
solution and closed in the initiating solution. 

r
jZ s

jZ

 
The elements in each set are sorted according to the value of their aggregated greedy 
function ( )jdcφ . The elements in the set FC are distribution centers to be closed and are 
sorted in descending order of the ( )jdcφ  value (worst to best). The elements in the set FO 
are distribution centers to be opened and are sorted in ascending order of the ( )jdcφ  
value (best to worst). 
 
The path of solutions begins constructing a solution with the same values for variables 

 of the initiating solution s but with the vector [ ] of the guiding solution r. 

All the next solutions generated in the path conserve this vector [ ]. The next 
movement in the path is done taking the first element j’ of the sorted set FC such that Z

s
jZ f

r
t

r
c λλλ ,,

f
r
t

r
c λλλ ,,

j’ 
= 0. If the accumulated capacity of the distribution centers is sufficient the complete 
solution is constructed. If the partial or complete solution is infeasible then the next 
members j” of the sorted set FO are selected orderly making Zj” = 1 until a feasible 
solution is generated. Then again the next element in the set FC is selected until reaching 
infeasibility. The idea is to give priority to the closing movements trying to minimize the 
accumulated fixed cost of the open distribution centers. The movements finish when the 
sets FO and FC have been explored completely. The pseudocode of the Combination 
method is shown in Figure 5.6. 
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Figure 5.6 Pseudocode for the Combination method. 

Method Combination 
Input:  Instance data, Set of reference solutions RS, vector of relative frequencies RF, 

Approximate efficient set NDS. 
Output:  Approximate efficient set NDS updated. 
BEGIN 
01. For ∀ (initiating solution) s ∈ RS: 
02. For ∀ (guiding solution) r ∈ RS: 
03. If s ≠ r and  ∀ j ∈ J: r

j
s
j ZZ ≠

04. Create sets FC and FO; Sort sets FC = {j1, j2,… | ( ) ( )
1+

≥
ii jj dcdc φφ } and FO = {j1, j2,… | 

( ) ( )
1+

≤
ii jj dcdc φφ }. 

05. Create intermediate solution q,  ∀ j ∈ J, , , . s
j

q
j ZZ = r

c
q
c λλ = r

t
q
t λλ = f

q
f λλ =

06. If partial solution q is feasible (based on accumulated capacity): 
07. Use the Hierarchical construction procedure to complete solution q. 
08. If complete solution q is feasible: 
09. NDS = Update NDS set (q, NDS). 
10. End If. 
11. End If. 
12. n = 1, p = 1. 
13. While n ≤ |FC|: 
14. Modify intermediate solution q making , j0=q

jn
Z n ∈ FC.  

15. If partial solution q is feasible (based on accumulated capacity): 
16. Use the Hierarchical construction procedure to complete solution q. 
17. If complete solution q is feasible: 
18. NDS = Update NDS set (q, NDS); n = n + 1; Go To Step 13. 
19. Else: 
20. n = n + 1; Go To Step 26. 
21. End If. 
22. Else: 
23. n = n + 1; Go To Step 26. 
24. End If. 
25. End While. 
26. While p ≤ |FO|: 
27. Modify intermediate solution q making , j0=q

j p
Z p ∈ FO.  

28. If partial solution q is feasible (based on accumulated capacity): 
29. Use the Hierarchical construction procedure to complete solution q. 
30. If complete solution q is feasible: 
31. NDS = Update NDS set (q, NDS); p = p + 1; Go To Step 13. 
32. Else: 
33. p = p + 1; Go To Step 26. 
34. End If 
35. Else: 
36. p = p + 1; Go To Step 26. 
37. End If. 
38. End While. 
39. End If. 
40. End For. 
41. End For. 
END 
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CHAPTER 6 
 
 
EXPERIMENTS AND RESULTS 
 
This chapter shows the results of computational experiments with the exact algorithms to 
obtain the true efficient sets and the bound sets. Also shows the experiments with the 
metaheuristic algorithm and the comparison with the available upper bound sets for large 
instances, and with the true efficient sets obtained for small instances. 
 
The ε-constraint based algorithms and the metaheuristic algorithm were programmed in 
C. CPLEX 9.1 was used to solve optimally the sub-problems involved in the ε-constraint 
based algorithms and in the Hierarchical construction procedure of the metaheuristic 
algorithm. These programs were run in a 3.0 GHz, 1.0 Gb RAM, Intel Pentium 4 PC. 
 
The organization of this chapter is as follows. The first issue explained in this chapter is 
the procedure to generate instances of the CFCLP-TC. The exact algorithms proposed 
were tested to solve the generated instances. A limit of “solvable” instance size was 
identified with these experiments. The comparison among the versions of the exact 
algorithm is done. With some modifications the best of these versions is used to obtain 
lower and upper bound sets. The lower bound sets were obtained by linear relaxations of 
the MIP structure using the four schemes proposed previously. The upper bound sets 
were obtained imposing a time limit to solve each MIP involved in the ε-constraint based 
algorithm. 
 
At this point the comparison metrics to be used ahead are explained. These metrics are 
based on the cardinality of the compared sets, on the dominance, and on the ratio between 
objective values. 
 
Some experiments were done varying some parameters of the metaheuristic algorithm. A 
brief explanation of the behavior of the algorithm is provided. The best values for these 
parameters are used for the next experiments. 
 
The final experiments solved small and large instances of the CFCLP-TC with the 
metaheuristic algorithm. The results are compared with the available true efficient sets or 
upper bound sets. A brief discussion is made about the advantages of the metaheuristic 
algorithm according to the instance size. 
 
 
Problem instances 
 
Four parameters determine the size of the instance. These are the number of plants |I|, the 
number of potential distribution centers |J|, the number of customers |K|, and the number 
of arcs (transportation channels) between nodes |LPij| and |LWjk|. To construct an instance 
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a configuration is used with |I| ≤ |J| ≤ |K|. These parameters take values of 5, 20, 50 or 
100 facilities. The number of arcs is fixed Narcs = |LPij| = |LWjk| ∀ i ∈ I, j ∈ J, k ∈ K, to 
either 2 or 5. The initial instance sizes considered for the experiment are shown in Table 
6.1. The code for an instance is [|I| - |J| - |K| - Narcs - instance number]. For example the 
instance 5-5-5-2-1 refers to instance 1 with 5 plants, 5 distribution centers, 5 customers, 
and 2 arcs between facilities. 
 
 

Table 6.1 Instances sizes considered originally for the experiments 

Instance Size Number 
of plants 

| I | 

Number of 
potential 

distribution 
centers 

| J | 

Number of 
customers 

| K | 

Number of 
arcs between 

nodes 
Narcs 

Number 
of binary 
variables 

Number of 
constraints 

5-5-5-2 5 5 5 2 105 385 
5-5-5-5 5 5 5 5 255 835 
5-5-20-2 5 5 20 2 255 940 
5-5-20-5 5 5 20 5 630 2065 
5-5-50-2 5 5 50 2 555 2050 
5-5-50-5 5 5 50 5 1380 4525 

5-5-100-2 5 5 100 2 1055 3900 
5-5-100-5 5 5 100 5 2630 8625 
5-20-20-2 5 20 20 2 1020 3625 
5-20-20-5 5 20 20 5 2520 8125 
5-20-50-2 5 20 50 2 2220 7885 
5-20-50-5 5 20 50 5 5520 17785 

5-20-100-2 5 20 100 2 4220 14985 
5-20-100-5 5 20 100 5 10520 33885 
5-50-50-2 5 50 50 2 5550 19555 
5-50-50-5 5 50 50 5 13800 44305 

5-50-100-2 5 50 100 2 10550 37155 
5-50-100-5 5 50 100 5 26300 84405 
20-20-20-2 20 20 20 2 1620 5740 
20-20-20-5 20 20 20 5 4020 12940 
20-20-50-2 20 20 50 2 2820 10000 
20-20-50-5 20 20 50 5 7020 22600 
20-20-100-2 20 20 100 2 4820 17100 
20-20-100-5 20 20 100 5 12020 38700 
50-50-50-2 50 50 50 2 10050 35350 
50-50-50-5 50 50 50 5 25050 80350 
50-50-100-2 50 50 100 2 15050 52950 
50-50-100-5 50 50 100 5 37550 120450 

 
 
For a fixed number of |I|, |J|, |K|, and Narcs the other parameters are generated randomly 
for each instance. These parameters are: 
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• Customer demand. 
• Distribution center capacity. 
• Plant capacity. 
• Transportation cost and time for each arc. 
• Distribution center fixed cost. 

 
The customer demand is an integer random variable with UNIF (5000, 10000) 
distribution. 
 
To generate the distribution center capacity some details must be analyzed. To 
guarantee to some extent that the single source constraint can be met the capacities of the 
distribution centers must be higher than the maximum demand: 
 

( kKkj DMW
∈

≥ max )

)

  ∀ j ∈ J       (51) 

 
To avoid an “easy” facility location decision, some distribution centers must be able to 
supply the total demand. The assumption is that providing more options makes the 
instance harder. Hence the total demand DT is the base to generate the distribution center 
capacity. The distribution center capacity is an integer random variable with UNIF 
(MWlow, MWhigh) distribution. 
 

∑
∈

=
Kk

kT DD            (52) 

( kKk
DMWlow

∈
= max           (53) 

( ) MWlowDMWlowDDMWhigh TTT −=−+= 2       (54) 
 
The plant capacity must be generated taking into consideration the total demand also. In 
a feasible instance the total capacity of the plants must satisfy the total demand. However 
to generate a hard instance some plants are allowed to have a high capacity near to the 
total demand. The assumption is again that providing more options makes the problem 
harder. The plant capacity is an integer random variable with UNIF (MPlow, MPhigh) 
distribution. 
 

I
DMPlow T=            (55) 

TDMPhigh =            (56) 
 
An assumption is that transportation cost and time are negatively correlated. For each 
arc the time and cost are calculated but repeated parameter values are avoided for each 
pair of facilities. The transportation time is an integer random variable Tarc with UNIF 
(5, 25) distribution. The unitary transportation cost Carc is a floating-point variable 
calculated with the Tarc value generated.  
 

 57



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

Tarc
Carc 50

=            (57) 

 
The generation of the distribution center fixed cost is based in some parameters already 
generated. An assumption is that the fixed cost is positively correlated with the 
distribution center capacity. To produce a hard instance, the total fixed cost must be close 
to the total transportation cost. As can be seen in equation (57) the maximum cost has a 
value of 10 which is used to estimate a reference transportation cost Cref. The average 
distribution center capacity MWave is calculated and used to compute the fixed cost. 
 

J
DCref T*10

=           (58) 

J

MW
MWave Jj

j∑
∈=           (59) 

MWave
MW

CrefF j
j *=    ∀ j ∈ J       (60) 

 
These are all the parameters required for an instance of the CFCLP-TC. Several instances 
were generated for each size described in the Table 6.1 using specific seed numbers for 
the random number generator. 
 
 
True efficient sets 
 
The goals of these experiments were to study the behavior of the exact algorithms 
developed, and to make a comparison between them. Several experiments were carried 
with the smallest instances proposed. The instances of sizes 5-5-5-2, 5-5-5-5, and 5-5-20-
2 were solved completely with the ε-constraint algorithms proposed, i.e. their complete 
true efficient sets were obtained. Ten instances of each size were solved. The true 
efficient sets for these instances are shown in Appendix 2. The f1 - f2 plot is shown in 
Figure 6.1 for the instance 5-5-5-5-2. The efficient frontier for the rest of the mentioned 
instances is similar. The points are not connected because of the discretization of time 
units. It is evident the tradeoff between cost (f1) and time (f2).  
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Figure 6.1 True efficient frontier for instance 5-5-5-5-2. 

 
 
Figure 6.2 shows the run times for the iterations of the eC algorithm to solve the instance 
5-5-20-2-1. This behavior is similar in all the instances. The intermediate values of εt 
create problems that are more difficult to solve. There are three reasons for this behavior. 
In the following section is shown with more detail that the initial gap in the branch and 
bound algorithm of CPLEX increases from high to low values of εt (Figures 6.3, 6.4 and 
6.5). This trend of the initial gap may be related to the increase of time to solve each MIP 
from high to intermediate values of εt. Nevertheless, when the value of εt is decreased the 
solution space becomes more constrained, and a reduced number of solutions must be 
explored. Also for low values of εt CPLEX is more efficient in finding cuts to reduce the 
initial gap. These may be the causes of the reduction of time observed from intermediate 
to low values of εt. 
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Figure 6.2 Behavior of run time according to the value of εt in the iteration of the eC algorithm. 

 
 
The basic design of the implementation of the ε-constraint method was the eC algorithm. 
Thus the ReC-2B and ReC-1B algorithms were compared against eC in terms of run 
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time. Nevertheless the three algorithms were able to obtain the complete efficient frontier 
for the instances of size 5-5-5-2, 5-5-5-5, and 5-5-20-2. The results shown in Table 6.2 
compare in the last columns the improvement in efficiency achieved by the algorithms 
ReC-2B and ReC-1B against the algorithm eC. The following is observed in those 
results: 
 
• In 10 cases out of 30 (33%) ReC-2B was faster than eC. 

o Only for the favorable cases this improvement can be up to 56.1% of time 
reduction and 24.1% in the average. 

• In 26 cases out of 30 (87%) ReC-1B was faster than eC. 
o Only for the favorable cases this improvement can be up to 59.5% of time 

reduction and 19% in the average. 
 

Table 6.2 Results of the implementation of the ε-constraint based algorithms in three groups of 
instances (5-5-5-2, 5-5-5-5, and 5-5-20-2) 

Algorithm run time (CPU seconds) Reduction in time (%) vs. eC 
algorithm Size Instance 

eC ReC-2B ReC-1B ReC-2B ReC-1B 
5-5-5-2 1 6.641 7.500 6.328 - 4.7 

 2 12.032 13.593 11.250 - 6.5 
 3 11.235 12.484 10.360 - 7.8 
 4 20.500 18.594 17.656 9.3 13.9 
 5 9.828 11.078 9.469 - 3.7 
 6 20.094 19.765 19.281 1.6 4.0 
 7 12.859 15.219 11.594 - 9.8 
 8 12.203 17.859 11.375 - 6.8 
 9 12.078 12.547 10.313 - 14.6 
 10 34.782 35.047 28.844 - 17.1 

5-5-5-5 1 152.687 164.469 141.312 - 7.4 
 2 342.953 337.235 334.765 1.7 2.4 
 3 402.203 2551.453 346.500 - 13.8 
 4 442.187 808.125 359.172 - 18.8 
 5 159.531 246.782 139.047 - 12.8 
 6 193.219 430.234 161.609 - 16.4 
 7 175.563 321.844 176.281 - - 
 8 254.031 829.063 182.687 - 28.1 
 9 536.266 1052.844 452.844 - 15.6 
 10 1722.390 1651.953 1444.297 4.1 16.1 

5-5-20-2 1 1976.047 2614.765 1981.891 - - 
 2 4096.406 1975.344 1658.078 51.8 59.5 
 3 10466.438 12745.515 12709.453 - - 
 4 4350.813 2637.937 2436.188 39.4 44.0 
 5 7161.735 3776.453 3676.297 47.3 48.7 
 6 3627.235 1590.594 1598.031 56.1 55.9 
 7 8513.438 7786.062 7727.734 8.5 9.2 
 8 12117.625 9567.484 9456.172 21.0 22.0 
 9 2896.063 3338.953 2973.016 - - 
 10 9884.938 10327.828 6573.031 - 33.5 
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Run times were similar between ReC-2B and ReC-1B, when individual iterations (each εt 
value) were compared. Yet, an overhead time is consumed in ReC-2B when the initial 
value of εt is obtained through the optimization of f2. Hence, a benefit is achieved in ReC-
1B when the start value of εt is obtained by the computation of a lower limit. Although 
some additional points had to be solved the time consumed is insignificant. The greater 
benefits were obtained for the largest instances.  
 
For instances with a number of binary variables greater than 255 the exact algorithms 
studied showed problems to obtain the complete efficient frontier. At some values of εt, 
the MIP involved was not solved because the available memory was not sufficient to 
conclude the exploration of the branch and bound tree. Several instances of size 5-10-10-
2 with 300 binary variables were generated to verify this limit. The results confirmed that 
none of the ε-constraint algorithms proposed can obtain the complete true efficient 
frontier for this instance size. Nevertheless the eC and ReC-1B algorithms were run with 
a time limit of TILIM = 3600 seconds to solve each MIP related to a value of εt. Ten 
instances of the size 5-10-10-2 were solved in this form. For those points where the time 
limit was reached before finishing the optimization the last %gap was registered. It is 
evident from Figure 6.2 that the points that reached the time limit are usually those with 
intermediate values of εt. The comparison between algorithms eC and ReC-1B is made 
with these results in Table 6.3. 
 
 

Table 6.3 Results of the implementation of the eC and ReC-1B algorithms in instances of size 5-10-
10-2 with a time limit of 3600 seconds 

 

Algorithm run time 
(CPU seconds) 

Reduction in 
time (%) vs. 
eC algorithm 

Points where the 
algorithm reached 

TILIM 

Average Gap (%) for 
common cases, 

where the algorithm 
reached TILIM 

Instance 

eC ReC-1B ReC-1B eC ReC-1B 

Points 
where both 

reached 
TILIM 

Points where  
ReC-1B had 
better Gap 

eC ReC-1B 
1 75488.078 71868.676 4.8 17 16 14 12 7.17 5.71 
2 36938.703 30803.547 16.6 4 3 3 3 4.94 4.10 
3 55727.327 56616.813 -1.6 12 11 10 7 7.17 6.17 
4 57796.937 57010.094 1.4 11 11 10 7 5.80 4.78 
5 70297.031 69771.765 0.7 17 16 16 12 6.51 5.63 
6 52441.485 52481.954 -0.1 10 12 10 10 6.79 4.45 
7 40767.219 36204.250 11.2 8 7 6 4 5.10 3.60 
8 45126.665 36820.125 18.4 6 4 3 2 6.25 3.10 
9 26587.999 20870.657 21.5 4 1 1 1 7.00 0.63 

10 49415.234 40121.594 18.8 10 7 7 5 5.79 5.46 

 
The comparison between the eC and ReC-1B algorithms for the instances of size 5-10-
10-2 can be summarized as follows: 
 

• About the run time: 
o In 8 out of 10 instances (80%) ReC-1B was faster than eC. 
o Only for the favorable cases this improvement can be up to 21.5% of time 

reduction and 11.7% in the average. 
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• About the quality of the solution: 
o For the iterations (εt values) where both algorithms reached the time limit, 

in 63 out of 80 points (78.8%) the ReC-1B algorithm found a better gap 
than eC. 

 
The evolution of the solutions between points of the true efficient set is dependent on the 
instance data. This evolution was analyzed in the true efficient sets of some of the small 
instances to identify patterns. In general it was observed that the number of open 
distribution centers increases with the number of customers. This behavior is evidently 
caused by the increment of the demand but also by the single-source constraint in the 
CFCLP-TC. Also the number of open distribution centers increase for lower values of 
objective f2. It may be caused by the necessity of more arcs available to reduce the value 
of the time objective. Other pattern was observed in the arcs between the plants and the 
distribution centers. While some arcs remain selected between consecutive efficient 
solutions, the flows changed from one point to the other. This behavior may be caused by 
the implicit optimization of the transportation cost in that echelon. 
 
 
Lower bound sets 
 
The goals of these experiments were to study the quality of the lower bound sets obtained 
with the proposed schemes, and to gain insight in the structure of the problem. Four 
lower bound schemes were proposed based on linear relaxations of the MIP. The first one 
is the linear relaxation of the MIP (LP). The second one is the linear relaxation with cuts 
(LPc). The third one is the linear relaxation of the variables Aijl and BBjkl (ABr). And the 
fourth one is the linear relaxation of variables Zj (Zr). The linear relaxation schemes used 
the ReC-1B algorithm with some modifications to fix the initial and last values of the 
parameter ε  according to the instance data. To define the quality of the lower bound set 
the schemes were implemented for instances with known true efficient solution sets. Five 
instances of the sizes 5-5-5-2, 5-5-5-5, and 5-5-20-2 were studied. For a fixed value of ε  
the ratio f

t

t

1 (scheme) / f1 (MIP) was calculated. The behavior of these ratios is shown in 
Figures 6.3, 6.4, and 6.5 for instances 5-5-5-2-1, 5-5-5-5-1, and 5-5-20-2-1 respectively. 
This trend is similar for the other instances examined. 
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Figure 6.3 Quality of the lower bound sets for instance 5-5-5-2-1. 
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Figure 6.4 Quality of the lower bound sets for instance 5-5-5-5-1. 
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Figure 6.5 Quality of the lower bound sets for instance 5-5-20-2-1. 

 
 
Table A3.1 in Appendix 3 presents the average, minimum, and maximum values of the f1 
(scheme) / f1 (MIP) ratios for the proposed lower bounding schemes. Also the run time is 
presented for these schemes compared to the time required by the ReC-1B algorithm to 
obtain the true efficient solution set. 
 
It is evident from the results in Table A3.1 that the best lower bound set is obtained with 
the Zr scheme that uses the linear relaxation of variables Zj. The second best is the LPc 
scheme that makes the linear relaxation with cuts. The third best is obtained with the ABr 
scheme through the linear relaxation of variables Aijl and BBjkl. The worst lower bound set 
is obtained with the linear relaxation of the MIP model, i.e. the LP scheme. 
 
A degradation of the lower bound set is observed for the lowest values of εt in the ABr 
and LP schemes. It is because the value of εt is loose in constraint (2’) and the value of f1 
almost does not change between the lowest and highest values of εt, while the value of f1 
in the MIP increases for lower values of εt. 
 
In the case of the LPc scheme a recovery can be observed in the lowest and highest 
values of εt. The reason may be the default use heuristics and cuts in CPLEX to improve 
the lower bound of the MIP. 
 
Although the quality of the lower bound set with the Zr scheme is high, the run time is a 
disadvantage because it is longer than the time used to solve the CFCLP-TC with the 
ReC-1B algorithm. This behavior is counterintuitive because it is expected that a linear 
relaxation may be solved in less time than the MIP model. There is one reason for this 
behavior. The magnitude of the cost associated with variables Zj in the objective function 
f1 is high. When these variables are continuous CPLEX is unable to find useful cuts with 
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a high impact in the gap. Therefore the gap is not improved fast enough during the 
exploration of the nodes in the branch and bound algorithm. 
 
 
Upper bound sets 
 
For practical reasons the lower bounding scheme Zr was not used to obtain reference sets 
in large instances. Thus a modification of the ReC-1B algorithm (ReC) was used to 
obtain reference sets for comparison to the metaheuristic algorithm. These sets are named 
upper bound sets. The modification of the ReC-1B algorithm is described next.  A time 
limit of 600 seconds was established to solve each MIP associated with a value of εt. To 
avoid a problem in obtaining the initial and final values of εt these limits were estimated 
from the instance data and were fixed in εinitial = 10 and εinitial = 50 with increments of δ = 
1. Some dominated points are generated in this way and the final set must be cleaned to 
include only non-dominated solutions. The instances sizes solved are shown in Table 6.4 
with the cardinality of the upper bound set |Si| obtained and the complete run time. The 
upper bound sets for those instances are shown in Appendix 4. 
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Table 6.4 Large instances solved to obtain upper bound sets 
 

Size Group Number of 
Binary Variables Instance |Si| Run time (sec) 

1 38 22256.8 
2 38 22256.9 
3 38 22231.0 
4 39 21709.4 

5-20-20-2 1020 

5 39 21669.2 
1 40 22937.4 
2 39 23405.4 
3 40 23022.4 
4 40 23406.6 

20-20-20-2 1620 

5 39 23445.6 
1 41 24270.3 
2 40 24486.6 
3 39 24009.2 
4 41 24007.3 

20-20-20-5 4020 

5 38 24604.7 
1 37 24603.3 
2 41 24603.4 
3 39 24006.8 
4 40 24603.1 

20-20-50-5 7020 

5 40 24009.6 
1 39 24603.9 
2 39 24603.6 
3 37 24009.7 
4 39 24010.1 

50-50-50-2 10050 

5 36 24008.3 
1 31 24022.3 
2 30 24021.5 
3 37 24025.6 
4 33 24604.4 

50-50-100-2 15050 

5 37 24019.8 
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Comparison metrics 
 
To compare a pair of efficient sets S1 and S2 the following metrics are used: 
 

• The number of non-dominated solutions |Si| in each set. For any instance, the 
cardinality of the true efficient set has a limit given the discretization of objective 
f2. Hence in some way this metric also indicates at some extent the distribution 
and coverage of the solutions along the efficient frontier. A higher value of |Si| is 
preferred. 

 
• The ratio RPOS (Si). This metric was used by Altiparmak et al. (2006) to compare 

different algorithms. It is able to compare more than two efficient sets. To make 
the computations a reference set R must be constructed with the union of the 
efficient solutions of all the r sets: 

 
rSSSR ∪∪∪= K21  

 
Then the dominated solutions are eliminated from set R to obtain set P: 
 
  { }sqRqRsP p:∈∃/∈=  

  
The RPOS (Si) metric is calculated with Equation (61): 
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=       (61) 

 
This metric indicates the ratio of points from the set Si that belong to the reference 
efficient set P. A higher value of this metric is better. Presented with the metric 
|Si| it indicates the quality of the approximate efficient set obtained. 
 

• Based on the features of the CFCLP-TC a special metric was designed, although 
the principle may be adapted to other bi-objective combinatorial optimization 
problems. The discretization of objective f2 and the number of objectives allows 
proceeding as follows for a pair of sets S1 and S2. 
 
A set of values T is constructed with each value of objective f2 where values for 
objective f1 exist in both sets: 
 

( ) ( ) ( ) ( ) ( ) ( ){ }sfsfsfsfSsSssfsfT ′=∧′∃∧∃∈′∈∨= 22112122 ,,'   (62) 
 
Then an average deviation is calculated with the ratios of objective f1 for each 
value of f2 in the set T: 
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The idea is very simple. For a fixed value of objective f2 the ratio f1 (s) / f1 (s’) is 
calculated only if the values of objective f1 are available in both sets. Then the 
average of these ratios is calculated. The minimum Dmin of these ratios is 
calculated with equation (64). Table 6.5 shows an example of how to compute 
metrics D and Dmin for two sets S1 and S2. 
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Table 6.5 Example of the computation of the metrics D and Dmin
 

 S1 S2  
f2(s, s’) f1 (s) f1 (s') f1 (s) / f1 (s') 

30 1441228 1452355 0.9923 
29 1488901  - 
28 1511173 1511173 1.0000 
27 1552858 1564539 0.9925 
26   - 
25 1660690 1665001 0.9974 
24 1692978 1694938 0.9988 
23 1759652  - 
22 1820084 1829315 0.9950 
21  1913920 - 
20 1954700 1954700 1.0000 
19 2063459 2065625 0.9990 
18 2128422  - 
17  2240209 - 
16 2345160 2342404 1.0012 
15 2509057 2530153 0.9917 

  D  = 0.9968 
  Dmin = 0.9917 

 
 
These metrics ( D and Dmin) were developed to give a practical meaning to the 
comparison of two sets. Point by point, for a fixed value of objective f2 (time) the 
difference in objective f1 (cost) is measured. Thus for a fixed time it is observed if 
the solution in one set is cheaper or more expensive than the solution in the other 
set. The average of those gaps is calculated with D  and the minimum value of 
those gaps is calculated with Dmin. 
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The metric D  indicates in some way the quality of one set compared to the other. 
The following relation can be established over the average: 
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To compare more than two sets with this metric a reference set P must be 
constructed in the same form as for the RPOS (Si) metric. The metric D  with 
reference to P indicates in some way the distance between Si and P. Hence a 
lower value is better. The implication is that several sets can be compared to a 
reference set like the true efficient set if it is available. 
 

There exist other metrics in the literature but their computation may be harder and do not 
provide a significant advantage over those proposed above. 
 
 
Metaheuristic parameters setting 
 
The goal of the experiments carried out in this section was to understand the influence of 
some parameters of the metaheuristic in the size and quality of the approximate efficient 
sets. Also, the results obtained may be used to define values for those parameters for 
subsequent experiments.  
 
The metaheuristic algorithm was run for a fixed number of 10 iterations for each 
instance. Three instances of each size were solved. The following parameters and levels 
were tested. 
 

• Instance size. The aim was to observe the behavior in run time and quality of the 
obtained sets. Levels: size 5-20-20-2 and size 20-20-20-5. 

• Parameter α. This parameter controls the balance between greediness and 
randomness in the GRASP procedure to construct initial solutions. A 
recommended level in the literature is α = 0.3 but some initial tests showed 
promise in the quality of the solution increasing this value. Levels: α = 0.3 and α 
= 0.7. 

• Parameter λf. This parameter controls the influence of long-term memory in the 
construction of initial solutions. The level of λf = 0.0 shows the effect of not using 
memory. Levels: λf = 0.0 and λf = 0.6. 

• Parameter NCS. It is the number of constructed solutions in each iteration. It is 
expected that a higher number of constructed solutions leads to a larger 
approximate efficient set. This parameter may also have some influence in the 
quality of the approximate efficient set. Levels: NCS = 50 and NCS = 100. 
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The results are shown in Table A5.1 in Appendix 5. A summary of those results is 
displayed in Tables 6.6 and 6.7 with averages per instance or size. The following 
observations can be made about these results: 
 

• The influence of the instance size. It is evident an increment in the run time for a 
larger size. The size 20-20-20-5 has 4020 binary variables while the size 5-20-20-
2 has 1020 binary variables. However the time does not increase linearly over the 
number of binary variables. 

• The influence of the parameter NCS. This parameter behaved as expected. A 
higher number of constructed solutions in each iteration produced at the end a 
larger approximate efficient set. Also the sets obtained are of higher quality in 
terms of the metrics RPOS (Si) and D . The run time increases almost linearly with 
the number of constructed solutions NCS. 

• The influence of parameter λf. Contrary to the behavior expected the use of 
memory resulted in worse sets in terms of size (|Si|) and quality (RPOS (Si), D ). 
The run time increases for a higher value of λf. Probably the cause is that the type 
of partial configurations obtained with these values lead to GAP sub-problems 
more difficult to solve. 

• The influence of parameter α. Also contrary to the expected behavior, a greater 
randomness in the construction of initial solutions in each iteration was better, in 
terms of size and quality of the approximate efficient sets. 
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Table 6.6 Summary of results of the parameters setting tests, by instance - parameter 
   Average values 

Size Instance Parameter |Si| RPOS (Si) D  Time (sec) 
1 All 38.0 0.150 1.0116 2798.7 
2 All 38.8 0.149 1.0115 3281.8 20-20-20-5 
3 All 38.5 0.155 1.0118 1845.9 
1 All 35.4 0.145 1.0193 2107.0 
2 All 36.6 0.159 1.0180 2110.0 5-20-20-2 
3 All 36.3 0.146 1.0205 1474.0 

  Instance α         
0.3 37.8 0.066 1.0126 2846.9 1 
0.7 38.3 0.235 1.0107 2750.5 
0.3 39.0 0.088 1.0137 3237.7 2 
0.7 38.5 0.211 1.0092 3325.8 
0.3 38.0 0.114 1.0128 1374.7 

20-20-20-5 

3 
0.7 39.0 0.196 1.0107 2317.1 
0.3 34.0 0.116 1.0229 1831.8 1 
0.7 36.8 0.174 1.0158 2382.3 
0.3 36.3 0.129 1.0202 1954.5 2 
0.7 37.0 0.189 1.0159 2265.4 
0.3 36.3 0.112 1.0231 1360.1 

5-20-20-2 

3 
0.7 36.3 0.180 1.0178 1587.9 

  Instance λf         
0.0 37.0 0.262 1.0056 1190.1 1 
0.6 39.0 0.039 1.0176 4407.3 
0.0 38.0 0.275 1.0068 1195.0 2 
0.6 39.5 0.024 1.0161 5368.5 
0.0 37.5 0.266 1.0076 949.9 

20-20-20-5 

3 
0.6 39.5 0.044 1.0160 2741.9 
0.0 35.8 0.260 1.0114 905.0 1 
0.6 35.0 0.029 1.0272 3309.0 
0.0 36.8 0.256 1.0107 1278.3 2 
0.6 36.5 0.061 1.0254 2941.7 
0.0 35.8 0.204 1.0156 862.0 

5-20-20-2 

3 
0.6 36.8 0.088 1.0253 2086.1 

  Instance NCS         
50 37.5 0.074 1.0145 1782.3 1 

100 38.5 0.226 1.0088 3815.1 
50 37.8 0.055 1.0139 1767.2 2 

100 39.8 0.244 1.0090 4796.3 
50 37.8 0.095 1.0140 1226.6 

20-20-20-5 

3 
100 39.3 0.215 1.0095 2465.2 
50 35.3 0.119 1.0223 1444.7 1 

100 35.5 0.170 1.0164 2769.3 
50 36.0 0.098 1.0213 1549.9 2 

100 37.3 0.219 1.0147 2670.1 
50 36.0 0.106 1.0242 902.1 

5-20-20-2 

3 
100 36.5 0.186 1.0167 2046.0 
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Table 6.7 Summary of results of the parameters setting tests, by parameter 
  Average values 

Size Parameter RPOS (Si) D  Time (sec) 
20-20-20-5 All 0.152 1.0116 2642.1 
5-20-20-2 All 0.150 1.0193 1897.0 

  α       
0.3 0.089 1.0130 2486.4 20-20-20-5 
0.7 0.214 1.0102 2797.8 
0.3 0.119 1.0220 1715.5 5-20-20-2 
0.7 0.181 1.0165 2078.6 

  λf       
0.0 0.267 1.0067 1111.7 20-20-20-5 
0.6 0.036 1.0166 4172.6 
0.0 0.240 1.0126 1015.1 5-20-20-2 
0.6 0.060 1.0260 2778.9 

  NCS       
50 0.075 1.0141 1592.0 20-20-20-5 

100 0.229 1.0091 3692.2 
50 0.108 1.0226 1298.9 5-20-20-2 

100 0.192 1.0159 2495.1 
 
 

Table 6.8 Summary of results for the repeated tests on instances of size 20-20-20-5 
 

Size Instance α |Si| RPOS (Si) D  Time (sec) 
0.3 40.0 0.093 1.0120 3320.6 
0.7 39.5 0.074 1.0108 3344.6 1 
1.0 40.0 0.375 1.0016 5298.0 
0.3 39.8 0.082 1.0125 3196.1 
0.7 40.5 0.148 1.0103 4383.3 2 
1.0 41.0 0.244 1.0023 5002.4 
0.3 38.8 0.071 1.0130 1826.1 
0.7 39.5 0.132 1.0110 2611.5 

20-20-20-5 

3 
1.0 40.0 0.375 1.0020 4155.3 

    λf         
0.0 39.8 0.194 1.0042 2640.7 1 
0.6 39.8 0.019 1.0179 4688.8 
0.0 40.2 0.218 1.0042 2980.9 2 
0.6 40.3 0.018 1.0180 5103.9 
0.0 39.2 0.227 1.0048 2079.4 

20-20-20-5 

3 
0.6 39.3 0.013 1.0184 2877.2 

    NCS         
50 39.0 0.045 1.0130 2217.9 1 
100 40.4 0.173 1.0082 4617.4 
50 39.8 0.076 1.0131 1958.4 2 
100 40.6 0.172 1.0082 5497.3 
50 38.8 0.065 1.0139 1343.0 

20-20-20-5 

3 
100 39.6 0.186 1.0084 3306.7 

 72



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
The behavior of parameters α and λf was counterintuitive. To confirm these results the 
test were repeated for the instances of size 20-20-20-5 including a test with α = 1.0 
(completely random), λf = 0.0 (not using memory) and NCS = 100. These results are 
shown in Table A5.2 in Appendix 5. The summary is shown in Table 6.8. The additional 
test showed that a higher value of α performs better although the run time is increased. 
 
An explanation for the behavior of parameters α and λf is discussed below. These 
parameters guide the construction of initial solutions. A low value for parameter α guides 
the construction to a region of the solution space defined by the greedy functions. A high 
value for parameter λf guides to the opposite region. One explanation to the behavior 
observed is that the diversity needed to create the best approximate efficient set should be 
high to populate the complete efficient frontier. Hence the directions imposed by a low 
value of α and a high value of λf restrict too much such diversity and the intermediate 
regions probably are not explored. Other explanation is that the quality of the solutions in 
GRASP is highly dependent on the greedy functions used. Therefore an extension to this 
work is to make tests with other greedy functions to clarify the reason of this behavior. 
The lesson up to this point is that a higher randomness improves the results. 
 
 
Approximate efficient sets 
 
The goals of these experiments were to obtain approximate efficient sets for instances of 
different sizes and to compare these results with the available reference sets. For the 
smallest sizes 5-5-5-2, 5-5-5-5, and 5-5-20-2 the true efficient sets are known. For largest 
instances the upper bound sets were obtained with a modification of the ReC-1B 
algorithm that uses the ε-constraint method.. The complete group of instances that were 
tested is shown in Table 6.9. 
 
 

Table 6.9 Instances to test the metaheuristic algorithm 

Size 
Number 
of binary 
variables 

True 
efficient 

set 
available 

Upper 
bound set 
available 

Number 
of 

instances 

5-5-5-2 105 Yes - 5 
5-5-5-5 255 Yes - 5 

5-5-20-2 255 Yes - 5 
5-20-20-2 1020 - Yes 5 

20-20-20-2 1620 - Yes 5 
20-20-20-5 4020 - Yes 5 
20-20-50-5 7020 - Yes 5 
50-50-50-2 10050 - Yes 5 

50-50-100-2 15050 - Yes 5 
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It is expected that for the smallest sizes the metaheuristic may take more time than the 
exact method or that shows some deviation from the true efficient sets. For the largest 
instances the metaheuristic should show some advantages. 
 
The results observed in the parameter setting tests allowed defining values for these 
parameters for the final tests. According to the instance size some adjustment had to be 
done: 
 

• For instances of size 50-50-100-2 the metaheuristic algorithm was run for 1 
iteration with α = 1.0, λf = 0.0 and NCS = 50. 

• For instances of size 50-50-50-2 the metaheuristic algorithm was run for 5 
iterations with α = 1.0, λf = 0.0 and NCS = 50. 

• For the rest of the instances the metaheuristic algorithm was run for 10 iterations, 
with α = 1.0, λf = 0.0 and NCS = 100. 

 
The approximate efficient sets obtained with the metaheuristic algorithm are presented in 
Appendix 6. The comparison of the sets obtained with the metaheuristic algorithm to the 
reference sets is displayed in Table 6.10. Recall that a higher cardinality is better, a 
higher value for metric RPOS (Si) is better, and lower values for D  and Dmin are better. 
 
The results of Table 6.10 show that for small instance sizes (5-5-5-2, 5-5-5-5, and 5-5-20-
2) the metaheuristic algorithm provides worse sets than the exact algorithm in terms of 
quality and cardinality. Nonetheless some positive arguments can be expressed in favor 
of the metaheuristic for these instance sizes. The Dmin values indicate that some points of 
the true efficient set are found, and the run time is shorter with exception of the smallest 
instance size. 
 
The results of Table 6.11 show the comparison between the approximate sets obtained 
with the metaheuristic algorithm and the upper bound sets for large instances. The 
performance of the metaheuristic improves for the largest instances in terms of 
cardinality and quality compared to the reference upper bound sets. The metaheuristic 
algorithm provides of sets with almost the same size but of higher quality than the upper 
bound sets. The Dmin values indicate that the improvement may be up to 30% at some 
points. For many instances these results are achieved in less time than that required with 
the ReC algorithm. 
 
To observe the results in a more natural form, Figures 6.6 and 6.7 show the efficient 
frontiers in f1 – f2 plots for one of the smallest instances and for one of the largest 
instances respectively. In Figure 6.6 the approximate efficient set obtained with the 
metaheuristic is not too far from the true efficient set and it is well distributed along the 
efficient frontier. In Figure 6.7 the approximate efficient set obtained with the 
metaheuristic is better than the upper bound set obtained with the ε-constraint based 
algorithm. The difference is remarkable in the intermediate values of f2. As commented 
before this zone has a larger solution space and the ε-constraint based algorithm is not 
able to explore it efficiently to find good solutions. 
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Table 6.10 Comparison of the results of the metaheuristic algorithm [MH] vs. the true efficient sets 
[ReC] (small size instances) 

 

Size Instance Total time 
(sec) [MH] 

Total time 
(sec) [ReC] |SReC| RPOS(ReC) |SMH| RPOS(MH) D  Dmin

5-5-20-2 1 29 1982 31 1.000 20 0.050 1.042 1.000 
5-5-20-2 2 33 1658 33 1.000 20 0.050 1.031 1.000 
5-5-20-2 3 71 12709 33 1.000 22 0.045 1.045 1.000 
5-5-20-2 4 54 2436 32 1.000 20 0.050 1.052 1.000 
5-5-20-2 5 74 3676 33 1.000 27 0.037 1.028 1.000 
5-5-5-5 1 92 141 38 1.000 32 0.125 1.020 1.000 
5-5-5-5 2 64 335 40 1.000 25 0.160 1.027 1.000 
5-5-5-5 3 63 347 39 1.000 27 0.259 1.014 1.000 
5-5-5-5 4 147 359 39 1.000 31 0.194 1.022 1.000 
5-5-5-5 5 64 139 39 1.000 28 0.179 1.018 1.000 
5-5-5-2 1 75 6 32 1.000 22 0.364 1.028 1.000 
5-5-5-2 2 36 11 29 1.000 21 0.095 1.024 1.000 
5-5-5-2 3 43 10 28 1.000 22 0.364 1.019 1.000 
5-5-5-2 4 37 18 31 1.000 17 0.412 1.021 1.000 
5-5-5-2 5 41 9 25 1.000 18 0.389 1.017 1.000 
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Table 6.11 Comparison of the results of the metaheuristic algorithm [MH] vs. the upper bound sets 
(large size instances) [ReC] 

Size Instance Total time 
(sec) [MH] 

Total time 
(sec) [ReC] |SReC| RPOS(ReC) |SMH| RPOS(MH) D  Dmin

50-50-100-2 1 53715 24022 31 0.032 38 0.974 0.831 0.646 
50-50-100-2 2 59076 24022 30 0.000 37 1.000 0.798 0.645 
50-50-100-2 3 55026  24026 37 0.081 37 1.000 0.816 0.602 
50-50-100-2 4 57049 24604 33 0.091 37 0.946 0.859 0.681 
50-50-100-2 5 45386 24020 37 0.027 38 0.974 0.810 0.643 
50-50-50-2 1 32901 24604 39 0.051 37 0.973 0.903 0.813 
50-50-50-2 2 34144 24604 39 0.077 40 0.950 0.888 0.795 
50-50-50-2 3 41621 24010 37 0.027 36 0.972 0.850 0.698 
50-50-50-2 4 27755 24010 39 0.026 39 0.974 0.874 0.780 
50-50-50-2 5 30655 24008 36  0.028  40  0.975  0.909  0.843  
20-20-50-5 1 17756 24603 37 0.054 39 0.949 0.912 0.800 
20-20-50-5 2 20145 24603 41 0.024 41 0.976 0.899 0.793 
20-20-50-5 3 21887 24007 39 0.026 37 0.973 0.898 0.799 
20-20-50-5 4 18764 24603 40 0.025 38 0.974 0.908 0.816 
20-20-50-5 5 18001 24010 40 0.100  37 0.973  0.908 0.835 
20-20-20-5 1 5029 24270 41 0.049 41 0.951 0.927 0.842 
20-20-20-5 2 5426 24487 40 0.050 40 0.975 0.929 0.860 
20-20-20-5 3 3597 24009 39 0.077 39 0.949 0.930 0.844 
20-20-20-5 4 2764 24007 41 0.049 40 0.975 0.924 0.867 
20-20-20-5 5 5209 24605 38 0.053 41 0.951 0.936 0.859 
20-20-20-2 1 4680 22937 40 0.125 38 0.921 0.967 0.900 
20-20-20-2 2 4100 23405 39 0.128 39 0.872 0.965 0.906 
20-20-20-2 3 2847 23022 40 0.200 38 0.842 0.962 0.888 
20-20-20-2 4 4238 23407 40 0.150 39 0.872 0.973 0.878 
20-20-20-2 5 4612 23446 39 0.205 39 0.821 0.979 0.915 
5-20-20-2 1 3615 22257 38 0.289 37 0.703 0.973 0.900 
5-20-20-2 2 3097 22257 38 0.289 39 0.718 0.977 0.905 
5-20-20-2 3 2346 22231 38 0.368 37 0.649 0.983 0.914 
5-20-20-2 4 2403 21709 39 0.282 39 0.718 0.981 0.899 
5-20-20-2 5 4425 21669 39 0.282 39 0.718 0.977 0.920 
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Figure 6.6 Comparison of the efficient frontiers obtained with the metaheuristic algorithm [MH] and 

the ε-constraint based algorithm [ReC] for instance 5-5-5-2-1. 
 
 

Instance 50-50-100-2-1

6000000

8000000

10000000

12000000

14000000

16000000

18000000

20000000

5047444138353229262320171411

f 2

f 1
ReC
MH

 
Figure 6.7 Comparison of the efficient frontiers obtained with the metaheuristic algorithm [MH] and 

the ε-constraint based algorithm [ReC] for instance 50-50-100-2-1. 
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CHAPTER 7 
 
 
CONCLUSIONS 
 
 
General conclusions 
 
The process of supply chain design involves decisions over several aspects. The most 
treated decisions in the literature are facility location, transportation flows, production 
levels, supplier selection, and inventory level. Nevertheless only the most recent works 
include transportation mode selection. Transportation mode is an element of a more 
general set of transportation choices that may be defined as transportation channel. These 
choices include not only the transportation mode but different services of transportation 
provided by a company or the different services offered by several transportation 
companies. In the past these choices were usually differentiated by the unitary cost. 
However in the new conditions of competence in the markets new parameters have 
emerged to differentiate transportation services. One of these parameters is delivery time. 
In certain products, usually high value products, this parameter may be as important as 
cost for the end-customer. Also in the past delivery time was directly related to the 
geographical distance between facilities. However the new transportation services may 
deliver the product in a shorter time if necessary but regularly with a higher cost. This 
tradeoff is evident in the comparison among several transportation modes like rail and 
truck. 
 
The manager in charge of planning the supply chain configuration may require delivering 
the product in the shortest time from the plants to the end-customers with the minimum 
cost. This conflict has motivated to present the problem named “Capacitated Fixed Cost 
Facility Location Problem with Transportation Choices” (CFCLP-TC). In this problem 
the design of the supply chain is based on decisions about the facilities to open, the flows 
between facilities, and the selection of transportation channels between facilities. A 
mathematical model was formulated as a bi-objective mixed-integer program. The 
criteria to minimize are the total cost and the maximum time from the plants to the 
customers. The total cost is a combination of transportation cost and fixed opening cost. 
At difference from similar works in the literature the aim here is to provide the decision 
maker with a set of non-dominated alternatives to allow him-her deciding. Some 
qualitative information only known by the decision maker may motivate the selection of 
one of these alternatives. 
 
To solve the mathematical model three versions of an algorithm to implement the 
classical ε-constraint method were studied. These were named eC, ReC-2B, and ReC-1B. 
In the algorithms developed the cost function was considered as objective function while 
the time function was handled as a constraint with changing right-hand side values (εt). In 
the eC algorithm the value εt of the time function was reduced sequentially. In the ReC-

 78



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

2B and ReC-1B algorithms the value of εt is increased. In this way in each optimization 
step the previous solution can be used as incumbent solution, which is used 
advantageously in the branch and bound algorithm to solve the mixed-integer program 
involved. The difference between the ReC-2B and ReC-1B algorithms is in the way that 
the initial and final values of εt are calculated. In the ReC-2B algorithm these values are 
obtained through independent optimization of each objective function. In the ReC-1B 
algorithm the initial value of εt is estimated with a lower limit calculated from the 
instance data. These algorithms should obtain the true efficient set for a CFCLP-TC 
instance. 
 
The numerical results showed that the ReC-1B algorithm was more efficient (faster) than 
algorithms ReC-2B and eC. Its features contribute to the benefits obtained in time 
reduction. The ReC-1B algorithm takes advantage of using a start incumbent solution in 
each optimization step, in comparison to the eC algorithm. Also, the ReC-1B algorithm 
obtains the start value of εt from a lower limit estimated with the instance data, avoiding a 
time overhead that occurs in ReC-2B. Even for large instances the ReC-1B algorithm was 
able to obtain best gaps than the eC algorithm in most of the cases for the hardest 
iterations. The basic ideas used to design the ReC-1B algorithm may be adapted to other 
bi-objective problems easily. 
 
The exact algorithms were successfully applied for instances of up to 255 binary 
variables and 940 constraints. For larger instances the PC memory was insufficient to 
solve the MIP related to some values of εt. 
 
To obtain lower bound sets for large instances four schemes were examined. These were 
based on linear relaxations of the MIP model. One scheme is the linear relaxation of the 
complete MIP model (LP). The second one is the linear relaxation with cuts (LPc). The 
others make the linear relaxation of variables Aijl and BBjkl (ABr), and of variables Zj (Zr). 
The best lower bound sets were obtained with the Zr scheme with a more homogeneous 
behavior along the efficient frontier. Its main disadvantage is that its run time is longer 
than that required to obtain the true efficient set. This may be caused by the difficulty for 
CPLEX to apply some cuts with this relaxation. This difficulty added to the magnitude of 
the costs associated with variables Zj in the objective f1 improves the gap in the MIP very 
slowly. The other schemes produced low quality bound sets and should not be 
considered. Therefore further work must be done to obtain lower bound sets of high 
quality for this problem in reasonable run times. An option is to apply a Lagrangian 
relaxation scheme using the knowledge acquired in this study. 
 
Because of the computational complexity of the CFCLP-TC a heuristic method must be 
employed to solve large instances. A modification of the ReC-1B algorithm was used to 
obtain reference sets (upper bound sets) for large instances. The heuristic rule was to 
impose a time limit to solve each iteration related to a value of εt.  
 
One of the objectives of this work was to develop a metaheuristic algorithm to solve the 
CFCLP-TC. Metaheuristics have been implemented successfully to solve hard 
optimization problems. In recent years their application has extended from single-
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objective problems to multiobjective problems with an increasing interest in the academic 
community. The metaheuristic algorithm designed in this study uses some ideas of the 
approach proposed by González Velarde and Martí (2006). Additionally other ideas from 
Evolutionary Algorithms were incorporated because these methods have been applied 
extensively to multiobjective optimization problems. The resulting metaheuristic 
algorithm is composed of a Constructive method, an Improvement method, and a 
Combination method. These methods use a Hierarchical construction procedure to create 
a complete solution from a partial solution based on the opening of distribution centers. 
This procedure decomposes the supply chain in echelons and solves a related sub-
problem for each one. For the distribution center – customer echelon a Generalized 
Assignment Problem (GAP) is solved. For the plant – distribution center echelon a 
Transportation Problem (TP) is solved. In both cases CPLEX is used to optimize such 
sub-problems. During the execution of the metaheuristic algorithm an approximate 
efficient set is conserved and updated with each new feasible solution generated in the 
way. This strategy of Elitism is one of the main elements in state-of-the-art 
metaheuristics for multiobjective optimization. A reference set is constructed with this 
approximate efficient set and a set of diverse solutions, similarly to the strategy used in 
metaheuristics like Scatter Search. The reference set is used in the Improvement method 
and the Combination method to obtain new solutions to update the approximate efficient 
set. 
 
The Constructive method uses a GRASP approach to create partial solutions with some 
open distributions centers. The greedy functions used in this stage are aggregated 
functions where the influence of each objective and memory are defined by some 
weights. These weights are changed systematically to produce solutions well distributed 
in the efficient frontier. The Improvement method uses a local search approach that 
modifies the solutions through movements to open, close, and exchange distribution 
centers. The acceptance criterion for a new feasible solution uses the concept of 
dominance. This is also a feature of the state-of-the-art metaheuristics for multiobjective 
optimization. To avoid cycling some rules are imposed to fix a direction of improvement. 
The Combination method uses a Path Relinking approach that combines each pair of 
solutions in the reference set. This method is used in the last iteration as a post-processing 
stage to improve the approximate efficient set. For each pair of combined solutions a path 
of solutions is constructed opening and closing distribution centers. 
 
Several experiments were carried out to study the influence of some parameters of the 
metaheuristic algorithm in the quality of the approximate efficient sets. The parameters 
studied were α (quality parameter in the GRASP procedure), λf (influence of memory in 
the GRASP procedure), and NCS (number of constructed solutions in each iteration). The 
results indicated that the best setting is obtained when solutions are constructed with 
complete randomness, without influence of memory, and in the highest possible number. 
Further studies are required to clarify the appropriateness of the greedy functions 
proposed. 
 
The metaheuristic algorithm was used to solve small and large size instances. The 
approximate efficient sets obtained were compared to the available true efficient sets or 
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upper bound sets as appropriate. The comparison indicates that for the largest size 
instances the metaheuristic algorithm is better than the reference method in run time and 
quality of the sets. For small size instances the approximate efficient sets are not too far 
from the true efficient sets and are well distributed along the efficient frontier. 
 
In this way two algorithms were competitive. The exact algorithm based on the ε-
constraint method is better suited for small instances with less than 300 binary variables. 
The metaheuristic algorithm achieves better approximate efficient sets for larger 
instances in less time. 
 
The general scheme of the metaheuristic algorithm can be applied to a variety of multi-
objective problems. Some components developed here are specific for the CFCLP-TC. 
To apply the metaheuristic scheme to other problems some changes are needed. This 
adaptation involves developing a constructive procedure to generate solutions, 
appropriate neighborhoods for the improvement method, and specific mechanisms to 
combine solutions.  
 
 
Contributions 
 
One of the main contributions of this study is the introduction of the problem that 
considers the selection of the transportation channel in the supply chain design problem 
under a bi-objective optimization approach. The CFCLP-TC considers some aspects very 
common in the supply chain design literature but its complete definition and the 
mathematical model have not been treated in previous works. 
 
The ideas used to develop the exact algorithm also constitute a contribution. The use of 
incumbent solutions to solve sequential sub-problems in the ε-constraint method is not so 
evident in the literature. The results indicate an improvement in the efficiency of the 
algorithm when these solutions are used. The ideas from this algorithm can be extended 
to other bi-objective mixed-integer programming models with similar characteristics. 
 
The use of a metaheuristic algorithm different to Evolutionary Algorithms also represents 
an important contribution to the field of multiobjective optimization. Evolutionary 
Algorithms have dominated the literature since their first implementations in the mid-
1980s. Evolutionary Algorithms are generic metaheuristics developed to solve a wide 
variety of multiobjective optimization problems and they do not take into account the 
structure of the problem. In contrast, the metaheuristic scheme proposed here considers 
the structure of the CFCLP-TC using specific methods to construct, improve and 
combine solutions. 
 
The metaheuristic algorithm developed uses elements from state-of-the-art 
metaheuristics. One element is the elitism strategy that conserves and updates an 
approximate efficient set, to avoid losing solutions. Other element is the use of the 
concept of dominance in the acceptance of new solutions. Another element is the 
systematic variation of weighted functions to achieve a better distribution of the 
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approximate set along the efficient frontier. These elements contribute to the advantages 
of the metaheuristic algorithm to achieve the excellent results observed. 
 
Nonetheless there is still work to do with this problem and the methods used. Some issues 
for future work are discussed next. 
 
 
Extensions to the problem 
 
It must be recognized that many aspects may be considered additionally in the definition 
of the CFCLP-TC. Some problems of Supply Chain design described in recent papers 
have an “integrated” structure that combines several elements. Some examples of the 
issues considered in new integrated models are shown below. 
 

• Uncertainty in the parameters: Laporte, Louveaux, and Van Hamme (1994), 
Santoso et al. (2005), Snyder (2005). 

• Inventory: Erlebacher and Meller (2000), Daskin, Coullard, and Shen (2002); 
Shen, Coullard, and Daskin (2003), Shu, Teo, and Shen (2005). 

• Routing: Ambrosino and Scutella (2005). 
• Flexible capacities: Amiri (2006). 
• Product family selection: Lamothe, Hadj-Hamou, and Aldanondo (2006). 

 
These new integrated models are more complex, and if additionally they are transformed 
to multiobjective optimization problems the complexity may be almost intractable. The 
solution of real-size instances of these types of problems will be difficult using the 
current exact methods. Hence it is evident that heuristics and metaheuristics will continue 
dominating the field of supply chain design in the near future. For instance the paper by 
Caballero et al. (2004) shows the difficulties faced in the integration of uncertainty and 
multiple objectives using exact methods. Then not only the new problems arising will be 
more complex but they will require of more complex methods to solve them. 
 
Another extension of this work is the decomposition of the cost function in the CFCLP-
TC in two objective functions for the fixed costs and the variable costs. In this way the 
CFCLP-TC is transformed to a three-criterion problem. The number of alternatives in the 
solution set will be increased because of the implicit separation of the facility location 
decision and the transportation channel selection. This higher number of alternatives 
gives more information and flexibility to the decision maker to select one using the 
qualitative information available for him/her. 
 
The CFCLP-TC handles the single-product case and an important extension is to consider 
the case for multiple products that may bring opportunities for a wider application of the 
proposed methods. 
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Extensions to the methods 
 
Also in this dissertation some additional work can be done with new implementations for 
the exact and the metaheuristic algorithms. Some examples of what may be done are 
described below. 
 
Ehrgott (2006) describes a method of elastic constraints that apparently performs better 
than the ε-constraint method in terms of complexity and run time, and better than the 
weighted sum method in terms of finding the unsupported efficient solutions. It may be 
interesting to use this method in some large instances of the CFCLP-TC where the ε-
constraint problem failed to find some points of the true efficient frontier. 
 
Also related to the ε-constraint method, Laumanns, Thiele, and Zitzler (2006) describe a 
method to change adaptively the right hand side of the new constraints. In their 
procedure, each new solution found is used to update the non-dominated set. Although 
the CFCLP-TC has only two objectives, it may be interesting to apply it for extensions to 
this problem with more criteria. 
 
In the metaheuristic algorithm presented in this document the parameters were adjusted 
using tuning tests. Yet, an interesting approach used for GRASP is to make reactive this 
setting (Resende and Ribeiro, 2003). The reactive procedure has a mechanism to self-
calibrate the parameters of the metaheuristic. Some works have shown that this method is 
robust in terms of selecting a good parameter value for any instance size. An extension of 
the metaheuristic algorithm proposed here may be to include this reactive approach with 
the appropriate modifications for the multiobjective case. 
 
Additional work must be done also over the CFCLP-TC to obtain bound sets for large 
size instances. The paper by Ehrgott (2007) provides of insight in ideas to obtain lower 
and upper bound sets, and metrics to calculate the “gap” between them. He computes 
lower and upper bound sets for instances of known multiobjective combinatorial 
optimization problems: the assignment problem, the knapsack problem, the traveling 
salesperson problem, the set covering problem, and the set packing problem. A similar 
work has to be done for the CFCLP-TC in the future. As mentioned previously the lower 
bound schemes studied for the CFCLP-TC may be used to design a Lagrangian relaxation 
scheme that improves the efficiency in obtaining high quality lower bound sets. 
 
A pending task is to test different greedy functions in the GRASP component of the 
metaheuristic algorithm. As mentioned earlier this procedure is highly dependent on the 
choice of such functions. The results showed that their effect was not good for the quality 
and size of the approximate efficient sets obtained. The first approach to explain this 
phenomenon was based on the needed diversity to populate the efficient frontier. 
However the use of other greedy functions should be explored to confirm this hypothesis. 
 
The results of the metaheuristic algorithm were compared favorably to the results of an 
algorithm based on the ε-constraint method. However it may be interesting the 
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comparison of the metaheuristic algorithm with other methods. The natural candidates for 
this additional comparison are state-of-the-art Evolutionary Algorithms like SPEA 
(Zitzler and Thiele, 1999) and NSGA-II (Deb et al., 2002). 
 
In a detailed inspection of the quality of the approximate efficient sets obtained with the 
metaheuristic algorithm there appears a small deviation from the available upper bound 
sets for low values of f2. It is believed that it may be caused by the costs used to solve the 
GAP sub-problem. In the way it works in the algorithm, the idea is that the solution to the 
GAP uses the best arcs in terms of a combination of time and cost. However a different 
procedure may be provided to select some arcs first and later to solve the GAP sub-
problem with the true transportation costs. This may lead to a reduction of the deviation 
for solutions in the zone of the lowest values of f2. 
 
Finally, the development of a generic metaheuristic for multiobjective optimization is 
also interesting. The use of methods like GRASP, Variable Neighborhood Search, Path 
Relinking has not been treated in the literature. Although Scatter Search and Tabu Search 
have been used in some works these proposals may be improved. The development of 
such generic metaheuristic also may be an important contribution in the area. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 84



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 
REFERENCES 
 
 
A. Abraham, L. Jain, R. Goldberg (2005). Evolutionary Multiobjective Optimization. 
Springer-Verlag, London, UK. 
 
C. H. Aikens (1985). Facility Location Models for Distribution Planning. European 
Journal of Operational Research, 22 (3): 263-279. 
 
F. Altiparmak, M. Gen, L. Lin, T. Paksoy (2006). A Genetic Algorithm Approach for 
Multi-objective Optimization of Supply Chain Networks. Computers & Industrial 
Engineering, 51 (1): 197-216. 
 
D. Ambrosino, M. G. Scutella (2005). Distribution Network Design: New Problems and 
Related Models. European Journal of Operational Research, 165 (3): 614-624. 
 
A. Amiri (2006). Designing a Distribution Network in a Supply Chain System: 
Formulation and Efficient Solution Procedure. European Journal of Operational 
Research, 171 (2): 567-576. 
 
B. C. Arntzen, G. C. Brown, T. P. Harrison, L. L. Trafton (1995). Global Supply Chain 
Management at Digital Equipment Corporation. Interfaces, 25 (1): 69-93. 
 
J. E. C. Arroyo (2006). A GRASP/VNS Heuristic for Multi-objective Optimization. In 
Anales del XIII Congreso Latino-Iberoamericano de Investigación Operativa, CD-ROM, 
Montevideo, Uruguay, November. 
 
M. L. Balinski, H. Mills (1960). A Warehouse Problem. Technical Report. Mathematica, 
Princeton, USA, April. 
 
R. H. Ballou (1999). Business Logistics Management. Prentice Hall, Upper Saddle River, 
USA. 
 
R. H. Ballou (2001). Unresolved Issues in Supply Chain Network Design. Information 
Systems Frontiers, 3 (4): 417-426. 
 
W. J. Baumol, P. Wolfe (1958). A Warehouse Location Problem. Operations Research, 6 
(2): 252-263. 
 
J. Benjamin (1990). An Analysis of Mode Choice for Shippers in a Constrained Network 
with Applications to Just-In-Time Inventory. Transportation Research Part B, 24 (3): 
229-245. 
 

 85



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

R. Caballero, E. Cerda, M. M. Munoz, L. Rey (2004). Stochastic Approach versus 
Multiobjective Approach for Obtaining Efficient Solutions in Stochastic Multiobjective 
Programming Problems. European Journal of Operational Research, 158 (3): 633-648. 
 
R. Caballero, M. Gonzalez, F. M. Guerrero, J. Molina, C. Paralera (2007). Solving a 
Multiobjective Location Routing Problem with a Metaheuristics based on Tabu Search: 
Application to a Real Case in Andalusia. European Journal of Operational Research, 177 
(3): 1751-1763. 
 
W. M. Carlyle, J. W. Fowler, E. S. Gel, B. Kim (2003). Quantitative Comparison of 
Approximate Solution Sets for Bi-criteria Optimization Problems. Decision Sciences, 34 
(1): 63-82. 
 
F. T. S. Chan, S. H. Chung, K. L. Choy (2006). Optimization of Order Fulfillment in 
Distribution Network Problems. Journal of Intelligent Manufacturing, 17 (3): 307-319. 
 
S. Chopra, P. Meindl (2004). Supply Chain Management: Strategy, Planning, and 
Operation. Prentice Hall, Upper Saddle River, USA. 
 
C. A. Coello Coello (2005). Recent Trends in Evolutionary Multiobjective Optimization. 
In A. Abraham, L. Jain and R. Goldberg (eds.), Evolutionary Multiobjective 
Optimization, Chapter 2, pp. 7-32. Springer-Verlag, London, UK. 
 
C. A. Coello Coello, D. A. Van Veldhuizen, G. B. Lamont (2002). Evolutionary 
Algorithms for Solving Multi-objective Problems. Kluwer, New York, USA. 
 
J. F. Cordeau, F. Pasin, M. M. Solomon (2006). An Integrated Model for Logistics 
Network Design. Annals of Operations Research, 144 (1): 59-82. 
 
J. Current, H. Min, D. Schilling (1990). Multiobjective Analysis of Facility Location 
Decisions. European Journal of Operational Research, 49 (3): 295-307. 
 
P. Czyzak, A. Jaszkiewicz (1998). Pareto Simulated Annealing: A Metaheuristic 
Technique for Multiple-Objective Combinatorial Optimization. Journal of Multi-Criteria 
Decision Analysis, 7 (1): 34-47. 
 
M. S. Daskin, C. R. Coullard, Z. J. M. Shen (2002). An Inventory-Location Model: 
Formulation, Solution Algorithm and Computational Results. Annals of Operations 
Research, 110 (1-4): 83-106. 
 
M. S. Daskin, L. V. Snyder, R. T. Berger (2003). Facility Location in Supply Chain 
Design. Working Paper No. 03-010. Department of Industrial Engineering and 
Management Sciences, Northwestern University, Evanston, USA, December. 
 
K. Deb (2001). Multi-objective Optimization using Evolutionary Algorithms. Wiley, 
Chichester, UK. 

 86



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
K. Deb, A. Pratap, S. Agarwal, T. Meyarivan (2002). A Fast and Elitist Multiobjective 
Genetic Algorithm: NSGA-II. IEEE Transactions on Evolutionary Computation, 6 (2): 
182-197. 
 
M. Ehrgott (2005). Multicriteria Optimization. Springer, Heidelberg, Germany. 
 
M. Ehrgott (2006). A Discussion of Scalarization Techniques for Multiple Objective 
Integer Programming. Annals of Operations Research, 147 (1): 343-360. 
 
M. Ehrgott (2007). Bound Sets for Biobjective Combinatorial Optimization Problems. 
Computers & Operations Research, 34 (9): 2674-2694. 
 
M. Ehrgott, X. Gandibleux (2000). A Survey and Annotated Bibliography of 
Multiobjective Combinatorial Optimization. OR Spektrum, 22 (4): 425-460. 
 
M. Ehrgott, X. Gandibleux (2004). Approximative Solution Methods for Multiobjective 
Combinatorial Optimization. Sociedad de Estadistica e Investigacion Operativa TOP, 12 
(1): 1-89. 
 
S. J. Erlebacher, R. D. Meller (2000). The Interaction of Location and Inventory in 
Designing Distribution Systems. IIE Transactions, 32 (2): 155-166. 
 
E. Eskigun, R. Uzsoy, P. V. Preckel, G. Beaujon, S. Krishnan, J. D. Tew (2005). 
Outbound Supply Chain Network Design with Mode Selection, Lead Times and 
Capacitated Vehicle Distribution Centers. European Journal of Operational Research, 
165 (1): 182-206. 
 
M. S. Geiger (2007). On Operators and Search Space Topology in Multiobjective Flow 
Shop Scheduling. European Journal of Operational Research, 181 (1): 195-206. 
 
F. Glover, G. A. Kochenberger (2003). Handbook of Metaheuristics. Kluwer, Boston, 
USA. 
 
J. L. González Velarde, R. Martí (2006). Adaptive Memory Programming for the Robust 
Capacitated International Sourcing Problem. Computers & Operations Research, In 
Press. 
 
S. C. Graves, S. P. Willems (2005). Optimizing the Supply Chain Configuration for New 
Products. Management Science, 51 (8): 1165-1180. 
 
H. Ishibuchi, T. Murata (1998). A Multi-Objective Genetic Local Search Algorithm and 
Its Application to Flowshop Scheduling. IEEE Transactions on Systems, Man, and 
Cybernetics, 28 (3): 392-403. 
 

 87



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

A. Jaszkiewicz (2001). Multiple Objective Metaheuristic Algorithms for Combinatorial 
Optimization. Habilitation thesis, Poznan University of Technology, Poznan, Poland. 
 
A. Jaszkiewicz, D. Tuyttens (2006). Metaheuristics in Multiple Objective Optimization. 
European Journal of Operational Research, 169 (3): 873-874. 
 
D. F. Jones, S. K. Mirrazavi, M. Tamiz (2002). Multi-objective Meta-heuristics: An 
Overview of the Current State-of-the-art. European Journal of Operational Research, 
137 (1): 1-9. 
 
B. Kim (2003). Evaluation of Non-dominated Solution Sets for Multiple Objective 
Optimization Problems. PhD Dissertation, Ira A. Fulton School of Engineering, Arizona 
State University, Tempe, USA, June. 
 
A. Klose, A. Drexl (2005). Facility Location Models for Distribution System Design. 
European Journal of Operational Research, 162 (1): 4-29. 
 
J. D. Knowles, D. W. Corne (2000). Approximating the Nondominated Front Using the 
Pareto Archived Evolution Strategy. Evolutionary Computation, 8 (2): 149-172. 
 
A. A. Kuehn, M. J. Hamburger (1963). A Heuristic Program for Locating Warehouses. 
Management Science, 9 (4): 643-666. 
 
J. Lamothe, K. Hadj-Hamou, M. Aldanondo (2006). An Optimization Model for 
Selecting a Product Family and Designing its Supply Chain. European Journal of 
Operational Research, 169 (3): 1030-1047. 
 
J. D. Landa Silva, E. K. Burke, S. Petrovic (2004). Multiobjective Metaheuristics for 
Scheduling and Timetabling. In X. Gandibleux, M. Sevaux, K. Sorensen and V. T’kindt 
(eds.), Metaheuristics for Multiobjective Optimisation, Lecture Notes in Economics and 
Mathematical Systems, Chapter 4, pp. 4-129. Springer-Verlag, Berlin, Germany.  
 
G. Laporte, F. V. Louveaux, L. Van Hamme (1994). Exact Solution to a Location 
Problem with Stochastic Demands. Transportation Science, 28 (2): 95-103. 
 
M. Laumanns, L. Thiele, E. Zitzler (2006). An Efficient, Adaptive Parameter Variation 
Scheme for Metaheuristics based on the Epsilon-Constraint Method. European Journal of 
Operational Research, 169 (3): 932-942. 
 
C. K. Y. Lin, R. C. W. Kwok (2006). Multi-objective Metaheuristics for a Location-
Routing Problem with Multiple Use of Vehicles on Real Data and Simulated Data. 
European Journal of Operational Research, 175 (3): 1833-1849. 
 
J. Molina, M. Laguna, R. Marti, R. Caballero (2007). SSPMO: A Scatter Tabu Search 
Procedure for Non-Linear Multiobjective Optimization. INFORMS Journal of 
Computing, 19 (1): 91-100. 

 88



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
A. Olivera, O. Viera (2007). Adaptive Memory Programming for the Vehicle Routing 
Problem with Multiple Trips. Computers & Operations Research, 34 (1): 28-47. 
 
L. Paquete, T. Stutzle (2006). A Study of Stochastic Local Search Algorithms for the 
Biobjective QAP with Correlated Flow Matrices. European Journal of Operational 
Research, 169 (3): 943-959. 
 
M. G. C. Resende, C. C. Ribeiro (2003). Greedy Randomized Adaptive Search 
Procedures. In F. Glover, G. A. Kochenberger (eds). Handbook of Metaheuristics. 
Chapter 8, pp. 219-249. Kluwer, Boston, USA. 
 
T. Santoso, S. Ahmed, M. Goetschalckx, A. Shapiro (2005). A Stochastic Programming 
Approach for Supply Chain Network Design under Uncertainty. European Journal of 
Operational Research, 167 (1): 96-115. 
 
Z. J. M. Shen, C. Coullard, M. S. Daskin (2003). A Joint Location Inventory Model. 
Transportation Science, 37 (1): 40-55. 
 
J. Shu, C. P. Teo, Z. J. M. Shen (2005). Stochastic Transportation-Inventory Network 
Design Problem. Operations Research, 53 (1): 48-60. 
 
C. G. D. Silva, J. Figueira, J. Clímaco (2007). Integrating Partial Optimization with 
Scatter Search for Solving Bi-criteria {0, 1}-Knapsack Problems. European Journal of 
Operational Research, 177 (3): 1656-1677. 
 
D. Simchi-Levi, P. Kaminski, E. Simchi-Levi (2000). Designing and Managing the 
Supply Chain: Concepts, Strategies and Case Studies. McGraw Hill, Boston, USA. 
 
L. V. Snyder (2005). Facility Location under Uncertainty: A Review. Technical Report 
#04T-015. Department of Industrial and Systems Engineering, Leigh University, 
Bethlehem, USA, February. 
 
R. E. Steuer (1989). Multiple Criteria Optimization: Theory, Computation and 
Application. Krieger Publishing Company, Malabar, USA. 
 
E. D. Taillard, L. M. Gambardella, M. Gendreau, J. Y. Potvin (2001). Adaptive Memory 
Programming. European Journal of Operational Research, 135 (1): 1-16. 
 
K. C. Tan, C. K. Goh, Y. J. Yang, T. H. Lee (2006). Evolving Better Population 
Distribution and Exploration in Evolutionary Multiobjective Optimization. European 
Journal of Operational Research, 171 (2): 463-495. 
 
C. D. Tarantitlis, C. T. Kiranoudis (2007). A Flexible Adaptive Memory-based 
Algorithm for Real-life Transportation Operations: Two Case Studies from Diary and 
Construction Sector. European Journal of Operational Research, 179 (3): 806-822. 

 89



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
D. J. Thomas, P. M. Griffin (1996). Coordinated Supply Chain Management. European 
Journal of Operational Research, 94 (1): 1-15. 
 
T. H. Truong, F. Azadivar (2005). Optimal Design Methodologies for Configuration of 
Supply Chains. International Journal of Production Research, 43 (11): 2217- 2236. 
 
C. J. Vidal, M. Goetschalckx (1997). Strategic Production-Distribution Models: A 
Critical Review with Emphasis on Global Supply Chain Models. European Journal of 
Operational Research, 98 (1): 1-18. 
 
J. G. Villegas, F. Palacios, A. L. Medaglia (2006). Solution Methods for the Bi-objective 
(Cost-Coverage) Unconstrained Facility Location Problem with an Illustrative Example. 
Annals of Operations Research, 147 (1): 109-141. 
 
W. Wilhelm, D. Liang, B. Rao, D. Warrier, X. Zhu, S. Bulusu (2005). Design of 
International Assembly Systems and their Supply Chains under NAFTA. Transportation 
Research Part E, 41(6): 467-493. 
 
D. D. Zeng (1998). Multi-issue Decision Making in Supply Chain Management and 
Electronic Commerce. PhD Dissertation, Graduate School of Industrial Administration 
and Robotics Institute, Carnegie Mellon University, Pittsburgh, USA, December. 
 
G. Zhou, H. Min, M. Gen (2003). A Genetic Algorithm Approach to the Bi-criteria 
Allocation of Customers to Warehouses. International Journal of Production Economics, 
86 (1): 35-45. 
 
E. Zitzler, M. Laumanns, L.Thiele, C. M. Fonseca, V. G. D. Fonseca (2002). Why 
Quality Assessment of Multiobjective Optimizers is Difficult. In Proceedings of the 
Genetic and Evolutionary Computation Conference, pp. 666-674. New York, USA, July. 
 
E. Zitzler, L. Thiele (1999). Multiobjective Evolutionary Algorithms: A Comparative 
Case Study and the Strength Pareto Approach. IEEE Transactions on Evolutionary 
Computation, 3 (4): 257-271. 
 
 
 
 
 
 
 
 
 
 
 
 

 90



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

APPENDIX 1: Multiobjective optimization 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 91



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 
Multiobjective optimization 
 
This section explains some definitions to introduce the reader to the terms of 
multiobjective optimization. These definitions include concepts like dominance, 
efficiency, and names for the sets of solutions obtained with exact and heuristic methods. 
These concepts are described in detail in several books (Steuer, 1989; Deb, 2001; Coello 
Coello, Van Veldhuizen, and Lamont, 2002; Abraham, Jain, and Goldberg, 2005; 
Ehrgott, 2005) and in many papers. There are differences in notation and details in these 
references. Hence some homogeneity was intended in the definitions shown below to be 
clear in the document. 
 
 
Definitions 
 
A multiobjective optimization problem looks for a set of solutions that minimize (or 
maximize) a vector of p objective functions subject to a set of constraints. Given that the 
maximization of a function can be transformed to a minimization problem, the 
multiobjective optimization problem is defined in the later approach: 
 

( ) ( )( )xfxf p,,min 1 K  
 
Subject to 
 

Xx∈  
 
In particular for combinatorial optimization problems some variables are defined as 
integer, and constraints and objectives are linear functions such as: 
 

( )Cxmin  
 
Subject to 
 

0≥
≤

x
bAx  

 
Where C is a p × n objective function matrix where ck denotes the kth row of C, i.e. the 
vector of coefficients for objective function fk (x).  
 
It is important to identify two spaces. The first is the decision (solution) space given by 
the decision variables x. And the second is the image of the decision space, i.e. the 
objective (criterion) space given by f1 (x), f2 (x), …, fp (x). This distinction is important to 
understand that several solutions may produce the same point in the criterion space. 
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A feasible solution ∈ X is called efficient if there does not exist x ∈ X such that fx̂ k (x) ≤ 
fk ( x ) for all k = 1, …, p, and fˆ k (x) < fk ( x ) for some k. The image of the efficient 
solution  in the criterion space is called a non-dominated point. However both terms 
‘non-dominated” and “efficient” are used indistinctly for the solution space in the 
literature, i.e. non-dominated solution or efficient solution. 

ˆ
x̂

 
The dominance definition has two levels. A solution ∈ X weakly dominates a solution x 
∈ X if f

x̂
k ( ) ≤ fx̂ k (x) for all k = 1, …, p, and fk ( ) < fx̂ k (x) for some k. A solution ∈ X 

strongly (or strictly) dominates a solution x ∈ X if f
x̂

k ( x ) < fˆ k (x) for all k = 1, …, p. A 
strict dominance of solution  over solution x is expressed as . A weak dominance 
of solution  over solution x is expressed as  

x̂ xx pˆ
x̂ x̂ p  x. 

 
For instance, in Figure A1.1 the dominance relations are shown for nine points in the 
criterion space of a bi-objective minimization problem. The reference is point 1: 

• Points 3, 4, and 6 are dominated by Point 1.  
o Points 3 and 6 are weakly dominated by point 1.  
o Point 4 is strictly dominated by point 1. 

• Points 2, 1, and 9 are non-dominated among them. 
• Points 5, 7, and 8 dominate point 1. 

o Points 5 and 8 weakly dominate point 1. 
o Point 7 strictly dominates point 1. 

• If these nine points correspond to all the feasible solutions, then point 7 is the only 
non-dominated point. The solutions that produce this point are the only efficient 
solutions. 

 
 

 
Figure A1.1 Dominance relations for a bi-objective minimization problem. 
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The aim of the optimization of a multiobjective problem is to find the set of efficient 
(non-dominated) solutions. Some solutions exhibit good values for one criterion while 
their values for other criteria are deteriorated. The idea is to find the points that are non-
dominated to make a posteriori selection of the preferred solution according to the 
tradeoff in the criterion space. 
 
The set of solutions obtained with an exact method is called the true efficient set. The set 
of solutions obtained with a heuristic method is named the approximate efficient (non-
dominated) set. Also these sets may be named true efficient frontier and approximate 
efficient frontier respectively. 
 
 
Exact methods 
 
The exact solution to a multiobjective optimization problem comes in the form of a true 
efficient set. The importance in obtaining this set is the same as for single-objective 
optimization. The exact solution to a model that tries to solve an applied problem may 
produce a competitive advantage to the user of such model. The best alternatives in the 
form of an efficient set provide of flexibility to the decision maker to choose the most 
appropriate with implicit benefits based on its quality. 
 
Laumanns, Thiele, and Zitzler (2006) observe that obtaining true efficient sets for 
multiobjective problems has a theoretical importance also. The development of new 
heuristic methods for this type of problems and the increment of their application requires 
that a benchmark of true efficient frontiers exist to establish comparisons. 
 
The most common scalarization techniques proposed for linear and mixed-integer 
programs are (Ehrgott, 2006): 
 

• The weighted sum method 
• The ε-constraint method 
• Benson’s method 
• The augmented weighted Chebychev (Tchebycheff) method 
• The weighted max-ordering method 
• Achievement scalarizing functions and the reference point method 

 
The most popular methods are the weighted sum method and the ε-constraint method. 
The other methods are less popular and do not provide significant advantages over the 
weighted sum method and the ε-constraint method. Some additional methods and theory 
of Multiobjective optimization can be found in Steuer (1989) and Ehrgott (2005). 
 
The weighted sum method is based on the aggregation of the objective functions in a 
single objective function as follows. 
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( )∑
=

p

k
kk xf

1
min λ  

 
Subject to 
 

Xx∈  
 
Where usually 
 

1
1

=∑
=

p

k
kλ  

 
The problem derived from the weighted sum method has the same computational 
complexity of the single-objective problem. However, the weights must be changed to 
obtain a set of efficient solutions. Yet this method does not guarantee to find all the 
efficient solutions for problems with non-convex criterion space. This property has led to 
define the solutions obtained with this method as supported efficient solutions. 
 
The ε-constraint method is based on a transformation of the problem. One objective 
function is selected as main objective function and the others are transformed in 
constraints as shown below. 
 

( )xf jmin  
 
Subject to 
 

( ) kk xf ε≤   k = 1, …, p  k ≠ j 
Xx∈  

 
The values of the parameters εk must be changed iteratively. The ε-constraint method is 
able to find all the efficient solutions including the non-supported solutions. Nevertheless 
it is possible only if the values of the parameters εk are adequately defined. The problem 
derived from this method is harder to solve than the single-objective problem because it 
adds a constraint of the knapsack type. The degree of increase in complexity is highly 
problem dependant. 
 
The structure of the CFCLP-TC allows classifying it as a Multiobjective Combinatorial 
Optimization (MOCO) Problem (Ehrgott and Gandibleux, 2000). Some results in theory 
have shown that this type of problems has an important number of non-supported 
efficient solutions. Using only the weighted sum method may lead to an incomplete true 
efficient frontier. Therefore the most adequate method to solve the CFCLP-TC seems to 
be the ε-constraint method. 
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Ehrgott and Gandibleux (2000) show an excellent review of methods applied to the 
following MOCO problems: 
 

• Shortest Path 
• Assignment Problem 
• Transportation/Transshipment Problem 
• Network Flow Problem 
• Spanning Tree Problem 
• Matroid Base/Matroid Intersection Problem 
• Traveling Salesperson Problem 
• Knapsack Problem 
• Discrete/Network Location Problem 
• Set Covering Problem 

 
The complexity of these problems has motivated in recent years the application of 
metaheuristics methods to obtain approximate efficient sets. These methods have been 
based mainly on Genetic Algorithms, Simulated Annealing, and Tabu Search. The results 
obtained with these methods have shown a promising research direction for the solution 
of Multiobjective Combinatorial Optimization Problems.  
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APPENDIX 2: True efficient sets for instances of sizes 5-5-5-2, 5-5-5-5, and 5-5-20-2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 97



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 

Instance size 5-5-5-2 
Instance: 1 2 3 4 5 6 7 8 9 10 

f2= f1= 
50         265573.7           
49   325993.0 297723.6     196101.0 210974.9 274587.5     
48   327596.5   251705.8   197779.7 210980.4       
47 245978.7   304866.0 259467.3   217704.0 214496.8   284535.4   
46 257021.0     261279.0     217367.3 275334.9 285679.3 370455.1 
45   328961.8             296239.1 370528.0 
44 260091.1 334627.4   265102.5 278941.8 222524.0   278218.6 298294.6 372257.5 
43 267025.0 344133.8 313990.9 272921.6   223131.2 220563.5 281224.2 303501.5 374010.0 
42 279424.8 346513.2 321422.2 280712.2 299409.1 236532.5 228688.5 282812.3 309516.6 378483.1 
41       285887.9   237614.5 233356.4 289275.1 316960.8 379828.5 
40 280875.6 350541.0   288195.3 311447.5 239415.5 238312.3 290936.5 317682.0 397347.8 
39   354996.5 329366.9 293565.9 314713.0 241886.6 239474.0 292879.2   403074.1 
38 287365.8 357450.6 338886.0 297855.7 323885.2 247175.3 246763.9 298630.3 327808.0 406938.9 
37 293850.7 361462.9 342090.0 298785.0 332498.6   247887.0 298787.8 336841.5 410346.0 
36 306250.5 372772.1 350406.5 313424.0 349935.5 253994.1 255649.0 305857.4 342962.4 419354.1 
35 315924.4 392868.7 354240.7 317886.0 356312.1 259282.9 260055.0 308719.7 352539.9 421854.1 
34 319445.5 404449.4 358122.8 329703.8   275795.9 270028.3 313651.9 352647.8 426850.4 
33 328464.2 405466.7 370254.6 345099.7 359656.4 287423.5 272594.5 318795.9 353214.5 430716.8 
32 345663.9 419880.6 373049.0 354882.5 370187.1 295657.8 275864.0 329878.5 360164.2 433834.2 
31   432044.8 379015.5 361123.0   306183.5 284821.8 342704.8 372191.9 449420.9 
30 353704.7 438230.0 393830.0 364421.6     333354.1 358392.1 387119.2 463186.2 
29 373679.3 440636.2   368221.0 391238.1 317783.2 347903.7 363268.2 402030.1 477121.2 
28 381572.8 444405.5 410712.8   416842.6   351215.3 381061.3 410275.8 489014.2 
27 394670.5 459782.5 429484.7 419374.5 441621.8 325393.7 355525.1 391518.8 421273.6 505013.6 
26 414408.0 504803.7 450156.5 433646.6 450795.3 368600.2 387147.1 398456.5 426761.0 514305.9 
25 424664.8 507314.6 451014.4 434995.5 459248.3 397148.2 419905.5   447762.5 525718.4 
24 450625.1 529514.2 463304.8 453546.3 461830.8 409179.1 428669.8 413679.9 509461.8 561848.3 
23 484122.9 556634.5 480158.5 471890.2 487264.2 432988.9 435132.4 466461.4 510076.7 564458.6 
22 502305.0   494505.5 478485.5 517980.7 444179.4 454375.8 471667.6 515569.8 585596.3 
21 505763.6 626934.8 506499.1 525487.4 538455.6 454433.6 455809.2 475348.9 552068.1 634664.6 
20 536478.3 654724.1 514724.8 530695.9 553170.9 478813.3 482551.3 508608.0 569592.3 658613.6 
19 542553.4 702885.7 534822.9 562112.4 592783.7 568317.4 537941.5   730855.6 719520.4 
18 552793.2 739611.4 577916.4 580675.9 630969.6 577287.2   571052.5 733653.9 751559.4 
17 591787.3 785034.9 603159.3 633589.1 648909.3 585491.1     801974.1   
16 611983.7   706699.3 679090.5 705902.3           
15 638812.8   767609.2               
14 677203.3                   
13 753441.8                   
12 763998.9                   
11                     
10                     

|Si| = 32 29 28 31 25 28 29 27 30 29 
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Instance size 5-5-5-5 
Instance: 1 2 3 4 5 6 7 8 9 10 

f2= f1= 
50   303140.2 280588.1   242514.8   202613.0       
49   306539.0 284687.8 232869.0 255025.6   203515.0 250270.8 275151.3 346883.0 
48 235652.9 307561.7 285327.5 234560.8 258204.1 191538.6 206255.4   276703.9 347870.6 
47   308932.8 288150.1 237552.5   193183.3 207944.0 251468.6 279933.8 352170.4 
46 241941.6 310378.1 291622.1 244040.2 262981.8 195374.1 210421.3 252149.4 282903.4 352742.8 
45 245556.8 316403.3 293618.5 245732.0 265139.6 199607.6 214245.4 252899.6 285044.0 357627.8 
44 250242.7 319715.6 295700.0 253746.4 271596.7 201464.8 217751.5 253977.4 289643.9 359865.7 
43 255467.1 324207.8 299666.3 259852.4 273962.1 203708.9 221193.8 257862.2 293320.8 367726.7 
42 260551.3 328971.9 304030.3 261075.8 278411.3 208219.9 225754.9 263032.9 297537.5 370188.0 
41 265237.1 334640.9 309531.3 262767.6 285371.7 212076.2 227926.4 266577.9 303638.3 372643.5 
40 270461.6 340146.7 313996.3 268816.6 294206.6 216262.8 231116.2 267542.9 308456.9 379536.5 
39 276206.3 347162.2 317788.4 276830.9 295330.6 222270.6 234406.2 271191.8 313587.5 384372.7 
38 282851.9 352805.3 321774.5 285902.2 298878.3 227360.1 237744.3 277024.6 320264.2 390658.6 
37 290182.6 359201.4 327424.3 291951.2 301036.1 230143.0 241575.0 281801.9 326020.7 397798.1 
36 296288.7 368915.7 331802.2 300533.8 307493.2 236334.4 245707.1 285450.7 330391.7 405531.9 
35 300974.5 374821.0 337662.6 305375.9 309858.6 238059.0 250509.1 290607.2 336299.0 409755.0 
34 306198.9 378082.3 344248.5 307396.0 316819.0 244102.9 256479.3 297060.6 342963.4 415112.4 
33 311943.7 381521.3 353911.7 313445.0 330778.9 248718.0 262448.0 303821.9 348042.0 423186.6 
32 318589.3 389991.2 360285.4 323482.4 333809.3 254388.0 269899.4 310822.4 357259.1 430224.3 
31 325920.0 399682.8 371745.8 329006.8 361343.6 258139.7 272837.2 316065.7 360429.7 437463.3 
30 339378.8 416375.9 384796.2 337147.9 363926.0 266714.5 277208.5 319800.1 368799.2 444562.8 
29 345713.5 423307.9 388972.5 342563.1 385881.7 272878.3 285237.3 327250.6 381853.4 452151.5 
28 360765.7 432637.5 406326.9 350371.1 388247.1 297914.7 294324.6 332573.9 386849.1 463189.1 
27 370377.5 442340.6 418689.5 361465.4 412847.9 300963.4 308421.3 340650.3 394863.1 473416.5 
26 384523.0 453559.8 429605.5 374604.8 428595.9 306475.8 315655.6 351782.8 407853.8 486063.9 
25 393352.8 471228.6 440960.1 384318.1 440325.2 323631.1 327797.7 361946.7 425515.9 499302.4 
24 409700.2 482191.5 456059.6 394502.0 451902.6 332397.6 349599.7 379017.9 444962.4 524717.0 
23 426713.4 495498.3 470543.3 411305.7 465923.8 338107.1 360748.2 402951.5 457067.3 536001.6 
22 443847.7 510890.9 485230.5 434805.9 486948.8 372360.0 365496.9 412255.6 470995.8 555177.4 
21 462493.4 535250.5 498827.3 448189.8 503813.5 389341.8 391352.2 427081.5 479354.8 570106.7 
20 486233.6 552059.8 516000.4 475164.8 516007.0 400949.8 407408.7 456587.2 508460.6 594926.1 
19 497119.9 590259.2 538012.7 492298.7 536022.4 416574.6 428706.7 475921.2 527981.1 616572.9 
18 516857.4 607739.7 558949.4 507156.8 579063.3 436057.7 467431.7 488352.4 551665.6 639902.4 
17 550125.4 653078.0 584752.3 540075.8 598732.8 447275.7 481645.9 525232.9 582860.2 659962.9 
16 573194.3 694834.6 623337.5 560232.9 625272.9 479185.3 513730.8 535733.2 598236.4 678201.8 
15 612103.9 711694.3 655276.4 580251.1 650000.8 507997.0 542226.3 574826.1 632260.1 709146.5 
14 657930.5 780729.2 689059.6 626969.0 695242.4 585976.0 582580.9 602393.4 681502.8 749958.6 
13 683268.0 824456.6 747770.7 663124.0 764083.8 651571.3 664096.8 629940.6 729039.3 787521.4 
12 731448.6 862409.3 892859.1 701275.2 801817.6 694766.3 711076.1 682571.4 842668.9 841039.8 
11 787357.1 893022.0   763716.8 1002440.4     722427.2     
10 846534.0                   

|Si| = 38 40 39 39 39 37 39 38 38 38 
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Instance size 5-5-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1803728.6 1713364.6 1657004.4   1508087.3 
49 1805714.6 1726019.9 1663102.9 1450246.1 1512988.8 
48 1820561.3 1727103.5 1678765.0 1461159.8 1513726.3 
47 1833756.5 1734117.5 1693318.1 1465509.6 1526034.3 
46 1844283.4 1745331.1 1712149.0 1481260.3 1544129.5 
45 1854922.4 1762199.5 1723487.0 1495293.0 1578482.3 
44 1881518.1 1768455.4 1756093.5 1499568.1 1581230.4 
43 1896295.8 1798155.9 1774201.4 1529501.1 1595040.6 
42 1907188.9 1830807.1 1787837.0 1535116.5 1608395.4 
41 1921594.0 1848890.5 1797823.1 1559821.3 1648933.1 
40 1935412.9 1858562.9 1816072.5 1578351.4 1655988.0 
39 1962965.4 1872235.4 1845251.0 1590282.0 1692357.1 
38 1974324.6 1886572.8 1857804.3 1611893.0 1720688.0 
37 1993740.1 1908667.9 1898910.3 1643979.4 1744120.5 
36 2021259.8 1932581.1 1937725.1 1654156.4 1757501.6 
35 2044165.9 1954906.4 2010028.1 1671767.4 1789010.3 
34 2077706.1 1994759.9 2027009.8 1718587.4 1830874.8 
33 2096779.3 2019351.1 2066717.4 1744822.3 1846352.1 
32 2129069.5 2054049.4 2093002.1 1764747.9 1897279.1 
31 2174866.8 2086335.6 2146982.0 1793639.9 1939949.1 
30 2214425.8 2133347.8 2184320.3 1853980.5 1971288.4 
29 2266842.8 2166245.5 2224014.8 1927579.5 2012714.1 
28 2304788.3 2246560.8 2255891.8 1987444.5 2067834.6 
27 2346125.0 2291266.3 2342944.0 2022047.1 2143789.3 
26 2399588.3 2354666.3 2430506.8 2056243.3 2174865.5 
25 2448088.8 2392087.5 2478392.8 2104463.8 2232482.3 
24 2524596.5 2516065.8 2561682.3 2203978.8 2301468.8 
23 2632234.8 2572769.3 2663508.5 2269066.0 2344815.5 
22 2688712.3 2655743.3 2754459.8 2348306.5 2393896.5 
21 2849893.8 2763600.0 2837104.3 2436172.8 2532100.8 
20 3234175.3 2880577.8 2918251.8 2514833.8 2640914.0 
19   2953604.8 3021938.0 2584259.3 2831669.3 
18   3121255.5 3142098.5 2771404.0 2955630.5 
17           
16           
15           
14           
13           
12           
11           
10           

|Si| = 31 33 33 32 33 
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Instance size 5-5-20-2 
Instance: 6 7 8 9 10 

f2= f1= 
50 1577333.3     1744341.4 1742405.1 
49 1584353.8 1457593.9 1738289.5 1747839.6 1743363.5 
48 1600062.0 1460481.0 1748219.0 1752141.9 1748205.4 
47 1603902.6 1466836.8 1753020.5 1754705.5 1756266.3 
46 1626366.0 1486352.8 1776515.6 1761992.9 1766575.8 
45 1634215.9 1503414.6 1780094.1 1775635.5 1782845.3 
44 1650191.4 1513390.6 1784106.5 1793632.3 1795778.1 
43 1664887.6 1529272.5 1794524.9 1802514.1 1808204.4 
42 1669577.4 1541251.3 1822891.5 1822082.0 1836711.8 
41 1712922.1 1561360.8 1835381.1 1845363.1 1847845.6 
40 1717665.6 1571947.5 1846528.1 1866925.6 1864221.1 
39 1727989.5 1587710.9 1868834.0 1884916.4 1883121.1 
38 1763572.3 1609704.8 1887206.5 1916784.3 1910384.0 
37 1767855.9 1625493.1 1917154.5 1926576.6 1945879.5 
36 1791200.6 1645652.4 1934857.9 1972850.4 1983348.0 
35 1840609.1 1674803.6 1963604.3 2012277.5 2002951.3 
34 1877339.8 1695064.6 1991936.9 2032715.6 2039323.5 
33 1890760.4 1738739.5 2014992.3 2066296.5 2055329.6 
32 1912959.0 1766633.8 2052044.9 2122314.0 2091026.0 
31 1950852.6 1813106.9 2089269.9 2145647.0 2113468.5 
30 1999386.9 1851810.3 2124671.3 2196323.3 2160543.8 
29 2040228.5 1893737.5 2154473.8 2241441.0 2195896.5 
28 2058659.6 1948415.9 2221942.3 2338152.8 2239578.8 
27 2130556.3 1973081.9 2263732.0 2400233.3 2294622.0 
26 2201652.8 2087700.6 2330417.3 2451732.5 2326528.0 
25 2268690.3 2116167.0 2366622.3 2467163.5 2382346.0 
24 2315716.3 2212279.5 2452281.8 2538283.5 2410267.0 
23 2375662.8 2254389.5 2563848.5 2602770.5 2464906.3 
22 2685600.8 2295673.0 2659856.3 2756774.8 2569740.8 
21   2385913.5 2782379.8 2861689.8 2679046.5 
20   2503892.8 2830006.0 3032129.8 2756364.3 
19   2585394.8 2910561.8 3280203.3 2868503.3 
18   2687183.8 3017299.3   3042404.8 
17   2798208.0 3424061.8   3312859.5 
16   2956150.3       
15           
14           
13           
12           
11           
10           

|Si| = 29 34 33 32 34 
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APPENDIX 3: Table A3.1 Average, minimum, and maximum values of the f1 
(scheme) / f1 (MIP) ratios for the proposed lower bounding schemes 
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 Instance size 5-20-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1074330.5 1124443.1 1052828.6 904593.8 1067904.9 
49 1091308.1 1126845.0 1060265.6 912721.3 1069907.0 
48 1094312.8 1144036.5 1068890.5 929056.6 1089333.3 
47 1107386.3 1149694.1 1099225.0 942586.9 1109401.0 
46 1146861.4 1183867.8 1119121.8 968986.0 1123753.3 
45 1155129.8 1203486.8 1144274.4 1004071.8 1152881.3 
44 1191264.4 1233431.1 1176225.5 1013746.6 1158508.9 
43 1206189.5 1266103.8 1182686.1 1031771.9 1190397.5 
42 1240174.1 1286455.3 1191913.3 1053625.4 1216637.0 
41 1249445.6 1298600.1 1259992.1 1055387.6 1222397.1 
40 1273402.0 1328748.1 1266654.9 1113798.1 1246482.1 
39 1310120.1 1357989.5 1314708.3 1143863.5 1289205.9 
38 1324433.8 1420685.6 1330647.3 1163462.3 1353232.5 
37 1395504.0   1344152.6 1194318.6 1371075.5 
36 1438529.8 1438349.5 1367090.4 1212175.5 1408082.5 
35 1475751.5 1487544.6 1377481.3 1248211.0 1444310.9 
34 1479598.1 1493734.3 1474882.9 1300011.9 1502175.4 
33 1546849.9 1542246.0 1542842.1 1331204.0 1518541.1 
32 1565146.3 1636406.8   1356401.6 1549529.9 
31 1612742.9 1658040.5 1584959.9 1363703.9 1584487.8 
30 1628019.4 1712190.4 1635175.4 1413487.9 1597751.9 
29 1642430.0 1752690.5 1678302.4 1421466.1 1607685.4 
28 1715372.3 1790545.0 1694458.8 1428322.9 1658944.5 
27 1740545.9 1842566.6 1744038.8 1517893.6 1708154.0 
26 1813620.0 1870349.3 1756422.1 1572212.4 1803589.4 
25 1872086.1 1911815.4 1793001.4 1592116.3 1822017.1 
24 1913936.5 1954209.1 1803590.9 1606782.1 1870974.3 
23 1945542.5 1978938.3 1920261.3 1680204.9 1914653.1 
22 1980012.8 2056028.9 1942060.8 1717951.0 1967323.8 
21 1989947.9 2113235.3 2032624.5 1796586.0 1977748.9 
20 2073340.9 2179890.3 2091504.6 1850701.4 2093036.8 
19 2137133.8 2274864.8 2182062.3 1898082.4 2109773.0 
18 2207394.0 2302896.0 2225482.8 1959160.8 2257344.0 
17 2329732.0 2418717.0 2344277.8 2079334.5 2358909.3 
16 2438746.8 2512236.8 2485089.8 2159768.3 2491782.0 
15 2542110.0 2652062.5 2614994.8 2320422.3 2526570.8 
14 2722527.5 2839355.8 2768242.5 2470438.5 2700285.8 
13 2909457.8 3015419.8 2985045.5 2597365.0 2966510.5 
12   3216651.5 3172502.0 2770171.0 3084127.5 
11           
10           

|Si| = 38 38 38 39 39 
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 Instance size 20-20-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1071526.5 1091343.0 1044887.1 905112.3 1060380.1 
49 1086084.1 1127071.8 1058202.8 913623.3 1073752.4 
48 1105727.4 1150482.9 1096206.6 929097.8 1083465.8 
47 1121271.1 1159798.1 1105344.5 941805.8 1124727.4 
46 1140908.4 1174039.0 1133703.4 962475.3 1138159.9 
45 1159184.3 1203052.9 1155992.6 979355.4 1167980.9 
44 1181535.8 1246106.8 1169247.9 1008379.3 1185029.5 
43 1209275.6 1259807.6 1179166.9 1017972.6 1203278.0 
42 1216300.0 1297140.5 1212695.1 1042620.3 1224677.1 
41 1248028.0 1312991.9 1228673.6 1049096.1 1251196.9 
40 1264147.8 1332575.8 1249981.9 1053870.6 1272014.4 
39 1307218.5 1344915.5 1279869.0 1137265.1 1300728.0 
38 1317008.6 1394462.6 1307034.0 1154610.3 1312090.6 
37 1340667.9 1416963.4 1329146.5 1173446.8 1334851.1 
36 1385626.0 1435877.5 1363164.9 1225038.3 1364570.3 
35 1411134.4 1525915.6 1435295.5 1229000.8 1437031.0 
34 1452707.4 1546378.1 1491177.4 1254791.0 1484678.3 
33 1525323.8 1576900.5 1515830.8 1277098.4 1506964.6 
32 1559162.4 1619656.8 1527304.1 1286512.3 1517906.8 
31 1605207.6 1667026.9 1538408.5 1300456.8 1558837.4 
30 1664487.4 1691760.3 1643678.5 1474653.8 1576464.6 
29 1676079.9 1704614.9 1680338.9 1485499.9 1605194.3 
28 1682090.5 1716329.8 1712585.8 1500553.3   
27 1759941.4 1804273.0 1721695.0 1520175.1 1690508.5 
26 1794775.5 1824720.5 1777621.6 1526250.4 1722212.6 
25 1838179.4 1846261.0 1908152.0 1565874.4 1773945.9 
24 1874903.1 1882699.9 1925324.4 1597395.3 1852421.0 
23 1914152.9 1979650.4 1944206.9 1650129.0 1872989.1 
22 1938784.5 2033016.4 2009923.1 1706815.6 1910902.1 
21 2051059.3 2113126.0 2093795.5 1781937.1 1963848.6 
20 2106821.3 2192342.8 2133238.0 1825065.1 2104912.5 
19 2180549.8 2260676.3 2178358.8 1917710.5 2177844.0 
18 2244729.8 2369658.5 2324341.0 2002784.5 2291289.3 
17 2368607.3 2486907.0 2405083.0 2132149.0 2368745.0 
16 2479108.5 2536939.5 2555493.8 2184844.3 2483298.5 
15 2579251.8 2710693.8 2668112.0 2287257.8 2607556.0 
14 2677798.3 2837892.5 2796311.8 2392480.3 2688607.0 
13 2862336.8 2983451.0 2908617.0 2539525.5 2824147.3 
12 3092137.5 3165375.0 3103962.8 2697965.0 3030361.3 
11 3385250.8   3396394.0 2924730.8 3254596.3 
10           

|Si| = 40 39 40 40 39 
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 Instance size 20-20-20-5 
Instance: 1 2 3 4 5 

f2= f1= 
50 1060921.4 1092105.8 1035044.4 898712.3 1053598.3 
49 1071504.0 1126245.9 1059237.3 930927.3 1069111.9 
48 1099734.5 1136690.5 1073006.9 939640.1 1093049.3 
47 1118011.6 1172487.4 1100334.0 946475.7 1100229.3 
46 1137268.1 1178397.3 1118710.8 963010.3 1119935.6 
45 1161296.5 1205796.9 1137009.0 971020.7 1138256.9 
44 1193445.3 1215084.9 1179025.1 997254.6 1151268.9 
43 1206036.8 1234500.1 1193798.6 1011287.3 1179337.8 
42 1227161.6 1242376.4 1205970.8 1026574.3 1196376.0 
41 1251680.8 1270164.1 1224574.5 1035973.6 1220309.6 
40 1276043.1 1349899.9 1254237.6 1063971.6 1252596.5 
39 1334716.3 1373930.6 1305217.6 1102716.9 1311741.9 
38 1349639.6 1397718.9 1328989.0 1155448.0 1318773.8 
37 1364297.3 1443847.1 1362456.1 1172127.6 1335563.4 
36 1390570.6 1480125.6 1425578.4 1230068.8 1408369.9 
35 1433383.3 1515930.3 1447881.1 1261406.5 1446460.0 
34 1450153.8 1545065.9 1495117.9 1299827.3   
33 1522106.6 1570270.4 1544974.1 1328091.6 1497708.5 
32 1540537.3 1640316.6 1552150.0 1353237.6 1519184.5 
31 1614726.3 1668899.6 1630491.1 1387859.5 1588771.5 
30 1712342.5 1739880.5 1676487.8 1442042.0 1618588.4 
29 1722784.6 1775001.5   1473333.6 1650290.0 
28 1807104.1 1789433.3 1755564.0 1490238.0 1753522.5 
27 1837699.5   1809079.3 1568334.0 1776310.8 
26 1905784.0 1808493.3 1895897.1 1575592.5 1809089.1 
25 1921790.1 1926047.1   1654099.4 1886274.6 
24 1946138.8 1946116.0 1933196.1 1669290.6 1918400.6 
23 1980718.8 1991986.1 1964713.9 1750561.6   
22 2032698.5 2040149.3 1979021.0 1795168.9 1945874.3 
21 2074897.1 2167320.5 2019929.8 1816846.4   
20 2168943.8 2230048.5 2159902.3 1889371.9 2076646.0 
19 2252931.3 2256048.5 2168619.0 1960546.4 2225126.0 
18 2281344.5 2381430.0 2247711.0 2005026.0 2319469.5 
17 2425551.3 2535833.8 2336279.5 2144039.8 2432667.0 
16 2495582.5 2677723.3 2429655.3 2206380.3 2504319.5 
15 2696778.5 2757656.8 2666849.3 2349303.0 2609903.0 
14 2726037.8 2860916.3 2741818.5 2443015.8 2704882.5 
13 2866389.8 2952208.0 2848779.8 2531015.8 2891133.5 
12 3064639.3 3093763.5 3039959.3 2693699.0 3004187.3 
11 3222568.0 3283709.0 3237447.5 2839967.3 3178339.3 
10 3419023.8 3539008.5 3474761.5 3068972.3 3410768.3 

|Si| = 41 40 39 41 38 
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 Instance size 20-20-50-5 
Instance: 1 2 3 4 5 

f2= f1= 
50 3630121.5 3751384.8 3823966.5 3480817.3 3462796.8 
49 3708147.5 3836451.0 3884051.5 3574780.5 3562800.8 
48 3746945.0 3882453.8 3980344.5 3618465.5 3608550.3 
47 3771429.0 3904130.3 4043179.0 3638324.0 3655289.8 
46 3797737.3 3931333.5 4078027.3 3681235.3 3670376.8 
45 3824873.3 4003824.3 4148920.5 3737459.0 3723404.5 
44 4015418.3 4069088.0 4213381.5 3758375.0 3850791.3 
43 4056302.3 4120897.8 4235836.0 3823595.8 3879827.5 
42 4064791.5 4203215.5 4322158.0 3844717.3 3927122.0 
41 4184871.8 4338583.5 4344121.0 3941765.0 4051478.0 
40 4228639.0 4432981.0 4422620.0 4047324.5 4073304.3 
39   4511907.0 4677297.5 4096045.3 4145587.8 
38 4337763.5 4604181.5 4822327.5 4150238.0 4348946.5 
37 4435316.0 4889152.0 4849453.5 4243057.5 4437583.5 
36 4532983.0 4982506.0 4927341.0 4281066.0 4534336.0 
35   5128680.0 5111076.0 4416204.5 4640163.0 
34 4890213.0 5304122.5 5402523.0 4758919.5 4671810.5 
33 5277848.0 5324974.0 5470613.0 4901867.5 4688044.5 
32   5705222.5 5635881.0   4808198.0 
31   5901075.0   5118992.5 4853511.0 
30 5302420.5 5952627.5 5647404.0 5138350.0 5244806.5 
29 5607158.5 5963855.5 5697444.5 5324233.0 5260089.0 
28 5905462.0 5970924.5 6024219.0 5326213.0 5262036.5 
27 5938576.0 5977022.5 6238631.0 5368569.5 5295421.5 
26 5949163.5 5980500.5 6456878.0 5732039.5 5708773.0 
25 6005695.0 6488904.5 6470276.0 5740583.5 5796489.5 
24 6067565.5 6531829.5 6487614.0 5771194.5 5804329.0 
23 6072858.5 6588708.0 6528707.5 6127606.0 6072970.0 
22 6578955.0 6700948.5 6560046.0 6141103.0 6089374.0 
21 6608136.5 6919404.0 6760110.5 6229893.5 6192320.0 
20 6639118.5 7295094.5 6951034.0 6353019.0 6225099.5 
19 6738809.0 7348057.5 7098482.0 6401320.0 6603911.5 
18 7018839.5 7548728.5 7378049.5 6450326.0 6968984.5 
17 7294824.5 7683188.5 7574985.0 6896483.5 7145077.5 
16 7427063.0 7823029.5 7783420.5 7094093.5 7319990.5 
15 7510101.5 7984818.5 7972127.0 7306331.5 7450242.5 
14 7973296.0 8210785.0 8212899.5 7500321.5 7640254.5 
13 8234301.0 8495940.0 8612085.0 7831344.5 8117781.0 
12 8578647.0 8805883.0 8987058.0 8210128.0 8359884.5 
11 9017692.0 9262108.0 9428045.0 8629608.0 8864711.0 
10 9644631.0 9900509.0   9224195.0   

|Si| = 37 41 39 40 40 
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 Instance size 50-50-50-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 2644950.5 2793894.8 2824746.3 2621081.3 2559538.0 
49 2777149.5 2881669.0 2951223.3 2713090.5 2693845.5 
48 2859839.3 2972924.5 2984600.5 2780287.0 2834434.5 
47 2874076.0 3011088.8 3068234.8 2856881.3 2850259.8 
46 2895619.5 3077363.5 3076781.0 2912655.0 2863300.3 
45 2990077.8 3097251.8   3004218.5 2873283.8 
44 3046510.0 3151266.8 3260118.5 3071549.0 2952814.0 
43 3102469.0 3225405.3 3413316.5 3151885.3 3056199.5 
42 3156823.5 3265719.5 3470816.0 3185084.8 3166496.3 
41 3179520.3 3350385.0 3526505.8 3246430.8 3230929.8 
40 3297176.0 3535935.0 3571967.8 3251942.0 3272908.5 
39 3380714.8   3618900.0 3286498.0   
38 3535405.5 3598347.5 3780576.0 3388922.0 3403110.0 
37 3564629.5 3794513.3 3850487.5 3800027.0 3414156.8 
36 3664399.0 3921362.3 3951002.0 3951929.5 3421150.3 
35 3783219.3 4138931.5 4306783.0 3967082.3 3501842.3 
34 3830156.8 4210228.5 5046355.5 3972496.3 3641165.3 
33   4460935.0 5080370.0 3997683.0   
32   4513550.0 5145061.0 4348667.0 3835500.5 
31 3896556.8     4415689.5 3855575.0 
30 3903879.8 4589000.0 5216235.0 4428090.5 4099081.8 
29 4486433.5 4834778.0 5216894.5 4430365.0   
28 4523241.5 4962473.0 5268005.0 4842573.5   
27 4524104.0 4969755.5 5315354.0 4894903.0 4190657.3 
26 4905474.5 5034153.0 5392430.0 5014641.0 4585238.0 
25 4915706.0 5061512.5 5528416.0 5016875.5 4758916.5 
24 5451746.5 5581918.0   5108561.0 4848091.5 
23 5455759.5 5635235.0 5531315.0 5153905.0 4897505.0 
22 5465635.0 5645254.0 5549710.5   4964654.0 
21 5475950.0 6084166.5 5943189.0 5305046.0 5510944.0 
20 6074089.5 6212133.5 6061325.0 5639008.0 5721386.5 
19 6090661.0 6334701.0 6227083.0 5885176.0 5805894.0 
18 6131526.5 6450427.0 6332992.0 5987716.5 5989266.5 
17 6245322.0 6639451.5 6565627.0 6151842.0 6101256.0 
16 6547845.5 6888818.0 6804996.5 6474188.0 6527818.5 
15 6754000.0 7094094.0 7220326.5 6577426.0 6777020.0 
14 7238488.0 7266538.5 7470687.0 6808724.5 6911971.0 
13 7503366.5 7558142.0 7625378.5 7160111.5 7099219.5 
12 7799871.5 7919891.5 7961756.0 7546218.0 7481337.0 
11 8276371.5 8367787.0 8385153.5 8048630.5 7955443.0 
10 8761744.0 8969204.0       

|Si| = 39 39 37 39 36 
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 Instance size 50-50-100-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 6926486.0 7049298.0 7088460.5 6795932.5 6601572.0 
49 7781850.5 7982241.0 7222817.5 7190919.0 6992956.0 
48   8244230.5 7928257.0 7278458.0 7067233.0 
47     7930623.5 7354674.5 7259755.5 
46 8013561.5   8131871.0 7586977.5 7574622.5 
45 8127390.0 8437336.0 8365611.0 7786912.0 7592048.0 
44 8128417.0   8462324.0 8050116.0 7671401.0 
43 8151758.5   8525855.0   7854175.5 
42 8283629.0 8527736.0 8620978.0 8230652.0 8213423.0 
41 8289508.0 8748477.0 8680842.0 8498925.0 9794346.0 
40 8891560.0 8799427.0 8792631.0 8698954.0 9809805.0 
39   9032031.0     10477280.0 
38     8806517.0 8726278.0 10600107.0 
37     9079148.0 8891953.0 11223041.0 
36     10366366.0 9168259.0 11498693.0 
35     10523841.0 9175307.0   
34 12568792.0 12915480.0   10501497.0 11921721.0 
33   13102633.0 10732658.0 10505838.0 12626313.0 
32 13127847.0 13277610.0 14040722.0 10662541.0   
31 13246870.0 13466215.0     12708285.0 
30 13497070.0 13738113.0 14967534.0   12823945.0 
29 13541901.0 13892466.0 14976560.0   12878931.0 
28 13549058.0 14011755.0 15046697.0   12929209.0 
27   14016197.0 15052544.0 13855889.0 13037712.0 
26 13585885.0 14073738.0 15086107.0 13864376.0 13052588.0 
25 13663993.0 14099586.0 15116256.0     
24 13774816.0 14261837.0 15178132.0 14032727.0 13132038.0 
23 13833556.0 14285686.0 15312655.0 14119274.0 13183241.0 
22 13928415.0 14289222.0 15316683.0 14187142.0 13481205.0 
21 13975233.0 14450584.0 15332253.0 14248861.0 13514830.0 
20 13997120.0 14811841.0 15436353.0   13531037.0 
19 14352423.0 14940007.0 15462092.0 14360259.0 14093885.0 
18 14568758.0 14973728.0 15757103.0 14548900.0 14252679.0 
17 14687437.0 15081993.0 15789452.0 14633112.0 14451297.0 
16 15026916.0 15178492.0 16064157.0 15507965.0 14667249.0 
15 15093490.0 16004458.0 16243208.0 15673335.0 15385761.0 
14 15861567.0 16489311.0 16646321.0 16323059.0 15583130.0 
13 16182148.0 16683082.0 17186184.0 16865612.0 16167837.0 
12 17360738.0   17758398.0 17259968.0 16701998.0 
11 17919800.0   19000892.0 18309938.0 17533844.0 
10       18963198.0   

|Si| = 31 30 37 33 37 
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Table A5.1 Results of the parameters setting experiments 

Experiment Size Instance α λ f NCS |S i | R POS Time (sec)
1 5-20-20-2 1 0.3 0.0 50 36 0.222 1.0181 571.4
2 5-20-20-2 1 0.3 0.6 50 33 0.061 1.0335 2073.3
3 5-20-20-2 1 0.3 0.0 100 33 0.152 1.0119 812.1
4 5-20-20-2 1 0.3 0.6 100 34 0.029 1.0280 3870.3
5 5-20-20-2 1 0.7 0.0 50 36 0.194 1.0097 644.1
6 5-20-20-2 1 0.7 0.6 50 36 0.000 1.0280 2490.2
7 5-20-20-2 1 0.7 0.0 100 38 0.474 1.0061 1592.4
8 5-20-20-2 1 0.7 0.6 100 37 0.027 1.0195 4802.5
9 20-20-20-5 1 0.3 0.0 50 34 0.029 1.0092 414.2

10 20-20-20-5 1 0.3 0.6 50 39 0.000 1.0206 3136.8
11 20-20-20-5 1 0.3 0.0 100 38 0.184 1.0046 1063.2
12 20-20-20-5 1 0.3 0.6 100 40 0.050 1.0161 6773.2
13 20-20-20-5 1 0.7 0.0 50 37 0.243 1.0057 851.4
14 20-20-20-5 1 0.7 0.6 50 40 0.025 1.0223 2726.7
15 20-20-20-5 1 0.7 0.0 100 39 0.590 1.0031 2431.7
16 20-20-20-5 1 0.7 0.6 100 37 0.081 1.0116 4992.4
17 5-20-20-2 2 0.3 0.0 50 35 0.143 1.0136 906.5
18 5-20-20-2 2 0.3 0.6 50 36 0.000 1.0324 2527.5
19 5-20-20-2 2 0.3 0.0 100 38 0.289 1.0105 1230.1
20 5-20-20-2 2 0.3 0.6 100 36 0.083 1.0241 3154.0
21 5-20-20-2 2 0.7 0.0 50 36 0.250 1.0126 699.4
22 5-20-20-2 2 0.7 0.6 50 37 0.000 1.0266 2066.0
23 5-20-20-2 2 0.7 0.0 100 38 0.342 1.0059 2277.1
24 5-20-20-2 2 0.7 0.6 100 37 0.162 1.0183 4019.1
25 20-20-20-5 2 0.3 0.0 50 38 0.053 1.0124 381.9
26 20-20-20-5 2 0.3 0.6 50 38 0.000 1.0192 3506.5
27 20-20-20-5 2 0.3 0.0 100 40 0.300 1.0072 1078.7
28 20-20-20-5 2 0.3 0.6 100 40 0.000 1.0161 7983.9
29 20-20-20-5 2 0.7 0.0 50 36 0.167 1.0059 608.0
30 20-20-20-5 2 0.7 0.6 50 39 0.000 1.0181 2572.5
31 20-20-20-5 2 0.7 0.0 100 38 0.579 1.0016 2711.6
32 20-20-20-5 2 0.7 0.6 100 41 0.098 1.0110 7411.1
33 5-20-20-2 3 0.3 0.0 50 37 0.054 1.0239 407.3
34 5-20-20-2 3 0.3 0.6 50 36 0.028 1.0317 1011.9
35 5-20-20-2 3 0.3 0.0 100 35 0.257 1.0140 901.5
36 5-20-20-2 3 0.3 0.6 100 37 0.108 1.0227 3119.8
37 5-20-20-2 3 0.7 0.0 50 34 0.235 1.0149 673.8
38 5-20-20-2 3 0.7 0.6 50 37 0.108 1.0265 1515.5
39 5-20-20-2 3 0.7 0.0 100 37 0.270 1.0096 1465.3
40 5-20-20-2 3 0.7 0.6 100 37 0.108 1.0203 2697.3
41 20-20-20-5 3 0.3 0.0 50 35 0.143 1.0107 414.9
42 20-20-20-5 3 0.3 0.6 50 39 0.051 1.0187 1892.4
43 20-20-20-5 3 0.3 0.0 100 38 0.211 1.0075 855.3
44 20-20-20-5 3 0.3 0.6 100 40 0.050 1.0143 2336.4
45 20-20-20-5 3 0.7 0.0 50 37 0.135 1.0088 690.6
46 20-20-20-5 3 0.7 0.6 50 40 0.050 1.0178 1908.4
47 20-20-20-5 3 0.7 0.0 100 40 0.575 1.0033 1838.7
48 20-20-20-5 3 0.7 0.6 100 39 0.026 1.0130 4830.6

D
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Table A5.2 Results of the repeated experiments for instance size 20-20-20-5 
Experiment Size Instance α λ f NCS |S i | R POS Time (sec)

1 20-20-20-5 1 0.3 0.0 50 39 0.128 1.0059 1314.5
2 20-20-20-5 1 0.3 0.6 50 40 0.000 1.0201 4009.9
3 20-20-20-5 1 0.3 0.0 100 41 0.220 1.0040 2226.3
4 20-20-20-5 1 0.3 0.6 100 40 0.025 1.0180 5731.5
5 20-20-20-5 1 0.7 0.0 50 38 0.053 1.0068 1072.1
6 20-20-20-5 1 0.7 0.6 50 39 0.000 1.0192 2475.2
7 20-20-20-5 1 0.7 0.0 100 41 0.195 1.0029 3292.4
8 20-20-20-5 1 0.7 0.6 100 40 0.050 1.0143 6538.7
9 20-20-20-5 1 1.0 0.0 100 40 0.375 1.0016 5298.0

10 20-20-20-5 2 0.3 0.0 50 39 0.103 1.0062 947.7
11 20-20-20-5 2 0.3 0.6 50 40 0.000 1.0218 2597.2
12 20-20-20-5 2 0.3 0.0 100 40 0.200 1.0045 1732.0
13 20-20-20-5 2 0.3 0.6 100 40 0.025 1.0174 7507.6
14 20-20-20-5 2 0.7 0.0 50 40 0.200 1.0054 1707.0
15 20-20-20-5 2 0.7 0.6 50 40 0.000 1.0190 2581.6
16 20-20-20-5 2 0.7 0.0 100 41 0.341 1.0028 5515.6
17 20-20-20-5 2 0.7 0.6 100 41 0.049 1.0139 7729.1
18 20-20-20-5 2 1.0 0.0 100 41 0.244 1.0023 5002.4
19 20-20-20-5 3 0.3 0.0 50 38 0.079 1.0084 683.4
20 20-20-20-5 3 0.3 0.6 50 39 0.026 1.0217 1836.0
21 20-20-20-5 3 0.3 0.0 100 39 0.179 1.0067 1346.0
22 20-20-20-5 3 0.3 0.6 100 39 0.000 1.0153 3439.2
23 20-20-20-5 3 0.7 0.0 50 39 0.154 1.0051 947.9
24 20-20-20-5 3 0.7 0.6 50 39 0.000 1.0205 1904.9
25 20-20-20-5 3 0.7 0.0 100 40 0.350 1.0021 3264.2
26 20-20-20-5 3 0.7 0.6 100 40 0.025 1.0162 4328.9
27 20-20-20-5 3 1.0 0.0 100 40 0.375 1.0020 4155.3

D
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 Instance size 5-5-5-2 
Instance: 1 2 3 4 5 

f2= f1= 
50         265573.7 
49   325993.0 297723.6     
48       251705.8   
47 245978.7 330178.9 304866.0 259467.3   
46 258026.6   318225.1 261279.0   
45   333147.7 322433.2     
44 262338.0 339628.4 327206.0 265102.5 278941.8 
43 267025.0         
42           
41   364520.0       
40         311447.5 
39     329761.1     
38 287365.8   338886.0 301321.2   
37     342090.0 303241.6 338875.2 
36 307588.7 377103.1 350590.8     
35 320910.6   354240.7 348679.1   
34 329662.4         
33 333183.5 405466.7   357225.2 359656.4 
32   424233.4     377363.1 
31     379015.5     
30 353704.7 441282.3   371793.6   
29 411666.0 443688.5   379979.6 391238.1 
28   455548.6 410712.8 433924.6   
27 440470.4 471314.2 429484.7   445780.0 
26   506423.2 456422.0 446564.6 450795.3 
25 460371.9 512849.8 482691.3     
24 480109.4 533040.6 486446.6   491519.0 
23 513717.7 574092.9     519853.6 
22   652569.3 499391.8 478485.5 544938.6 
21   653899.7     550360.9 
20 536478.3 702676.0 534822.9 530695.9 555470.5 
19 553831.9 787811.5 542017.6 562112.5 592783.7 
18 578468.2   608432.9 611448.6 631045.3 
17   806921.9 610266.6   677145.2 
16     771294.0 709174.8 708201.9 
15 660116.1         
14 677203.2         
13 753441.8         
12 763998.9         
11           
10           

|Si| = 22 21 22 17 18 
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 Instance size 5-5-5-5 
Instance: 1 2 3 4 5 

f2= f1= 
50   303140.2 280588.1   242514.8 
49     284687.7 232869.0 256797.7 
48 235652.9     234560.8 259582.0 
47 243385.3     237552.5   
46   314237.1 292261.9     
45 249673.9   294081.8 251647.4   
44 255620.9 328855.1 303035.5 263555.2   
43     314418.4   280828.9 
42 262883.0 333118.6 316341.4 267459.7   
41 267568.8     280994.1   
40 278522.0         
39 292487.0 357052.7 321629.1 285416.3 299727.3 
38 292614.5     288659.7   
37       294708.7 305417.8 
36 300416.5   333012.6 307901.3 307783.1 
35 314055.9   340323.3   309858.6 
34 315950.2 378082.3     316819.0 
33   383265.4   316323.1 334673.3 
32   398950.1 361145.5 331008.9 338906.6 
31 330008.0 417249.8 384810.4 333584.6   
30 343466.8 438201.0 390851.6 340025.9 388465.4 
29 351543.1     345402.6   
28 361528.4 444401.4 411321.7 350371.1 414381.4 
27 372690.9 470266.3 423699.9 372242.1   
26 392482.7 472349.9 432309.3   430700.8 
25 407913.3   465289.1   445104.2 
24 417680.8 485488.1   395704.9 451902.6 
23     474417.4 425708.4 467834.2 
22 443847.7 510890.9 491720.0 466317.5 490761.9 
21 479917.0 549555.3 506755.7 470670.0 520345.7 
20 499524.1 564105.0 529487.8   521606.7 
19   606467.1   497462.1 538531.4 
18 521899.9 617342.4 558949.4 536140.2 591129.3 
17 551107.5 663889.6 584752.3 563658.6 604781.9 
16 579068.3 708254.0 623337.5 566224.5 644454.4 
15 620480.7 746655.3 682915.5 580251.1 650000.8 
14 670617.4 809633.7 689059.6 644874.1 745364.3 
13 712861.2   747770.7 666427.9 798052.0 
12 772038.0 862409.2   701275.2 820787.4 
11 787357.1 999988.1   793778.3   
10 846534.0         

|Si| = 32 25 27 31 28 
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 Instance size 5-5-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1803728.7 1713364.6 1657004.3   1508087.3 
49 1824799.1   1675293.5 1450246.1   
48     1701692.4   1515210.6 
47   1766572.9   1509381.3 1554322.0 
46 1878523.9     1512972.0 1569233.4 
45   1791899.5 1756402.3 1531166.3   
44       1572893.0 1597666.7 
43 1921635.9 1866224.2     1603398.4 
42     1811614.4 1591455.4 1634453.9 
41   1901002.6     1664643.5 
40 1984307.4     1611682.4 1699063.0 
39     1861122.8   1714508.7 
38 2003816.8   1878850.6 1659088.6   
37 2011911.2 1953132.2 1983561.3   1784111.0 
36 2054472.7   2057510.2 1690835.0 1844495.9 
35 2126609.2 2009810.2   1729407.9 1869049.0 
34 2149217.3 2019718.1 2150044.5   1894468.3 
33 2198483.8 2035362.4   1812764.6 1933097.7 
32   2098688.1   1906029.9 1939705.7 
31 2223789.6 2128326.8 2203599.0 2034735.5 1982491.1 
30 2261647.4 2196932.2 2287136.7 2090380.6   
29 2381836.0 2208724.6     2085472.7 
28 2435318.0 2383407.2     2166913.3 
27     2385730.2     
26 2473327.5   2568126.9   2256257.2 
25 2651924.2 2444029.3 2748265.0 2152619.1 2292048.2 
24     2789723.1 2368179.5 2418843.2 
23 2763788.8 2680702.1 2894565.1 2491201.9 2459254.1 
22 2992364.4 2765179.0 2938362.6   2475803.8 
21 3338887.3   3068452.9 2591768.3 2602863.5 
20   3056483.3 3139617.4   2762223.0 
19   3178493.9 3161528.3 2674015.6 2928392.3 
18   3312685.6 3308860.8 3037229.7   
17           
16           
15           
14           
13           
12           
11           
10           

|Si| = 20 20 22 20 27 
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 Instance size 5-20-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1071191.2 1116174.7 1049405.0 901519.8 1068627.9 
49 1076207.6 1125890.0 1059920.9 910394.1 1071161.8 
48 1101748.5 1147899.9 1077380.2 934576.8 1087225.9 
47 1121466.6 1170250.6 1087772.5 949821.2 1110191.0 
46 1139227.0 1178156.2 1112003.7 950898.6 1129103.3 
45 1160691.3 1202403.2 1115011.1 981261.7 1129599.0 
44 1175025.0 1204025.3  997048.4 1151743.1 
43  1223718.8 1148280.4 1008622.1 1166802.9 
42 1186814.2 1233824.0 1194605.7 1018435.9 1187833.6 
41 1211295.5 1269653.8 1195551.2 1045083.4 1199511.1 
40 1240915.9 1288655.1 1220261.6 1077412.1 1233722.6 
39 1248039.9 1304475.2 1238468.6 1086046.3 1250439.0 
38 1280200.7 1342458.1 1259268.5 1088306.2 1261078.8 
37 1303322.2 1369994.0 1270196.0 1114821.6 1272572.1 
36 1337094.2 1386896.9 1314110.5 1138388.1 1326587.5 
35 1356409.1 1410166.7 1348970.6 1154206.9 1343858.8 
34 1383025.1 1429472.3 1377695.8 1168713.2 1382872.4 
33 1414973.7 1460445.1 1410270.4 1197100.6 1397020.4 
32 1439702.9 1495269.3 1437897.2 1245461.7 1434762.8 
31 1450870.8 1532038.6 1485348.5 1277079.2 1477268.8 
30 1494202.4 1556573.3 1499359.0 1297191.0 1521198.2 
29 1527637.6 1591941.6 1539205.4 1343846.3 1551656.1 
28 1581459.3 1650231.7 1591778.9 1391941.4 1573446.5 
27 1671588.5 1668000.4 1631748.0 1415974.3 1621356.8 
26 1681147.7 1726520.6 1697989.4 1476326.6 1680587.9 
25 1738427.9 1820306.0 1761456.0 1509898.7 1715442.9 
24 1802996.1 1886724.4 1815937.8 1546414.0 1764662.6 
23 1900610.6 1978564.4 1965814.6 1636530.4 1892317.8 
22 1965582.2 2058062.0 1998620.9 1735983.8 1928536.0 
21 1992369.3 2120368.2 2039307.2 1765022.8 1971257.3 
20 2042519.4 2179391.6 2118620.2 1806100.5 2080145.6 
19 2138778.0 2272448.4 2176702.4 1913095.4 2142704.0 
18 2268407.0 2342346.9 2271331.3 2043849.3 2310042.5 
17 2438555.6 2437340.4 2429648.2 2149380.5 2349900.2 
16 2516968.9 2538260.5 2602601.8 2228731.4 2503406.6 
15 2628628.1 2855162.2 2747120.8 2643680.9 2668647.1 
14 2833123.2 2977645.8 2886830.5 2665589.2 2810905.4 
13 3104389.4 3118666.8 3113085.9 2812322.6 3027743.9 
12  3326087.2  3076876.7 3224809.5 
11      
10      

|Si| = 37 39 37 39 39 
 

 118



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 

 Instance size 20-20-20-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 1062428.8 1097251.9 1039113.8 895336.6 1058516.2 
49 1087057.4 1121670.8 1055990.7 908407.0   
48 1092309.7 1136889.3 1069994.4 925108.6 1078529.6 
47 1114710.5 1138250.9 1089853.8 931280.7 1102036.8 
46 1120783.6 1150406.2 1101849.0 951683.2 1113138.0 
45 1146871.6 1169385.1 1124995.3 962072.8 1129973.0 
44 1146961.7 1212831.3 1139016.3 976159.2 1151339.8 
43 1177750.8 1218284.1 1157291.3 995314.9 1180347.3 
42 1186111.3 1232233.3 1186457.3 1013660.5 1192980.9 
41 1208999.7 1245263.9 1189508.5 1034604.6 1211143.8 
40 1232379.5 1271678.1 1219962.5 1042704.5 1229650.5 
39 1253659.2 1297217.9 1229312.2 1064148.1 1247595.4 
38 1271756.8 1333773.5 1241298.8 1091983.5 1268698.1 
37 1283225.6 1336648.1 1289305.2 1122416.0 1287962.7 
36 1328634.8 1376997.2 1313734.1 1136575.5 1305231.0 
35 1343595.2 1422168.2 1352482.1 1151182.9 1337207.1 
34 1365262.4 1436333.4 1382571.4 1190847.5 1357999.5 
33 1404134.7 1453373.8 1403765.6 1214683.8 1397223.7 
32 1427806.6 1467947.6 1428089.8 1229066.1 1427813.4 
31 1480424.5 1525486.4 1471586.1 1252120.4 1456092.6 
30 1498554.3 1541556.9 1485546.3 1295085.1 1482162.3 
29 1550448.5 1605462.5 1530324.7 1315268.8 1517489.2 
28 1577901.0 1654946.1 1549994.7 1384267.3 1556536.5 
27 1615664.3 1667079.7 1606289.9 1420352.8 1620823.7 
26 1673552.7 1727100.8 1650624.6 1433781.1 1674608.1 
25 1747648.1 1777708.9 1694782.7 1511469.5 1717954.5 
24 1788489.4 1837755.8 1772141.7 1544155.3 1788715.1 
23 1876356.8 1896896.4 1811928.8 1607746.1 1828961.8 
22 1931773.1 1961359.9 1872455.9 1656779.6 1894050.8 
21 1974896.7 2018056.0 1953845.9 1683042.6 1958357.9 
20 2070348.7 2109162.4 2055436.1 1784879.0 2027492.8 
19 2110730.0 2203706.7 2179568.3 1906217.6 2111401.3 
18 2200689.3 2325041.4 2261489.0 1989843.7 2217152.1 
17 2342032.5 2409513.6 2423045.1 2071441.3 2386451.8 
16 2441994.4 2515350.4 2591716.1 2220646.5 2497767.1 
15 2539658.6 2724496.7 2683165.1 2326327.7 2631542.0 
14 2813964.8 2915933.9 2831175.7 2586804.9 2830792.9 
13 2973605.7 3074434.0 3105411.1 2714557.5 2932629.1 
12   3368163.7   2927403.1 3259873.8 
11         3591971.8 
10           

|Si| = 38 39 38 39 39 
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 Instance size 20-20-20-5 
Instance: 1 2 3 4 5 

f2= f1= 
50 1048219.4 1080940.0 1024064.2 880071.5 1039891.6 
49 1067040.1 1100947.7 1042424.2 900098.0 1055100.6 
48 1072529.1 1111753.1 1058456.4 903397.6 1064655.4 
47 1089200.8 1123786.2 1069308.7 917928.0 1082107.0 
46 1100741.3 1146255.8 1084938.7 943436.6 1100904.5 
45 1114087.4 1155457.6 1097250.2 943682.8 1110314.4 
44 1126641.0 1167995.8 1110373.0 961542.9 1122463.9 
43 1153158.3 1191313.4 1132975.8 977527.3 1144459.5 
42 1163875.0 1217719.2 1154581.7 994867.6 1168725.4 
41 1184520.0 1221725.1 1163220.8 1001481.3 1175001.9 
40 1200744.3 1235888.7   1017299.5 1197047.9 
39 1229995.8 1261312.4 1197870.2 1037364.3 1211184.4 
38 1238434.4 1294733.5 1216297.4 1065211.9 1231536.7 
37 1258904.4 1304086.5 1239314.4 1089409.1 1256175.9 
36 1284288.5 1319957.7 1265580.5 1096308.5 1269123.3 
35 1310510.0 1350021.9 1291725.2 1119378.3 1304944.1 
34 1332820.9 1375363.7 1310611.5 1133383.9 1321813.4 
33 1360038.2 1420637.7 1349339.9 1164057.5 1348703.2 
32 1388256.2 1441036.0 1372574.9 1195639.4 1371406.8 
31 1417969.7 1470600.2 1406793.2 1229913.5 1409796.3 
30 1446053.7 1496116.8 1443312.2 1250945.2 1435761.2 
29 1495078.9 1537054.5 1487663.3 1283131.3 1478802.0 
28 1525384.4 1575905.9 1507576.1 1320684.9 1507085.4 
27 1573626.4 1633027.1 1562324.9 1363320.9 1551384.3 
26 1604704.0 1656384.1 1600765.0 1388023.5 1593746.0 
25 1672573.5 1714985.9 1664602.4 1447376.7 1657786.0 
24 1698032.2 1755552.6 1689444.1 1466248.8 1681280.0 
23 1769676.4 1829468.7 1762995.7 1539626.2 1756277.5 
22 1813540.7 1874570.6 1821542.2 1566053.9 1804209.8 
21 1894683.7 1967002.5 1907510.7 1644110.5 1891927.9 
20 1954011.5 2024299.9 1958942.2 1697037.5 1945610.3 
19 2059342.4 2131409.4 2067209.4 1781965.3 2059561.1 
18 2113525.7 2194826.5 2124212.6 1854918.7 2105730.4 
17 2239439.8 2311002.8 2259651.4 1964083.4 2242285.8 
16 2350969.0 2393130.1 2335374.7 2048699.5 2296718.3 
15 2526743.7 2587198.4 2509057.4 2187603.0 2462837.6 
14 2599086.8 2688513.4 2630044.8 2293456.3 2563532.2 
13 2822898.2 2936282.3 2861285.7 2483872.5 2826300.5 
12 2971345.5 3040863.0 3006004.6 2635171.4 2950909.5 
11 3294823.2 3408112.9 3325800.1 2912725.4 3248679.5 
10 3551880.8       3416218.8 

|Si| = 41 40 39 40 41 
 

 120



Elias Olivares-Benitez (2007). Capacitated Fixed Cost Facility Location Problem with Transportation 
Choices. PhD Dissertation, Tecnologico de Monterrey, Monterrey, Mexico, May.  

 
 

 Instance size 20-20-50-5 
Instance: 1 2 3 4 5 

f2= f1= 
50 3536086.8 3688151.7 3742115.7 3347420.3 3395623.8 
49 3600894.9 3748618.0       
48 3610158.3 3758539.7 3807078.5 3413210.7 3457592.7 
47   3821218.7 3868509.2 3464648.3 3515189.1 
46   3865683.2 3924432.4 3486835.8   
45 3743409.8 3897086.2     3596387.6 
44 3745385.0 3907569.6 3963317.9 3536613.5 3602533.1 
43 3816104.8 3977289.0       
42 3827683.7 4010178.4 4035199.1 3623459.1 3680455.1 
41 3904660.9 4075042.7 4129026.2 3692939.2 3758151.7 
40 3911891.5 4084133.9 4141266.1 3715078.8 3777513.7 
39 4002391.2 4163531.6 4230883.3 3791293.7 3853919.3 
38 4025526.1 4179519.9 4232231.2 3814835.4 3868914.8 
37 4110468.0 4294580.0 4347673.3 3896668.1 3959470.2 
36 4133952.0 4305604.6 4361681.9 3902952.0 3969423.9 
35 4237776.2 4412453.3 4454950.5 4017311.6 4068181.2 
34 4245031.7 4414760.7 4474646.1 4039647.2 4091729.0 
33 4358969.2 4543454.3 4593989.8 4139855.8 4228513.4 
32 4402351.9 4561358.6 4620577.6 4166617.6 4230371.7 
31 4526124.3 4693596.8 4757701.1 4291385.9 4359296.2 
30 4550821.3 4718319.2 4783110.6 4318324.1 4383564.1 
29 4702801.0 4885341.5 4925744.0 4479184.0 4534998.7 
28 4723454.9 4898006.3 4946889.0 4494617.2 4553561.5 
27 4898596.1 5091444.2 5130704.4 4660595.8 4737807.7 
26 4921169.7 5106951.1 5159255.9 4675468.5 4768023.5 
25 5158301.9 5333233.8 5380236.3 4893203.7 4959183.4 
24 5170767.1 5361767.1 5399786.3 4916632.9 5002473.3 
23 5440557.3 5607699.1 5669382.5 5172251.6 5251038.8 
22 5462614.2 5659130.8 5722150.2 5189568.4 5288742.5 
21 5765965.3 5972200.9 6006670.1 5483992.9 5570885.5 
20 5811388.8 5988813.7 6050029.0 5538542.9 5615771.5 
19 6171660.9 6380472.6 6445703.8 5878749.5 5966521.6 
18 6231732.4 6424010.9 6467086.8 5932138.3 6021748.8 
17 6682138.0 6893405.5 6938871.5 6377807.6 6473588.8 
16 6774325.5 6961070.4 6998854.2 6434268.3 6520710.9 
15 7330986.5 7561582.6 7632781.8 6981487.6 7123264.0 
14 7438771.7 7651290.4 7693676.7 7072576.0 7207796.1 
13 8241995.9 8482095.6 8491366.2 7801285.3 7967587.2 
12 8316692.3 8565484.0 8599172.5 7954411.2 8080230.9 
11 9416949.6 9722215.0 9671955.6 8996228.3 9164834.7 
10 9616072.6 9822806.2   9131595.6   

|Si| = 39 41 37 38 37 
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 Instance size 50-50-50-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 2585591.2 2705535.3 2723138.8 2528263.2 2494145.1 
49 2650671.7 2775146.2 2780306.0 2583884.6 2549147.5 
48 2691834.0 2795032.3 2831149.8 2620175.2 2566100.6 
47   2889377.8     2670000.6 
46 2770569.8 2894715.9   2690439.5 2670192.9 
45 2783831.7 2947248.4 2910170.5 2711853.4 2674282.8 
44   2994062.6   2786511.8 2757791.4 
43 2858978.1 3002023.4 2995333.9 2792436.9 2766708.2 
42 2958314.5 3066590.5   2833045.2 2830645.2 
41 2964932.6 3093284.4 3099315.5 2889826.3 2863645.9 
40   3123424.2 3118172.3 2980764.5 2932647.4 
39 3073541.3 3203004.1 3195628.4 2981559.9 2964055.2 
38 3121263.9 3249956.4 3250830.4 3027383.5 3036596.0 
37 3176677.8 3315082.1 3314831.9 3093760.8 3062367.4 
36 3214189.9 3357299.3 3342386.0 3140082.7 3108768.0 
35 3308242.8 3429745.2 3424633.2 3196050.7 3185307.8 
34 3407246.9 3475574.1 3521236.1 3305576.0 3213945.0 
33 3412934.7 3547548.4 3563103.5 3321930.3 3305295.8 
32 3546281.7 3669904.4 3672222.3 3437380.8 3435899.4 
31 3563046.6 3707545.4 3721397.8 3458750.6 3446261.9 
30 3743231.1 3791227.5 3798773.8 3595280.7 3509666.7 
29 3744902.9 3893530.0 3896376.3 3646278.5 3638870.0 
28 3880806.4 4061328.6 4043278.0 3782285.2 3765949.2 
27 3946246.8 4088382.1 4115808.2 3815652.2 3844919.3 
26 4089978.1 4287676.9 4215170.2 4028207.2 4004415.8 
25 4169768.7 4334597.1 4329947.3 4042082.5 4029629.0 
24 4433363.1 4553974.3 4561671.4 4259320.7 4247194.7 
23 4470021.8 4637375.4 4594720.0 4307652.1 4319766.6 
22 4760899.1 4756668.8 4730936.8 4456158.7 4619039.6 
21 4787657.7 4975812.0 4952029.8 4635357.1 4648036.1 
20 5135444.3 5097746.9 5076584.2 4768968.5 4981602.1 
19 5201973.9 5373588.8 5316712.0 5014447.0 5009109.7 
18 5362059.5 5593619.7 5536629.4 5274306.6 5319149.0 
17 5700700.5 5877250.1 5866781.7 5511071.0 5545147.9 
16 6209541.4 6106819.0 6084101.1 6028048.5 6025689.7 
15 6376860.7 6532673.8 6537695.1 6062342.4 6153596.1 
14 6614733.0 7306905.9 6777108.3 6358818.6 6403795.2 
13 7153807.1 7387027.2 7354543.9 7049900.1 6957412.8 
12 7567921.6 7732202.6 7682188.3 7371604.3 7385518.6 
11 8383015.9 8591954.5 8610035.0 8072591.7 8134130.2 
10           

|Si| = 37 40 36 39 40 
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 Instance size 50-50-100-2 
Instance: 1 2 3 4 5 

f2= f1= 
50 6657009.6 6862564.8 6895549.9 6635853.3 6445886.4 
49 6790856.9 7014386.9 7025592.4 6779151.3 6577665.3 
48 6834994.1 7033812.1 7059351.3 6793348.7 6602870.5 
47     7298791.0 7035637.1 6815031.8 
46 7064298.7   7333041.4   6839527.7 
45 7080035.3 7287315.7 7340923.9 7048855.6 6854191.0 
44 7259841.8 7450341.1 7501951.4   7015520.4 
43 7264096.9 7471659.2 7514483.2   7030833.7 
42 7272657.4 7473314.9 7549317.9 7389410.0 7040563.3 
41 7406766.9 7666922.8 7703998.1 7419585.1 7162935.9 
40 7482136.5 7682188.8 7716274.5 7456007.8 7237905.2 
39 7626753.1 7842137.4 7879688.8 7585480.5 7428513.2 
38 7691746.5 7869377.3 7887806.4 7625200.5 7460698.0 
37 7849095.8 8066287.1   7850929.9 7620004.6 
36 7912177.6 8103057.6   7917848.3 7636336.7 
35 8089316.8 8298606.1 8350666.6 8088526.2 7837546.3 
34 8167625.0 8333415.3 8385810.2 8148269.7 7932241.3 
33 8350476.3 8577405.3   8336645.9 8117883.2 
32     8936207.5 8611024.2 8373427.6 
31 8684515.6 8834058.3 8964339.7 8625987.3 8395915.0 
30 8714621.1 8952168.2 9016066.0 8698586.3 8448604.1 
29 9023933.4 9250476.2 9304145.5 9007271.8 9088418.7 
28 9348937.8 9667154.0 9683723.6 9416524.2 9098705.3 
27 9423663.2 9715325.8 9715200.3 9434153.5 9175012.5 
26 9547446.0 9805290.5 9799414.4 9513507.3 9237235.8 
25 9909283.8 10137071.9 10221241.8 9842356.2 9633827.1 
24 10038399.6 10269891.9 10283495.5 9973511.1   
23 10510266.3 10735275.7 10791895.1 10424453.6 10133939.3 
22 10590796.3 10960376.4 10925708.3 10516453.6 10267709.8 
21 11214169.6 11360149.4 11482136.0 11132025.5 10829902.6 
20 11273196.5 11498486.3 11576689.4 11241905.0 10969139.2 
19 11947925.0 12182513.9 12292345.6 11891735.0 11587404.9 
18 12115099.5 12371782.4 12452433.8 12101962.2 11798637.3 
17 13120813.8 13279899.8 13313292.6 12957018.5 12608682.0 
16 13188781.6 13411775.0 13533131.3 13130737.8   
15 14339388.8 14615495.9 14644579.1 14241541.1 13912887.1 
14 15824413.8 14811318.1 16426409.7 14524655.1 14204468.4 
13 15983258.8 16351261.2 16482964.5 16044755.9 15695254.8 
12 16424088.9 18649526.0 16726932.9 18212300.6 15950730.6 
11 18435132.5 18817269.4 18888396.6 18388313.4 17960588.6 
10           

|Si| = 38 37 37 37 38 
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