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Abstract 
In this work, the application of a phenomenological constitutive model able to predict 

residual strains of isotropic, incompressible hyperelastic rubberlike materials is studied. 

It consists in a form of the strain energy which accounts for the microstructural damage 

developed during loading and unloading deformation process. Along with the study of 

the application of the model, two new strain energy damage functions are proposed; the 

first one is based on an exponential form that depends in a single material parameter to 

predict the inelastic behavior of rubberlike materials; the second one is a simple function 

with two fitting positive constants that characterize residual strain. Theoretical models for 

the representation of uniaxial and equibiaxial extension are presented using non-

Gaussian constitutive models affected by a phenomenological function to account for the 

Mullins effect. Also a comparison of the derived models with experimental data of 

different materials is presented.  

 

Also, an experimental set up has been designed to obtain data for equibiaxial 

deformation state membrane inflation. the test consists in monitoring the evolution of a 

rubberlike material membrane as inflated by steps of uniform static pressure. A non-

contact measuring system is used to obtain the stretch information from the material for 

each inflation step. 

 

At the end of the present work, we discuss the nanomanufacturing process of 

thermosetting panels reinforced with carbon fibers and carbon nanotubes used in the lab 

facilities of the Mechanical Engineering and Materials Science (MEMS) at Rice 

University. A review of the main processing stages, the generation of the nanotubes, the 

purification process, separation, embedding them into the composite, as well as the 

technology and methodology employed for the qualitative characterization of the 

different processing steps of the material was carried out. Finally, a description of the 

Vacuum Assisted Resin Transfer Molding process is presented; it is the method 

currently employed in the facilities of the MEMS department for manufacturing polymeric 

reinforced panels. 
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Nomenclature 
 

A  Helmholtz free energy 

B  Left Cauchy-Green deformation tensor 

F  Deformation gradient tensor 

F ,  if Tensile forces 

G  Gibbs free energy 

I  Identity matrix 

321 ,, III  Right or left Cauchy-Green deformation tensor invariants 

J  Jacobian 

L  Parallelepiped x -axis side length 

M  Maximum strain intensity 

cM  Chain density 

P  Working pressure 

0R  Undeformed membrane radius 

S  Conformational entropy 

T  Cauchy stress tensor 

kji TTT ,,  Principal Cauchy stress tensor components 

sT  Cauchy stress accounting for permanent set 

U  Internal energy 

W  Strain energy per unit of volume 

sŴ  Damage mechanism function 

a  Cord sectional area 

b  Softening parameter 

c  Permanent set related material parameter  
*

0 ,cc  Convenient constants 

f  Normalized string frequency 

if  Tensile forces 
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sf  Softened string normalized frequency 

k  Boltzmann constant 

il  Random flight step vector 

il  Random flight step vector magnitude 

l  Cord length 

m  Strain intensity 

om  Material constant 

n  Material parameter 
p  Arbitrary hydrostatic pressure 

( )irp  End to end configuration probability distribution function 

r  End to end distance vector 

r  Average end to end distance vector 

0r  Undistorted chain end to end distance 

or  Material constant 

chr  Current chain end to end distance 

mr  Fully extended chain end to end distance 

s  Single chain entropy  

0t  Undeformed membrane thickness 

w  Strain energy per chain 
Θ  Absolute temperature 

( )mW,ηΦ  Damage function 

mα  Ogden model material constant 

β  Inverse of the Langevin function 

η  Damage parameter 

321 ,, λλλ  Stretches in the principal directions 

chλ  Chain stretch 

mλ  Fully extended chain stretch 
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psλ  Permanent set in terms of the stretch 

rλ  Relative stretch 

0μ  Shear modulus in the undeformed state 

mμ  Ogden model material constant 

( )1Iμ  Shear response function 

v  Virgin string frequency 

sv  Softened string frequency 

aξ  Damage variables 

ρ  Material density 

τ  Cauchy stress-softened tensor 

( )ηφ , ( )aξφ  Damage functions 

11 , −ℵℵ  Material response functions 
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Objectives 
This work centers its attention into three main objectives, 

 

 the development of a constitutive model for rubber like materials which accounts for 

stress softening with permanent set; 

 the design and assemble of an experimental set up for equibiaxial extension 

elastomeric membranes testing; 

 a review of the state of the art of the preparation of polymeric nanocomposites and 

their advantages over typical engineering materials. 

 

The first part is focused in the development of a constitutive model to predict the elastic 

and inelastic behavior of elastomeric materials including the effects of stress softening 

and residual strains.  

 

Along with the mathematical modeling of the mechanical behavior of rubberlike 

materials, experimental protocols are needed to qualitative characterize elastomeric 

materials, and also to verify the effectiveness of the models developed. Since the design 

of experimental set ups to obtain data from rubberlike materials is one of the main 

objectives of the present work, we work in the design and construction of an 

experimental set up to measure equibiaxial stresses, and we discuss the application of 

the set up to characterize uniaxial extension using small amplitude transverse vibrations 

of a rubber cord used in [ 1,  2,  3], to obtain residual strain data from different elastomeric 

materials. 

 

The design, construction and tuning of a set up able to generate equibiaxial extension 

experimental data, is required to test rubberlike membranes of different compositions 

and sizes; versatility and adaptability for different testing conditions, e.g. pressure range 

and temperature, are required. Among different testing devices that have been used to 

analyze elastomers under equibiaxial conditions, a feasible set up considering the 

current requirements, is a pneumatic system built to control the inflation of an 
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The final goal of this work involves the study of nanostructured materials as 

reinforcements of elastomeric matrices. The preparation of polymeric nanocomposites 

and the effect of this kind of structures when embedded into a polymeric network will be 

reviewed. Additionally, we would intend to connect non-Gaussian statistical molecular 

theory to characterize nanocomposite polymers such as PMMA, PDMS, and COC, 

which are biocompatible materials; this will provide the basics to computationally model 

the design of microfluidic devices [ 7,  8]. 
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I. Introduction 
Enormous efforts around the world have been taking place to understand and 

mathematically express the complex mechanical behavior of the different types of 

polymers, which are, day by day more often used in highly specialized engineering 

applications. As their use increase, more reliable and realistic constitutive models are 

required to simulate and predict their performance for a given application. The relevance 

in generating more accurate ways to predict the performance of this kind of materials 

becomes evident in areas such as mechanical design methodologies, manufacturing 

and electronics, etc., as well as the repercussion in nearly every industry and common 

life applications. Polymers can be natural or synthetic, organic or inorganic, branched or 

not, each of them comprises a wide variety of structures with different mechanical, 

chemical, electrical, thermal properties, reason why it is easy to find these materials as 

applications in any kind of task everywhere. 

1.1 Fundamentals 

By polymer we understand a group of macromolecules entangled with each other and 

joined together by either primary or secondary bonds depending on its type; each 

macromolecule has a chain-like structure formed by a group of smaller entities called 

monomers, these are joined together one another by primary chemical bonds created by 

a process called polymerization [ 9].  

 

Polymerization is the process by which the short unit called monomer or a group of few 

of these units called oligomers can become one long linear chain by means of covalent 

bonding. In terms of the mechanism of polymerization there are two basic types of 

polymerization, step-growth polymerization and chain-growth polymerization. The main 

characteristic of the first type is that all molecular species in the system can react with 

each other to form higher molecular weight species; in the chain growth polymerization 

the chain growth occurs only by addition of monomer to reactive sites present on the 

growing polymer molecules.  
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A fundamental classification of polymers according to their structure, and mechanical 

and thermal behavior establishes three mayor categories: thermoplastic polymers, 

thermosetting polymers and elastomers. 

1.1.1 Thermoplastic polymers 

Thermoplastic polymers are made of long macromolecules joined with each other by 

weak van der Waals bonds, characteristic that causes ductile behavior. Thermoplastics 

might be branched to form bulk structures with lower density than the un-branched type, 

as density in the molecular chain reduces the strength of the material and the stiffness 

reduce as well. Thermoplastics structure is composed partially by crystalline and 

partially by amorphous molecular configuration; their long molecules can be untangled 

upon the application of a stress allowing them to arrange a parallel string group forming 

a crystalline region. Other way to induce this kind of molecular conformation is by 

subjecting the material to slow cooling, inducing the molecules to fold and align forming 

packs of crystalline sectors that contribute to strength and rigidity. 

 

An important characteristic of thermoplastics is that they can be melted, shaped and 

solidified again, once and again. This allows this kind of materials to be recycled.  

 

Thermoplastics behavior depends to a great extent in its temperature, this phenomenon 

can be clearly seen in the change of the modulus of elasticity as a response in a change 

on the temperature; there are three temperature ranges dividing the thermoplastic 

behavior, divided by, Tg, the glass temperature, and Tm, the melting temperature, where 

the thermoplastics properties change rate increases (or decreases). In liquid state, i.e., 

above the melting temperature, the polymer strength is nearly zero. The chains in the 

material are separated from each other with weak secondary bonding between them 

thus, making easy for them to move and slip from their original places and rearrange 

without resistance. This condition makes the thermoplastics suitable for the different 

forming techniques e.g., casting, injection molding, blow molding. 
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When the temperature is below the melting point, the secondary bonds become 

stronger, thus, the strength and rigidity of the bulk increase and an elastic and plastic 

behavior is observed. Crystalline, semicrystalline or amorphous structures may be 

achieved depending on the flexibility of the polymer’s chain and the thermal processes. 

The first type has higher chain density and because of that the bonds between them are 

stronger, this structure has the largest modulus of elasticity, although they are always 

amorphous transition zones remaining in these thermoplastics. The amorphous kind 

behaves more as rubber, resilient and ductile. Semicrystalline thermoplastics are a 

combination of both of them, they have intermediate density with packs of crystalline 

molecules among amorphous ones, and their properties are as well, between the ones 

of the crystalline and amorphous polymers. 

 

The lowest limit that changes dramatically the thermoplastic’s properties is the glass 

temperature; below this temperature the material has high strength and stiffness, 

although it becomes fragile. Crystalline thermoplastics do not have glass transition 

temperature; they behave in a crystalline way above the melting point. Semicrystalline 

ones do observe a change in properties change rate below this point but the most 

affected are the amorphous polymers. As the side groups in a thermoplastic become 

more complex, the glass temperature tends to be higher. 

1.1.2 Thermosetting polymers 

As the thermoplastics, they are composed of large molecules which may have branches 

or not, but in this case, these chains have a large number of intersections joining them 

called crosslinks; in other words the thermosetting polymers structure is three 

dimensional network with entangled long linear molecules united by strong primary 

bonding in certain points along them.  

 

The crosslinks may be simply formed by a union between two chains in the network or 

by addition of an agent replacing hydrogen or attaching in an unsaturated bond. 
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As the primary bonds cannot be dissolved as temperature rises the thermosetting 

polymers remain solid at high temperatures. If the temperature exceeds the degradation 

temperature thermosets simply char without loosing their rigidity and strength to great 

extent. This characteristic makes this type of polymers non-recyclable.   

  

The crosslinkings make the chains in the thermosets remain in their place without 

relative displacements reason why these kind of polymers exhibit high strength, stiffness 

and hardness. For the same reason they are low resilient and are as ductile as the strain 

of the chains between crosslinks, in addition to the one of the covalent bonds in the 

network, allows. 

1.1.3 Elastomers 

Elastomers are a kind of polymer whose fundamental characteristic is that they can be 

stretched several times their original length and then recover the original form when 

unstressed; thus, natural or synthetic polymers exhibiting this kind of behavior are called 

rubberlike solids. 

 

Elastic deformations above 200% are reached with elastomers because of their 

particular molecular structure. They are constituted by long flexible chains joined 

together by secondary bonds and, in certain places, by cross-links, which connect chain 

to chain generating a 3D molecular network; as force is applied to an elastomer, the 

intertwined chains tend to untangle and align as long as the cross-links allow them to, 

this deformation is much grater than that of thermosets because of the small quantity of 

cross-links in elastomeric networks; as load continues increasing, the strain of the 

primary bondings adds to the first one to reach the furthermost elastic deformation. 

Thus, the molecular state of the material changes according to the loading and, by 

consequence, the elastic module. 

 

There are two types of elastomers, thermosetting elastomers and thermoplastic 

elastomers. The first of them are lightly crosslinked 3-D network polymers produced by 

means of vulcanization; the latter kind refers to elastomers formed by dissimilar 
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components on a single macromolecular chain [10]. In these, one of the phases has 

glass transition temperature above its service temperature and, because of that, it 

behaves in a crystalline manner, these segments in the macromolecule form bonds with 

their own type in other molecules generating crystalline domains acting strong and stiff 

generating physical cross-links. The second and dominant phase in the macromolecule 

has lower glass transition temperature and then behaves in a rubbery way enabling 

large recoverable strains. 

The elastomeric matrix is composed primarily by an amorphous linked polymer chains 

network. These links between them might be conformed by either physical or chemical 

cross-links. Physical linking can be formed by small crystalline domains, absorption of 

chains onto the surface of finely divided particulate fillers, coalescence of ionic centers 

or coalescence of ionic blocks. Chemical linking is created from random connecting 

segments of complete chains, random copolymerization or end-linking of functionally 

terminated chains, which is the most appropriate technique to form well defined 

structures [10]. 

Rubber mechanical properties might be increased by addition of particles known as 

fillers. Carbon black fillers help increasing tensile strength and tear resistance; they can 

improve cut growth and fatigue resistance, reduce resilience and raise hysteretic 

behavior, all depending in quantity and filler particle size. Silica fillers improve tensile 

strength and reduce heat buildup. Other filler compounds as hydrous aluminum silicate, 

potassium aluminum silicate, magnesium silicate, titanium dioxide and calcium 

carbonate are often used. 

Physical surrounding affect the elastomer degradation rate or even modifies the material 

properties. Chemical compatibility with the service medium has to be verified because of 

their capacity to absorb liquids and swell, react chemically generating changes in the 

polymer structure, or allowing extraction of solubles causing a decrease in volume. The 

thermal properties are essential as well; the mechanical properties will fluctuate along 

with changes in temperature. Relative small changes in temperature may cause large 
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differences in the degree of deterioration [11]. It is also known that rubbers exhibit 

thermoelastic effects, i.e. a rubber sample subjected to a constant load contracts 

(reversibly) on heating and gives out heat when stretched. 

Low Young's modulus, high recoverability of strain and high extensibility are basic 

mechanical characteristics of rubberlike solids [12]; they exhibit viscoelastic 

characteristics such as creep, stress relaxation and stress recovery as well. Along with 

these phenomena, their highly nonlinear behavior, stress softening and permanent set 

effects have to be considered to evaluate the elastomer performance for a given 

application. 

Elastomers exhibit a stress-softening effect known as Mullins effect, this is, the stress 

required to elongate a virgin elastomer to a given length is higher than that required to 

stretch it to the same length at subsequent loading cycles as long it remains below the 

first maximum strain; if that strain is reached again, the new stress becomes equal than 

the stress generated for the same previous deformation; for further extension the 

material behaves as in the virgin state. If the material is unloaded for a second time, the 

path changes again as described. This inelastic behavior was named after L. Mullins 

(1947), although was first observed by Bouasse and Carrière (1903) [13]. 

As stated in [12], the ideal loading-unloading path in simple tension is shown in figure 1; 

stress T against stretch l is plotted to illustrate the Mullins effect. The material is first 

stretched from a virgin state to an arbitrary length b through I, if the material is then 

released, it would follow the return path II to a, on reloading, the latter path is followed 

until the maximum stretch in b is reached again; for larger stretching the primary loading 

path is taken over again from b to d, but if in an arbitrary point c, before d, the material is 

unloaded again, the return path ca through III is traced. 
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The curves in figure 1 represent the loading/unloading typical simple tension behavior 

without viscoelastic phenomena and strain rate dependency of a rubberlike material 

exhibiting stress softening and permanent set.  

 

 

 

 

 

 

 

 

 

d

c

b

a λ

II IIII

T 

Figure 1. Mullins effect schematization. 

Idealized loading/unloading curves for simple tension. 

 

Mullins effect occurs in both, filled and unfilled rubbers, but fillers increase hysteresis in 

the material [ 12]. The stiffness lost in the loading cycle is recoverable partially or totally 

in a period of time (usually long at room temperature), but might be greatly accelerated 

with an increase in temperature [ 13]. As Mullins noted, different magnitudes of softening 

occur according to the stretch direction, softening magnitude is greater in the direction of 

the greatest deformation of the material, and so, anisotropic stress-strain properties take 

place under stretching [ 12] 

  

Related to the softening phenomena exhibited by elastomeric materials, residual strains 

become evident after deformation, known in the rubber industry as permanent set.  This 

term refers to the difference in size of a virgin elastomeric element prior and after 

deformation. Along with the softening effect, the virgin state is partially recovered in a 

period of time.  

 

Previous works on the characterization of the stress-softening and permanent set effects 

have been taking place recently; table 1 shows a review of the literature in which the 
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works are classified by their approach, the inclusion or not of the permanent set effect, 

and if so, the number of parameters necessary to model the inelastic behavior, where 

the first number indicates the parameters required to model the virgin material loading 

curve, and the second the parameters required for the unloading and reloading softened 

paths characterization. 

 
Table 1. Stress-softening constitutive models literature review 

Author Year Approach 
Accounts for 
permanent set 

Number of 
parameters 

Holzapfel et al. [ 14] 1999 Phenomenological ● 6+1 

Beatty and Krishnaswamy [ 15] 2000 Phenomenological   

Bikard and Désoyer [ 14] 2001 
Continuum damage 

mechanics 
●  

5+12 

Drosdov and Dorfmann [ 17] 2001 Physical ● 3+1 

Zúñiga and Beatty [ 3] 2002 Phenomenological   

Chagnon et al. [ 18] 2006 Physical   

Dorfmann and Ogden [ 19] 2003 Phenomenological ●  6+3 

Qi and Boyce  [ 20] 2004 Phenomenological   

2004 Physical  
 Makovska and Kacianauskas 

[ 21] 
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1.4 Applications overview 

Elastomeric materials are, day by day, covering more specialized and high responsibility 

applications as the predictive mathematical models develop better and more time 

efficient ways to simulate their mechanical behavior. Investigations, covering a wide 

range of different applications, have been taking place in recent times to obtain as much 

as possible of elastomers potential. 

1.4.1 Aerospace applications 

Different elastomeric materials are being used in aerospace applications due to the 

particular properties which allow them to withstand aggressive environments and 
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solutions given the chemical inertness and thermal stability of the material; their high 

resilience make them ideal as sealing elements. The importance of fully understanding 

the behavior of the materials for these high responsibility applications becomes evident 

as we remember that one of the main factors resulting in the Challenger space shuttle 

explosion in 1986 was the failure of an elastomeric O-ring.  

 

“In view of the findings, the Commission concluded that the cause of the Challenger 

accident was the failure of the pressure seal in the aft field joint of the right Solid Rocket 

Motor.” 

 

This was the conclusion presented in the Report of the Presidential Commission on the 

Space Shuttle Challenger Accident [ 23], in which the partial responsibility of the 

elastomeric element was found to be related to the temperature at launch time, which 

was out of the recommended O-ring material working temperature range for the 

particular application. 

1.4.2 Automotive applications 

Elastomers are being used nowadays to solve design and performance of different 

automotive parts. Heat and chemical resistance, low permeability, long life, good 

abrasion resistance, are characteristics of different elastomers that fit well as solutions to 

many of the needs in vehicles design. 

  

Apart from the use of rubber for tires, different systems in the engine require materials 

for service conditions were elastomeric materials can work adequately. In [ 24], 

Hashimoto et al. described the conditions and requirements for different elastomer 

elements working in; a gasoline engine, such as synchronous belts, seals and gaskets, 

oil and air hoses, vibration isolators; the fuel and hydraulic system,  the fuel hose, filler 

neck hose, evaporation hose and control hose; the steering system, as the power 

steering hose and the seals for this system; air conditioning system, hoses and seals; as 

well as seals and diaphragms for the different systems in a vehicle. Elastomeric 

materials working in the different systems are selected because of their resistance to 
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fuels, oils and heat, their cold flexibility and sealing ability. The wide range of 

applications and the fact that the service conditions in one is completely different to the 

others requires the usage of different types of elastomer with specific mechanical 

properties to function as desired in each given system. Tensile strength, elongation, the 

dynamic complex modulus, dynamic permanent set, are significant mechanical 

properties involved in the performance of the elements to be considered. Along with 

these, thermal and aging properties as well as chemical resistances are important for 

elastomer selection. 

1.4.3 Medical applications 

Need for precise mechanical characterization of elastomers becomes evident in 

applications such as balloon angioplasty. This medical procedure allows blocked or 

narrowed coronary arteries to restore blood flow, preventing heart failure alleviating the 

stenosed artery by means of an inflated small balloon at the tip of a catheter. According 

to Sauerteig and Giese [25], the elastomer membrane needs to be as thin as possible, 

so as to produce a minimum deflated balloon profile, burst pressure of more than 15 bar 

to dilate hard and heavily calcified stenosis and requires defined pressure and diameter 

characteristics (balloon compliance). Low- or non-compliant materials such as PET and 

nylon are used for manufacturing this type of high-pressure medical balloons [26]. A 

critical variable involved in the performance of a balloon catheter is the bifurcation 

pressure (internal pressure to initiate dilation), and subsequent uncontrolled inflation, 

due to the highly nonlinear phenomenon [27]. Haridas and Haynes in [27], remark on the 

need of effective hyperelastic materials characterization to be applied in nonlinear finite 

element codes in both, uniaxial and biaxial stretching conditions for complete 

understanding and control of these medical devices. 

Different kinds of elastomers are being used to reproduce different biological soft tissues 

to aid medical sciences replacing damaged body membranes. K.D. Kavlock et al. [28], 

analyzed the poly(esterurethane urea)s suitability for musculoskeletal tissue 

development. Since the early 1990's polyurethane elastomers have been studied for 

vascular tissue engineering [29]. Commonly heart diseases lead to congestive failure 
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and thus, insufficiency in blood pumping capability, condition that can be treated by 

means of cell implantation with patches capable of coexistence with human organs, and 

properties similar to those of the heart muscle that show non-linear elasticity and 

anisotropy [11]. The use of biocompatible elastomers to be used as patches in addition 

to cultivated cells is being investigated to develop techniques of feasible and economic 

implantations with low risk of rejection. Q. Z. Chen et al. [30] studied the physical 

characteristics of poly(glycerol sebacate) elastomer and it's similarities with myocardial 

tissues. L.A. Hidalgo Bastida et al. investigated poly(1,8-octanediol-co-citric acid) 

elastomer and it's potential for cardiac tissue applications and found that it's porous 

characteristics and adequate mechanical properties provides capability to serve as 

scaffold for heart tissue regeneration techniques [31]. 
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In addition to heart muscle regeneration elastomers have been investigated for 

applications in medical sciences such as sutures, arteries or veins replacements, 

jawbone, nose, ear, teeth, and tendon restoration and aesthetic plastic surgeries [32]. 

1.4.4 Structural applications 

In any structural design appropriate material constants and properties are fundamental 

to obtain effective results for a given application; passive vibration control and shock 

absorption are important areas. As an example, in the design of thermoplastic elastomer 

for railway paths (supports placed between the base of the steel rails and the pre-

stressed concrete sleepers), high values of stiffness in the pads increases the dynamic 

overloads to the non-suspended masses, accelerating the deterioration of the railway, 

while a low value leads to an excessive subsidence of the rail, increasing stresses [33]. 

1.4.5 Microelectronic mechanical devices 

The improvement of microactuators is another area where elastomers are finding 

important specialized applications. As applications for MEMS grow in number and 

variety, devices as microactuators are required to be more efficient, low cost and easily 

manufactured. In 1999 Khoo and Liu [34], presented a microfabricated, membrane type 

magnetic actuator; employing magnetic electroplated Permalloy pieces, embedded on a 

silicone elastomer thin membrane, the actuator achieves large displacements in a 



robust, biocompatible system. In 2004 Hung et al. designed and proved electrical 

connections though microfabricated suspensions on a circular tunable elastomeric 

membrane actuated by pressurized air [35]. Important investigations have been taking 

place in the development of dielectric elastomers, materials capable of achieve large 

strains able to transform electric energy into mechanical work. In 2005, P. Dubois et al. 

[36] reported the fabrication and testing of a micromachined metallic ion implanted 

dielectric electroactive polymer diaphragm actuator, system that can be employed by 

complex structures such as robotic arms, grippers and orientating devices or used 

directly to interact with liquids, gases or even human body [36]. J. S. Plante and S. 

Dubowsky discussed the need for more accurate models to describe the deformation 

obtained from the application of voltage difference across the elastomeric film of 

dielectric elastomer actuators [37]. The fact that the behavior of these materials is still 

not completely understood limits the selection of this kind of devices for high 

performance applications. High strains in the membrane make Hookean models such 

inadequate. Hyper-elastic models function well for constant stretch rates but cannot 

describe the viscoelastic behavior of the film. More complex models such as Mooney-

Rivlin with Maxwell viscosity and finite element with quasi-linear viscosity agreed well 

with short strains but failed to describe large stretches of up to 5.0, generated by these 

devices. In the article, a modified Bergström-Boyce model was used to predict 

experimental data reporting good agreement with the observed behavior. 
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1.4.6 Nanocomposites and smart elastomers 

Recent studies have been focused in the development of elastomeric materials 

reinforced with nanotubes or nanoparticles. Several rubber matrices such as natural 

rubber, synthetic polyisoprene, styrene-butadiene, butyl rubber, polybutadiene, ethylene-

propylene, silicone and nitrile rubbers have been investigated as hosts for clay 

nanocomposites. Increase of stiffness and strength with minimal ductility and impact 

resistance loss, decrease of permeability and swelling in solvents, improvement in 

abrasion, flame resistance and thermal endurance, enhancement in electrical 

conductivity and optical properties, in relation to the single polymeric matrix, can be 

achieved with a low percentage of nanolayered silicate addition [38]. Processing 



techniques, such as melt intercalation used by Arroyo et al. require information on the 

rheological behavior of the system, i.e. polymer-polymer and polymer-filler interaction, 

as stated in [38]. Zhao et al. [39] have reported the improvement of tensile strength, high 

dynamic mechanical loss values, and reasonably good stabilities in nitrile butadiene 

rubber with addition of hindered phenol nanoparticles. Carbon nanotubes have been 

studied as fillers to modify properties of elastomers as an alternative to common fillers or 

nanoparticles, e.g. De Falco et al. [40] compared the properties of styrene-butadiene 

rubber reinforced with multi-walled carbon nanotubes to carbon filled styrene-butadiene 

rubber, reporting that employing multi-walled carbon nanotubes increase the mechanical 

properties above those obtained by the addition of carbon black fillers. 
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Shape memory polymers are materials developing extensively in the last decades; these 

materials are capable of shifting shape given an external stimulus to recover a 

predefined form after being reshaped by means of a mechanical stress to a temporary 

form [41]. This phenomenon is also present in elastomeric materials, and has been 

gaining territory in different areas of applications such as vascular stents, orthodontic, 

wires, vibration dampers, pipe couplings and actuators [42]. As an example, the work 

presented in 2007 by Cai and Liu [42], where the shape memory effect of poly (glycerol-

sebacate) elastomer was investigated. A shape memory ratio above 99.5% was 

reported for this biodegradable and biocompatible elastomer, by means of thermal 

stimuli. Other types of smart elastomeric material are the magnetorheological 

elastomers; these are constituted by polarizable particles in a polymer medium and the 

basic characteristic is that the material shear modulus is dependant of the applied 

magnetic field within the pre-yield regime; due to this important characteristic 

magnetorheological elastomers capability are being studied to be applied in areas of 

vibration control, such as adaptive tuned vibration absorbers [43] or sandwich structural 

beams for aerospace industry [44], to gain control on natural frequencies of structures. 



II. Preliminaries 
The statistical analysis and the thermodynamics involved in the mechanical behavior of 

elastomers give way to the formulation of network models which successfully reproduce 

the behavior of hyperelastic materials. These basic aspects of rubber-like material 

theoretical modeling are the central topic of this chapter.  

2.1 The elastomer molecular constitution and material assumptions 

Hundreds or even thousands of monomers joined by strong chemical bonds constitute a 

single flexible macromolecule of an elastomeric material. Many of these molecules, 

entangled and interacting with each other by the effects of van der Waals forces 

between them and joined together in specific places by chemical cross-links, form a 3D 

network of an elastomeric material as shown in figure 2. This complex morphology 

makes difficult to obtain stress-strain relations to predict the behavior given the intrinsic 

phenomena in their nature. Several considerations have to be made in order to 

approximate the mathematical models to the response of a physical system. The 

analysis developed in the present work assumes hyperelasticity, incompressibility and 

isotropic nature in the elastomeric materials. 

 

 
Figure 2. Entangled macromolecules lightly cross-linked forming an elastomeric 3D-network. 

 

2.2 Mechanical response 

When a continuum body is deformed from its undistorted state from which a defined 

particle, with a position vector  coordinates  (X iX 3,2,1=i ), relative to a rectangular 

Cartesian reference frame with principal orthogonal directions , moves to a final 321 ,, eee
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position with a vector defined by , with coordinates  (x jx 3,2,1=j ), the deformation 

gradient tensor F  has coordinates ijijF Xx∂ ∂= . The isochoric deformation in terms of 

the principal stretches 321 ,, λλλ  follows iii Xx λ=  ( 3,2,1=i

3

). The left Cauchy Green 

deformation tensor  is used in order to exclude the rotation of the body from the 

calculations since it does not contributes to the stress state of the continuum, it is given 

by 

B

 
2
32

2
2e λλ ++1

2
1 eeλTFFB = = , (1) 

 

where  is a symmetric tensor; its magnitude can be computed as B BB ⋅=m , called 

strain intensity. In the reference configuration, as B 3=m1= , , and 3>m  for any 

deformation state. 

 

An isotropic, incompressible, hyperelastic material is an ideally elastic material for which 

the stress – stretch behavior can be determined by means of a strain energy function 

; where  stand for the invariants of B  as, ( )321
ˆ,,ˆ IWWW = λλλ ( )32 , I1,I= 3, I

B

2, , I1I

I

 

tr=1 , (2) 

( )[ ]2Btr−

B

2
12 2

1 I=I , (3) 

det3 =I . (4) 

 

Furthermore, given the incompressibility condition, the Jacobian has the form 

, and from the third invariant 1det == FJ 1321 =λλλ ; the strain energy function is then a 

function of solely the first and second invariants of the left Cauchy Green deformation 

tensor as .  ( )2λ ( 21,ˆ IIW )1,W == ˆ λW

 

The relation between the strain energy function W and the Cauchy stress tensor  for 

an incompressible, isotropic, hyperelastic material, is given by 

T
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for which p  is an arbitrary pressure, and the response functions ( )211 , IIℵ ,  are 

given by 
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and need to satisfy  and , for all isochoric deformations of B  

[ 3]; the latter equality holds when and only when  , in equation (5).  

( ) 0, 211 >ℵ II ( ) 0, 211 ≤ℵ− II

01 =ℵ−

 

Alternatively the principal Cauchy stresses in terms of the principal stretches ,,, 321 λλλ  

can be expressed as 

 

i
ii

WpT
λ

λ
∂
∂

+−=
ˆ

;    { }3,2,1∈i , (7) 

 

where p  stands for an arbitrary hydrostatic pressure. 

 

Rubberlike materials, because of their complicated morphology and differences between 

one another create a challenging problem for the definition of a strain energy function 

that captures in great extent the way elastomers perform elastically. Different 

approaches have been considered in order to develop an adequate model; the bases for 

most of these theories are statistical analysis and thermodynamics theory, considering 

the deformations of these materials as a purely entropic phenomenon. A review of this 

analysis is shown in the next section. 

2.3 Statistical Mechanics 

The nature of the carbon bonding, i.e. angle of 109.5° and rotational capabilities around 

the bond axis, and the number of monomers forming the chain, generate a large number 
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of possible chain conformations. In an elastomer, a chain is defined as the number of 

segments in a macromolecule between two cross-links; this number of cross-links in a 

polymer is related to the stiffness of the material. If a polymer with no cross-linking is 

sufficiently stressed, the weak van der Waals forces holding the chains together will 

allow slipping and untangling and the result would be large stretches given that there is 

no rotation and moving restrictions for the chains; in a cross-linked polymer, if the same 

force is applied, the cross-links would act as restrictors and the stretching capabilities 

would be proportionally reduced to the cross-linking degree. Therefore the size of the 

chains in the polymeric matrices is then an essential factor to consider in a stress stretch 

relation. 

2.3.1 Thermodynamics 

As noted before, elastomers exhibit thermoelastic behavior resembling the behavior of 

an ideal gas; this can be noticed as the pressure to contain a gas at a constant volume 

will rise as the temperature is increased, for rubber the same effect is observed, the 

necessary force to maintain a rubber sample stretched to a certain length is proportional 

to the temperature of the material. The expressions used to model rubberlike structures 

within this particular approach can be derived from the first and second laws of 

thermodynamics [ 45]. 

 

For a macroscopic elastomeric rectangular parallelepiped specimen placed in a 

Cartesian reference system, with its sides aligned with the reference axes, the side 

oriented in the x -axis has a length , in an unperturbed state, and 0L L  when a force  

in the 

F

x -th direction is applied, the following thermodynamic expressions relate the 

force, length, temperature , internal energy U , entropy , Gibbs and Helmholtz free 

energies G  and : 

Θ S

A

 

FLSUG −Θ−= , (8) 

LdFSddG −Θ−= , (9) 

FdLSddA +Θ−= , (10) 
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Along with the Maxwell’s reciprocity relation, 
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can be used to determine the force – extension relation in terms of the conformational 

entropy of the elastomeric chain system as 

 

Θ
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Θ−=
L
SF , (13) 

 

where the term considering change in internal energy is nearly zero since the 

deformation is provided by chain untangling not by atom separation; thus, the term is 

neglected in the derivation of (13). 

2.3.2 The Freely Jointed Chain Model 

Considering a freely jointed chain, which consists in a hypothetical linear chain with 

equal segments and where the angle between them can assume any possible value, the 

theory of random flight can be used to determine the mean end to end distance of the 

chains constituting an elastomer. The number of possible conformations depends on the 

distance between chain-ends, when they are as far as possible there is only one 

conformation (straight chain), but for close distances in relation to the chain length, the 

possible conformations grow in number. Thus, the conformational entropy of a single 

chain is proportional to the number of conformations with the same end-to-end distance 

 [ 46]. Diverse statistical entropic analysis of an elastomer combined with basic 

thermodynamic relations have been studied to generate convenient expressions relating 

an applied force to the resulting stretches.  

r
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Figure 3. Undeformed chain conformation and total displacement vector. 

 

Considering a chain with one of the ends fixed in an origin where , and the other 

end is localized at a distance defined by a vector , connected by  randomly oriented 

segments with the same length ; after steps the particle has traveled a distance 
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Nr

l N

 

∑
=

=
N

i
i

1
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The probability that the j-th segment will follow a jump vector , is given by the function jl

( )jjp l ; then, the average vector distance traveled is obtained by 
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 The scalar distance traveled might be found by the average of the magnitude of the 

vector , whose square is  r
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By separating the products from different jump vectors and same jump vectors yields 
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defining the scalar product in the last term, the average of the scalar distance is 
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As the length of the segments is the same and, following the logic that for every possible 

direction of a segment the probability to find a segment in the opposite direction is the 

same, making the sum of both of them zero, the average of the cosine terms vanishes, 

so equation (18) becomes 

 

22 Nlr = . (19) 

 

Equation (19) is the resulting expression of the theory of free flight, representing the 

squared mean end to end distance of a polymeric chain [ 46].  

 

Given the high extensibility of a polymeric chain, the deformation is generally expressed 

as the relation between the current length of the mean end to end vector and the length 

of the vector in its unstrained state as 0rrchch =λ ; alternatively, the magnitude of current 

length of the mean end to end vector length, related to the length of the fully extended 

chain vector , is called the relative chain stretch, this is Nlrm =

 

Nl
r

r
r ch

m

ch
r ==λ . (20) 

 

2.3.3 Entropy of a single chain 

According to the principles of statistical thermodynamics [ 45], for a single chain the 

entropy can be obtained by 
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( )rpks ln= . (21) 

 

Upon deformation, the change in conformational entropy is 

( )
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i
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ln=Δ , (22) 

 

where  is the number of possible configurations for a chain with distance between 

ends , in the undeformed state, and, 

( )irp

ir ( )*irp  represents the analogous probability for 

the deformed state; for the  chains with initial length , the change in the 

conformational entropy becomes 

iN ir
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2.3.4 Gaussian approximation 

Assuming a Gaussian distribution as in [ 47],  is given by ( )rp
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where 22 23 Nlb = , which represents the probability for the chain end to end distance 

vector r  to end within the intervals of a cubic differential volume formed by the limits x  

to , dxx + y  to  and  to dyy + z dzz + . Noticing that the probability function is spherically 

symmetrical, , then   2z2yr +22 x +=
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The resulting entropy would depend on the number of possible conformations for the 

freely jointed chain with an end to end vector with ending within the limits of a differential 

volume  as dv

 

( )[ ]dvzyxpks ,,ln= , (26) 

 

for a Gaussian distribution, since the natural logarithm of the volume element is a 

constant, the entropy becomes 

 
22rkbcs −= , (27) 

 

where  is an arbitrary constant. The entropy of deformation of a single chain with an 

end to end distance  with coordinates , in the unstrained state, and 

c

0r 000 ,, zyx r  with 

coordinates zyx ,, , after deformation to stretches in the principal directions 0ααλα = , 

where α  stands for zyx ,, , becomes 
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for the unstressed state and  
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when deformed; thus, the chain contribution to the entropy of deformation of the full 

network is 

 

( ) ( ) ([ 111 22
0

22
0

22
0

2 −+−+−−=− zyxo zyxkbss λλλ )]. (30) 

 

And the total entropy of deformation of the network can be computed by the summation 

of each individual contribution of the M  chains,  
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The chain vectors  have equally possible random directions; the summations of their 

individual components result in one third the total displacement as, 
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0 31 rzyx , where the latter summation is the same as the product 

of the number of chains per unit volume , and the mean squared end to end 

distance, yielding 
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Making the assumption that the length of the mean square chain vector in the unstrained 

state is the same as for a corresponding set of free chains, this is ( )22 23 br = , the total 

entropy of deformation can be expressed as 
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2
1 222 −++−=Δ zyxc kMS λλλ . (33) 

 

Recalling that , the known expression for the work of deformation per unit 

volume derived from Gaussian statistics for neo-Hookean incompressible solids can be 

obtained as, 

SW ΘΔ−=
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where 0μ  is the shear modulus given by 

 

Θ= kM c0μ . (35) 
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Gaussian chain models describe the stress-strain relation of the material for small 

deformations, but deviate significantly for large ones. Drozdov and Gottlieb in [ 48] 

described the shortcomings for this kind of model as: (i) it implies that the end to end 

distance of a chain exceeds its contour length with a non-zero probability, (ii) it 

disregards short-range interactions between statistical segments, and (iii) it neglects 

long range segment interactions that reflect excluded-volume effects. 

2.3.5 Kuhn-Grün approximation 

Different probability distributions have been studied to provide a better description than 

the Gaussian approach; the Kuhn-Grün distribution assumes an ideal chain, formed by 

 links each with length  randomly oriented with no dependency on the orientation of 

the adjacent links, and fixed in the origin of a coordinate system with the other end 

enclosed in a differential volume  [ 47]. The method consists in the calculation of the 

most probable distribution of link angles with respect to the end to end vector length, 

maintaining its accuracy reasonably well for the complete range of r . 

N l

dv

 

The approximate expression for the distribution function ( )rp  determined by Kuhn and 

Grün is 
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Where  is a constant and c β  is the inverse of the Langevin function ( )Nlr1−L  

obtained from 
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The inverse of the Langevin function is a monotonic increasing function, continuously 

differentiable on . As shown in [ 49], the calculation of  can be significantly 

simplified with the use of an approximation function, as 

10 <≤ β β
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Figure 4 shows the inverse of the Langevin function of β  for the numerical solution from 

(37) and the approximation employing eq. (38); it can be seen that the difference 

between one another is negligible specially for small values of β . 
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Figure 4. Inverse of the Langevin function.  

(—) numerical approximation from eq. (37),  

(●) approximation from eq. (38). 

 

Substituting the natural logarithm of the probability density (36) into eq. (21), the 

conformational entropy for a single, randomly oriented chain becomes, 
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The work of deformation per chain ( )rw λ , depends on the absolute temperature, Θ , and 

the conformational entropy as sw Θ−= , this is 
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where  is chosen to nullify the energy in the undeformed state, and *c rλ  is the relative 

chain extension as in (20). 

2.4 Average-Stretch Full-Network Model 

In 2003 Beatty derived an average-stretch full-network model [ 50], which is a general 

case of the Arruda Boyce 8-chain model [ 51]. The theory in the work published by Beatty 

does not require specific chain-cell morphology for an amorphous solid constituted by 

 randomly oriented chains per unit volume, as the Arruda Boyce model, the model 

was based in non-Gaussian statistical mechanics of networks of randomly oriented 

molecular chains. The geometry of the model proposed by Beatty is based on  chains 

with an end attached to an arbitrary cross-link being the origin of a reference frame, and 

the other end attached to the surface of a sphere centered in the origin of the system. 

The mean chain stretch in an affine deformation for a chain initially oriented in an 

arbitrary direction has the form 

M

M

 

3
ˆ 1I
ch =λ . (41) 

 

Since the fully extended chain stretch is Nrrmm == 0λ , the resulting mean relative 

stretch becomes 

 

N
I

m

ch
r 3

ˆˆ 1==
λ
λλ . (42) 

 

which is the same relative stretch as for the Arruda Boyce model, although in the latter 

work, this is valid only if the chain is oriented originally in any of the diagonals of a unit 

cube as shown in fig. 4 [ 51]. For the case of the full-network model from [ 50], equation 
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sw ˆˆ Θ−=

 

( ) cNkw rr −⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+Θ=

β
βλβλ

sinh
lnˆˆˆ , (43) 

 

wherein  is a convenient constant chosen so that c ( ) .01ˆ =w  Assuming that the chains 

contained in the analyzed cell have the same relative stretch, then the amount of strain 

energy per unit volume can be represented as 

 

( ) ( )rcr wMW λλ ˆˆ = , (44) 

 

where the chain density is denoted by  .cM

 

Hence, the total strain energy for the full-network model by means of (35) and (44) 

becomes, 

 

( ) cNW rr −⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

β
βλβμλ

sinh
lnˆˆˆ

0 . (45) 
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Figure 5. Arruda Boyce eight-chain configuration. 

 

The constitutive equation for the average stretch, full network, non Gaussian model of 

rubber elasticity is obtained substituting (45) into (7), as 

 

( )BIT 1Ip μ+−= , (46) 

 

where ( )1Iμ , the shear response function is, 

 

( ) ( )
r

rI
λ
λβμμ ˆ3

ˆ
0

1 = , (47) 

 

being ( )rλβ ˆL 1−≡  and 0μ  the shear modulus in the undeformed state.  

 

Equations (45) and (46) are the same as the ones developed by Arruda and Boyce in 

[ 51]; the Arruda Boyce model, special case of the model presented in here, has 

mathematical simplicity and allows to describe accurately the elastic behavior of 

elastomeric materials employing only two parameters for different deformation 

mechanisms even for large deformations [ 13]; the calculation is considerably simpler 

than in other full network models such as the one developed by Wu and van de Giessen 

and the results remain in an acceptable range for large strains magnitudes. 
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2.5 Phenomenological Models 

2.5.1 Ogden model 

A different approach to mathematically describe the constitutive behavior of rubber like 

materials is to represent its deformation, produced by one or various forces, in terms of 

a strain energy function. This function may be developed as a function of the strain 

invariants or of the principal stretch rates. Different forms of the strain energy function 

have been proposed in order to fit the predicted behavior to the experimental data in 

different loading conditions for large deformations; Ogden in 1972 [ 52], presented a 

strain energy function which is a linear combination of the stress invariants and from 

where the particular cases of the classic neo-Hookean solid function and the Mooney-

Rivlin material might be obtained [ 12]; this is 

 

( )∑
∞

=

−++=
1

321 3
m m

m mmmW ααα λλλ
α
μ

, (48) 

 

where, for consistency with the classical theory,  

 

∑
=

=
N

m
mm

1
02μαμ , (49) 

 

N  being a positive integer; mμ , mα  are material constants, the latter not necessarily 

being integers and, 0μ , is the shear modulus in the undeformed, stress-free 

configuration. 

 

The strain energy density function then can be used to obtain the Cauchy stress tensor 

by means of the constitutive equation for an incompressible, isotropic, elastic material 

per volume unit, function of the deformation gradient tensor F ,  
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I
F

FT pW
−

∂
∂

= , (50) 

 

where p , is a Lagrange multiplier associated with the incompressibility constraint 

1det =F ; or, as function of the principal stretches aλ , 3,2,1=a , according to equation 

(7). 

2.6 Mullins Effect 

The softening phenomenon exhibited by rubberlike materials has been characterized by 

different approaches; here, two phenomenological models are discussed. The first was 

developed by Zúñiga and Beatty [ 3], it consist in a theoretical damage model, dependant 

on the strain intensity, which describes an idealized form of the Mullins effect for various 

deformations states. The second model consists in the Ogden’s pseudo-elasticity theory 

proposed by Ogden and Roxburgh in [ 53]. 

2.6.1 Strain intensity damage model 

The Mullins effect in isotropic, hyperelastic, incompressible rubber-like materials can be 

modeled by means of a theoretical damage model function of the strain intensity. The 

model described here is a special case of the Mullins materials studied by Beatty and 

Krishnaswamy [ 15].  

 

Strain intensity refers to the magnitude of the strain in the material; in terms of the left 

Cauchy Green deformation tensor, its value can be determined by 

 

4
3

4
2

4
1

2tr λλλ ++=== BBm . (51) 

 

When referred to a previous maximum strain, the maximum strain intensity becomes, 

 

4
max3

4
max2

4
max1 λλλ ++=M . (52) 
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It can be seen that the value of  ranges from , in the undistorted state where , 

to the maximum value of the magnitude of strain in the deformation history, where 

, i.e., . In the case of loading of the virgin material , 

otherwise, when unloading an reloading, a monotone increasing function  

accounting for the evolution of the microstructural damage that begins immediately upon 

deformation [ 3]. Recalling from eq. (5) that the Cauchy stress tensor of an 

incompressible, isotropic, virgin material is determined by 

m 3 1=F

Mm =max Mm <≤3 Mm =

( );F m M

 

( ) ( ) 1
211211 ,, −

−ℵ+ℵ+−= BB1T IIIIp , during loading (53) 

 

then the stress-softened material can be described in accordance to a softening damage 

function  that depends on the amount of strain as ( ;F m M )

)

 

( )Tτ MmF ;= , for unloading and reloading for  Mm ≤ (54) 

 

where  denotes the softened Cauchy stress. The material behaves ideally elastic as 

long as , describing a softened stress-stretch curve; retaking the virgin material 

stress-stretch path for higher values of the strain intensity. This require that the damage 

function  becomes active in the interval 

τ
m M≤

( ;F m M Mm <≤3 , and to take the value of 

unity when , making  Mm = .Tτ =

 

Zúñiga and Beatty proposed a function in exponential form to capture the microstructural 

damage mechanism effects with the aid of a single parameter denoted by b , a positive 

material constant called softening rate parameter [ 3]; the monotonous softening function 

 is ( );F m M

 

( ) .; mMbeMmF −−=  (55) 

 

Thus, the stress-softened material theoretical model is given by 
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Tτ mMbe −−= , (56) 

 

where unloading or reloading from a state of previous maximum strain is occurring. Note 

that 1<Tτ , which implies that for a fixed stretch magnitude, the softened stress is 

always smaller than the corresponding virgin material stress. 

2.6.2 Ogden pseudo-elasticity theory 

The theory developed by Ogden for the prediction of the Mullins effect in an elastomeric 

material makes use of the theory described in section 2.5. In here, the strain-energy 

function incorporates an additional variable known as the damage parameter η . For an 

incompressible, isotropic material the pseudo-energy function has the form 

 

( ) ( ) ( )ηφλληηλλ += 21021 ,ˆ,,ˆ WW , (57) 

 

where ( )ηφ  is a damage softening function that satisfies ( ) 01 =φ  and ( ) 0'' <ηφ . The 

subscript zero in equation (57), denotes the primary loading path where η  is inactive, 

i.e., 1≡η ; otherwise 10 ≤<η , for the stress softened material, and the strain energy 

density becomes   

 

( ) ( )ηλλλληλλ 1
2

1
12121 ,,,,ˆ −−=WW . (58) 

 

Since the damage function ( )ηφ  satisfies the relation 

 

( ) ( )210 ,ˆ' λληφ W−= , (59) 

 

then the parameter η  can be defined in terms of the principal stretches. 
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A form of the damage function proposed by Ogden and Roxburgh is described by the 

inverse of the error function erf as 

 

( ) ( )( ) moo Wrm +−=− 1erf' -1
0 ημηφ , (60) 

 

where  and  are dimensionless, positive material constants,   the shear 

modulus, and W  represents the maximum energy density value in the virgin loading 

path. The constant  is the extent of damage relative to the virgin state, and  is a 

measurement of the damage distribution through the range of deformation [ 53];  

om or 0μ

m

or om

 

The pseudo-elasticity theory can be used to account for residual strain phenomenon 

along with the softening effect. The residual strain effect appears as the load is removed 

from a previously virgin material, the magnitudes of the principal stretches 1λ  and 2λ , 

instead of taking the value of unity as originally, become  r1λ  and r2λ  in the unloaded 

state implying a change in length which is associated to a strain energy of the unloaded 

state , by using (59) can be expressed as rW

 

( ) ( ) rrr WW −=−= 210 ,ˆ0' λλφ . (61) 

 

The energy related to the unloaded, residually strained state , is defined by the 

damage function , this implies that the residual strain depends on the material 

maximum previous deformation and is uniquely defined because of the monotonicity of 

 [ 12]. In order to express the direct dependence of  on , Ogden proposed a 

damage function of the form, 

rW

( )ηφ

( )ηφ ' ( )ηφ mW

 

( ) ( ),, mWηηφ Φ=  (62) 

 

then, taking the derivative of (62) respect to η  we have,  
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( ) ,,0 rm WW −=Φη  (63) 

 

on which equation (61) has been used. In terms of ηΦ , equation (59) can be expressed 

as  

 

( ) 0
ˆ, WWm −=Φ ηη , (64) 

 

where  . Also, when mWW ≤0
ˆ 1=η , 

 

( ) mm WW −=Φ ,1η . (65) 

 

Note that the Cauchy principal stresses can be determined according to the pseudo-

energy function by (7), whether or not  η  is active. 
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III. Material characterization 
In this work, two methods of experimental characterization for elastomeric materials are 

being used to confirm the effectiveness of the developed constitutive models, the first 

consisting in monitoring the transverse vibrations of a taut elastomeric string, for the 

case of uniaxial controlled strains; and the second in membrane inflation, accounting for 

the case of equibiaxial deformation state. 

3.1 Simple extension – Transverse vibrations of a rubberlike cord 

The uniaxial experimental characterization employing transverse vibration of rubber 

cords has been studied in the lasts decades. The goal of this technique is to obtain the 

frequency – stretch curves of a rubberlike cord subjected to small amplitude transverse 

vibrations of the fundamental mode with experimental data and to predict the behavior 

by means of theory of vibrations and elasticity analysis. Beatty and Chow in 1983 

applied the recently developed theory of elasticity which describes the highly non-linear 

response of rubberlike materials, to the dynamical response of a vibrating string; their 

study included the frequency response of virgin strings for controlled strain, with the use 

of the neo-Hookean and the Mooney-Rivlin constitutive models [ 1]. In 1993, Johnson 

and Beatty published the relation of the softening effect and the transverse frequency 

response of elastomeric strings for loading and unloading cycles [ 2].  

 

 

 

 

 

 

 

 

 

 
Figure 6. Transverse vibration experimental set up. 
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These investigations have demonstrated that the vibration frequency of a rubberlike 

string, for a given stretch, decreases with the extent of the softening phenomenon. 

Recently Elías and Beatty developed a damage phenomenological function and 

combined it with the small amplitude transverse vibration of elastomeric cords developed 

in [ 1], and found excellent agreement with the experimental data for idealized softening 

effect [ 3]. The experimental arrangement used is shown in figure 6; a more complete 

explanation on the working principle and the experimental protocol of the set up refer to 

Appendix A. 

 

The relation between the string frequency vibration and the stretch magnitude is given 

by an adaptation of the universal equation of Taylor for the -th mode frequency of a 

taut string, which is given by  

z

 

ρ22 l
Fzv = . (66) 

 

In order to write Taylor’s equation in terms of the initial physical conditions of the 

rubberlike cord, we consider an homogeneous elastomeric string with ρ0 initial mass 

density per unit of length , and uniform cross-sectional area , subjected to uniaxial 

tension , to stretch to a 

0l

l
0A

F 0lλ=  length and a cross-sectional area λ0aa = , with a final 

mass density ll00ρρ = , then, the expression for the frequency given by (66) becomes, 

 

2
0

0 λμ
Tvv = , (67) 

 

where  0
2
0000 4 ρμ lav = , and the tension  has been replaced by the simple tension 

stress 

F

T , given that, TAF = . The frequency can be written in the normalized form  
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2
00 λμ
T

v
vf == , (68) 

 

equation that predicts the frequency – stretch behavior of a virgin rubber string in terms 

of a uniaxial tension stress T  obtained from a elasticity model adequate for rubberlike 

materials. The frequency of the softened material, which define the secondary paths of 

the frequency stretch curves, can be determined by substituting the softened stress in 

(68) as, 

 

2
00 λμ
τ

==
v
v

f s
s , (69) 

 

where τ  represents the stress-softened magnitude. 

3.2 Equibiaxial extension – Membrane inflation 

Equibiaxial strain conditions in a rubberlike material sample sheet can be achieved by 

means of a membrane inflation test. It consists in mechanically fix a flat circular sample 

as the cap of a hermetic pressure chamber, and pressurize in order to deform the 

sample into a balloon-like shape, for which the local deformations in the pole can be 

considered to be pure equibiaxial stretches [ 55]. The test requires for a thin elastomeric 

membrane clamped around its perimeter to be subjected to uniform static pressure in 

order to relate the inflated membrane stretch magnitude to the working pressure for 

different deformation steps; the analogous procedure for deflation of the sample can be 

carried out to characterize the softened stress phenomenon.  

 

Different studies employing this experimental methodology and analytical approach have 

been published [ 4,  5,  6,  54,  55] to mention some. It consists in monitoring the 

deformation of a small area in the pole of the membrane as function of the pressure; this 

requires the measurement of the curvature radius of the pole, and of the stretch  

planar projection. 

21 λλ =
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T  

 

 

P 
Figure 7. Pole membrane element subjected to equibiaxial stress. 

 

For a small material element in the pole of the membrane subjected to the shown 

conditions in fig. 7, the expression relating the uniform stretching pressure P , and the 

stress T  is, from theory of membranes under uniform pressure, 

 

T
R

t
P

0
3

02
λ

= , (70) 

 

where  and  are the membrane thickness and membrane radius respectively, both 

in the undistorted state; 

0t 0R

λ  stands for the equibiaxial stretch. The analogous equation 

accounting for the softened Cauchy stresses is 

 

τ
λ 0

3
02
R

t
P = . (71) 
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IV. Characterization of Mullins and residual strain effects 

4.1 Strain energy function modification 

This section describes a method to predict analytically the permanent set phenomenon 

of rubberlike materials. The theory described here consists in a phenomenological 

model that complements the theory of softening phenomenon of section 2.6.1, to fit 

stress-stretch experimental data including the effects of residual strains. This method is 

based on the approach followed by Holzapfel et al. [ 14] where an additional term that 

modifies the strain energy function to include description of the residual strain 

phenomenon was included.  

 

To account for residual strains, Holzapfel et al. [ 14] assumed a strain energy function 

, of the form W

 

( ) ( ) ( )1,,,,,ˆ,,ˆ
3213213210 −−+= JpWWW s ξξξλλλλλλ , (72) 

 

where the function   represents the energy associated with the primary loading path,  

 is the function related to the material damage mechanism;  represent the 

discontinuous damage variables,  is an arbitrary hydrostatic pressure and 

 due to the incompressibility condition. In accordance to the pseudo- 

elasticity theory introduced in [ 56], it is convenient to write the damage energy satisfying  

0Ŵ

sŴ ,aξ ,3,2,1=a

p

1321 == λλλJ

 

0ˆ =∂∂ asW ξ . (73) 

 

Equation (72) will be used with equation (54) to derive the corresponding residual stress 

; thus, the stress softened material can be described by the following constitutive 

equation, 

sT
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( ) ( ) ( ) ( ) ( )[ ]3213210321 ,,;ˆ,,;ˆ;,,;; λλλλλλλλλ ssv WWMmFWMmF TTTτ +== , (74) 

 

where  represents the virgin material stress which in this work, will be represented by  

the non-Gaussian average-stretch full-network model; and the terms  is a 

discontinuous supplementary function which is active in the unloading and reloading 

paths where 

0T

sT

maxaa λλ < , and becomes inactive in the primary loading path where ,3,2,1=a

maxaa λλ = , ; 3,2,1=a maxaλ  representing the highest previous values of the principal 

stretches in the primary loading path. Recalling equation (7), the form of the 

supplementary stress, for the principal directions, can be computed as the derivative of 

the damage mechanism with respect to the principal stretches as 

 

a

s
aas

W
T

λ
λ

∂
∂

=
ˆ

, (75) 

 

where,   .3,2,1=a

To describe , we discuss here the application of two new possible forms for . sT sŴ

4.1.1 Model A. 

In this case we assume a slight modification of the energy function  proposed by 

Holzapfel et al. in [ 14], i.e.,  

sŴ

 

( ) ( )[ ] ,ˆ
3

1

2
max∑

=

+−=
a

aaaasW ξφλλξ  (76) 

 

where ( a )ξφ  is a damage function that depends on the damage variables ,aξ 3,2,1=a . If 

we take the partial derivative of equation (76) with respect to ,aξ  and by following 

Holzapfel et al. procedure, we have 
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( ) ( ) ,0'
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∂
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a

sW
ξφλλ

ξ
 (77) 

 

where ( ) ( ) .' aaa dd ξξφξφ ≡  Assuming that ( )aξφ '  has a logarithmic form 

 

( ) ,ln1'
2

⎟
⎠
⎞

⎜
⎝
⎛=− aa c

ξξφ  (78) 

 

and by substituting equation (78) into equation (77), we get,  

 
( ),max aac

a e λλξ −=  (79) 

 

where  represents a material constant related to the damage mechanism. Moreover, 

the damage function can be obtained by integration of equation (78) as 

c

 

( ) ( ) [ ]aaaaaaaa c
d ξξξξξξξφξφ 2

2 lnln221' +−−== ∫ . (80) 

 

This equation (80) along with (79) can help us to write the damage mechanism as 

function of the principal stretches ,aλ 3,2,1=a ; after substituting equations (79) and (80) 

into equation (76), the derivatives asW∂ ˆ λ∂  can be computed, yielding, 

 

( ) ( ).2
ˆ

max
max

aac
aa

a

s e
W λλλλ
λ

−−=
∂
∂  (81) 

 

This equation (81) can be substituted into equation (75) to obtain the residua stress . 

It is easy to show, by using the average-stretch full-network model described in [ 50], that 

the uniaxial tension stress-stretch constitutive equation with  and the softening 

damage function  given by equation (67), is given by 

sT

sT

( MmF ; )
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where  is obtained from equation (42), and , rλ̂ m M  were defined in section 2.6.  

 

By following a similar procedure, we may show, for a equibiaxial deformation state, 

where ;  [ 12], that the stress-softened material is described by λλλ == 21
2

3
−= λλ
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Thus, by equation (69) and the uniaxial tension model (82), the stress-softened 

constitutive equation of rubberlike material cords, as a function of the small amplitude 

transverse vibration frequency is given as 
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4.1.2 Model B. 

A different form for the damage energy density function  which depends on a positive 

scaling parameter , is assumed to be of the form 

sŴ

n

 

( ) ( )[ ]∑
=

+−=
3

1
max0

ˆ
a

a
n

a
n
aasW ξφλλξμ . (85) 

 

Following the procedure shown in Model A, we take the partial derivative of equation 

(85) with respect to ,aξ  yielding 

 

 57
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ξφλλ

ξ
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Now, we assume a damage function of the form 

 

( ) aa cξξφ =− ' , (87) 

 

and after substituting equation (87) into equation (86), we find that, aξ  can be 

determined by 

 

( )n
a

n
aa c max

1 λλξ −= , (88) 

 

where  represents a material constant related to the damage mechanism. The damage 

function is determined as before, by the integration of the proposed equation (87), as 

c

 

( ) ( ) 0
2

2
' ccd aaaa +−== ∫ ξξξφξφ , (89) 

 

where  is an integration constant. After substituting equations (88) and (89) into , 

the damage energy function can be expressed in terms of 

0c sŴ

,aλ  as 
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Thus we can determine the partial derivation of  with respect to the principal 

stretches, i.e., 

sŴ∂
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Then we can substitute equation (91) into (75) to determine the residual stress . As in 

Model A, the constitutive equation for uniaxial extension that accounts for the Mullins 

and residual strain effects, by means of the average-stretch full-network model [ 50] with 

 and the damage function  (67), is given by 

sT

sT ( MmF ; )
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For equibiaxial deformation state, the Cauchy equibiaxial stress can be found, according 

to the damage energy function (85), and by using the average-stretch full-network model 

[ 50] and the softening damage function (67), as 
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Equation (92) can be substituted into equation (69) to find the frequency-stretch relation 

according to the average-stretch full-network model: 
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V. Results and discussion 
The experimental and analytical data obtained for different rubberlike materials are 

shown and discussed in this section. First, the small amplitude transverse vibration of a 

taut elastomeric string testing and simulation is presented for the nitrile and silicone 

rubber strings data published by Elías-Zúñiga and Beatty in [ 3]; the second part shows 

the results for equibiaxial deformation testing using the experimental data obtained by 

Johnson and Beatty in [ 57].  

 

The material parameters in the simulations were obtained using the lsqcurvefit function 

in Matlab, which solves nonlinear curve-fitting (data-fitting) problems in least-squares 

sense, for the different loading conditions and materials. The parameters necessary to 

model the loading path were obtained by means of the loading experimental data as 

input for the curve fitting function along with the equation to adjust, yielding the number 

of chain links and the material shear modulus. 

 

Primary loading path 

experimental data  
lsqcurvefit 

Material parameters 
0,μN  

 
Constitutive model 

 

 

 

 

 

 

For the case of the softened stress related parameters the input for the curve fitting 

function consist in the unloading curve experimental data (from the largest stretch 

characterized)  and the model (accounting for the softened state) to adjust. 

 

 Unloading path 

experimental data 

(for largest stretch)  

 

 

 

 

 

 
lsqcurvefit 

Material parameters  

ncb ,,  
Softened stress  

 

constitutive model 
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The output data are, the softening rate parameter, and the two permanent set related 

parameters  and . c n

5.1 Transverse vibration  

The materials tested employing transverse vibrations where: nitrile and silicone. Every 

experiment was conducted using virgin material samples at room temperature and equal 

general conditions. The results obtained for this case are the frequency – stretch curves 

for rubber strings subjected to loading – unloading cycles. The frequency response for 

different stretch magnitudes of a nitrile string is shown in the figures 8 and 9. The filled 

dots represent the experimental response of the elastomeric string; the analytical 

frequency prediction is represented by continuous lines as the dimensionless frequency 

from equation (84) for fig. 8, and equation (94) for fig. 9.  
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Figure 8. Frequency-stretch data for nitrile rubber string and normalized frequency curves accounting for 

stress softening and permanent set. Model A. with b = 0.4377, N = 20.893, c = 31.72, μ0 = 1.25 x105 N/m2. 
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Figure 9. Frequency-stretch data for nitrile string and normalized frequency curves accounting for stress 

softening and permanent set. Model B. with b = 0.475, N = 20.893, c = 18, μ0 = 1.25 x105 N/m2, n = 1.5. 

 

In both cases, it can be clearly seen that the model fits the experimental data 

satisfactorily for the virgin state, and for the beginning of each unloading process, but  in 

the zone of the curves close to the unloaded state the slopes differentiate from the ones 

formed by experimental data, difference that has its origin in the nature of the functions 

selected to represent the damage as well as the viscoelastic effects not considered in 

the analytical models, evidencing the need for more complete functions for better 

reproduction of the real material behavior.  

 

The results reported in [ 3] show better agreement with the softened curves for ideal 

Mullins effect near the unstressed state; the modification of the unloading and reloading 
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paths to account for residual strains, using the proposed models of section 4, increase 

the difference between the slopes of the experimental and analytical curves; this 

difference is higher for the Model B shown in figure 9 than for Model A in figure 8, as can 

be seen in the comparison of the fig. 10. For both cases the prediction of the permanent 

set values are satisfactorily predicted for low and high stretches, a comparison of the 

permanent set magnitudes for the different maximum previous uniaxial deformations is 

shown in table 1. 

Table 2. Residual strain data comparison for nitrile rubber cord transverse vibration experimental analysis. 
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Figure 10. Comparison of constitutive models for nitrile rubber string and the experimental frequency data 

accounting for stress softening and permanent set. Model A. shown in continuous line, Model B. in hidden 

line, and experimental data in filled dots. 

 

A similar test was conducted for the silicone rubber specimen. The experimental and 

analytical results for the Models A and B are shown in the figures 11 and 12 

respectively. Again, the transverse vibration frequencies from the constitutive models 

from equations (84) and (94), for Model A and Model B respectively, are being plotted 

against stretch. This test consisted in two loading-unloading cycles with loading 

maximum stretches of 2 and 3. It can be seen in the figures 11 and 12 that the model fits 

adequately the experimental behavior for the initial part of the returning process; 

although, at the beginning of the stretching, the softened stress predicted has a marked 

difference with the data obtained experimentally. As in the case of the nitrile string 

testing, the analytical results predict the permanent set effect adequately. Comparing the 
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experimental data of the nitrile and the silicon rubber, it is noticeable that the effects of 

permanent set for the case of the silicon are significantly small, recovering almost its 

original size as the load is removed; the magnitudes being practically the same after 

stretching to 2=λ  and . The damage mechanism of Model A predicts null permanent 

set after 

3

2=λ , for the given conditions; Model B presents slight better agreement for the 

same condition; considering the small residual strains magnitudes, the difference 

between predicted and experimentally obtained for both cases remains in an acceptable 

level. 
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Figure 11. Frequency-stretch data for silicone rubber string and normalized frequency curves accounting 

for stress softening and permanent set. Model A. with b = 0.536, N = 6.31, c = 24.43, μ0 =1.39 x 105 N/m2. 
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Figure 12. Frequency-stretch data for silicone string and normalized frequency curves accounting for 

stress softening and permanent set. Model B. with b = 0.6, N = 6.31, c = 149, μ0 =1.39 x 105 N/m2, n = 2. 
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Figure 13. Comparison of constitutive models for silicone rubber string and the experimental frequency 

data accounting for stress softening and permanent set. Model A. shown in continuous line, Model B in 

hidden line, and experimental data in filled dots. 

 
Table 3. Residual strain data comparison for silicone rubber cord transverse vibration experimental 

analysis. 

Maximum  

stretch maxλ  

Experimental  

residual strain 

exprλ  

Predicted  

residual strain  

caseApsλ  

Predicted  

residual strain  

caseBpsλ  

2 1.036 1.001 1.014 

3 1.036 1.036 1.036 

 

 67



5.2 Equibiaxial Testing 

Two experimental data sets for balloon inflation testing published by Johnson and Beatty 

are analyzed here: the corresponding to the BALL9, and to BALL10. The equibiaxial 

engineering stress λτσ =  is plotted against the equibiaxial stretch λ  for the virgin and 

softened state of the material.  

 

Figure 14 shows the comparison between the constitutive model (92), and the 

experimental data for BALL9. The differences between the experimental data and the 

analytical curve are evident and show that the applicability of this form of the damage 

strain energy (76), along with the proposed damage function (78), is not extended to 

equibiaxial deformation. 
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Figure 14. Equibiaxial engineering stress as a function of the equibiaxial stretch for BALL9 from Johnson 

and Beatty. Model A. with μ0 = 0.3118 MPa, N = 34.25, b = 0.208, c = 11.358. 
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The material response predicted by means of the constitutive model (93) is shown in the 

fig. 14. As it can be seen, again the magnitudes of the predicted residual strains show 

significant differences to those obtained experimentally. This model does not fail 

reproducing the softened stresses for small extensions as the one shown in fig. 15, but 

only shows discrepancies for the last part of the curves near the unloaded state. 
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Figure 15. Equibiaxial engineering stress as a function of the equibiaxial stretch for BALL9 from Johnson 

and Beatty. Model B. with μ0 = 0.3118 MPa, N = 34.25, b = 0.208, c = 17.18, n = 1.313. 

 

The analytical characterization using both cases of the damage strain energy introduced 

in Models A and B in section 4, are shown in figures 16 and 17 respectively for the 

BALL10 experimental data set.  
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As for the case of BALL9, is clear that the model of equation (83) is not suitable for 

predicting biaxial deformation states for the softened material; the magnitude of the term 

accounting for residual stresses in the stress-softened predicted curves increases 

disproportionally as the curves approximates to the unloaded state, affecting specially 

the softened-stress curves of small maximum deformation. 
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Figure 16. Equibiaxial engineering stress as a function of the equibiaxial stretch for BALL10 from Johnson 

and Beatty. Model A. with μ0 = 0.1979 MPa, N = 34.25, b = 0.208, c = 11.358. 

 

The constitutive model of case B. for biaxial extension, i.e. equation (93), shows better 

agreement with the BALL10 data set than the model of case A.; the tendencies of the 

unloading curves of experimental data are followed closely by the simulation with the 

damage strain energy (85) along with the damage function (87), although, near the 

unloaded state, the experimental behavior shows a change in the slope which is not 
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captured by the model, thus, failing in the prediction of the exact value of the 

corresponding residual strain. 
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Figure 17. Equibiaxial engineering stress as a function of the equibiaxial stretch for BALL10 from Johnson 

and Beatty. Model B. with μ0 = 0.1979 MPa, N = 34.7, b = 0.1635, c = 19.13, n = 1.69. 

 
Table 4. Euclidean length of the error vector for BALL9 and BALL10 unloading curves. 

BALL9  

1λ  2λ  3λ  4λ  5λ  6λ  

0.0412 0.0713 0.1688 0.2728 0.2295 0.3373 

BALL10 

1λ  2λ  3λ  4λ  5λ  6λ  

0.0789 0.1132 0.3083 0.2417 0.2092 0.3135 
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A parameter of the relative error of the unlading curves can be obtained by the 

Euclidean length of the difference of the stress vector obtained analytically and that 

obtained experimentally, being cero, the perfect fit between both curves. The error for 

tests BALL9 and BALL10 using Model B. is shown in the table 4 for the different 

unloading curves.  
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VI. Polymeric Nanocomposite Characterization 
As discussed in section 1.5, several studies have been taking place lately to understand 

the repercussions of embedding nanostructures into a polymeric matrix as reinforcing 

agents. In general, the properties of the different kinds of polymers are enhanced by the 

addition of different kinds of nanostructures. For the case of thermosetting materials, 

reinforced with multi-walled nanotubes (MWNTs), which have a wide rage of industrial 

applications, important increases in tension and compression modulus can be achieved; 

the strength can be increased in 100% with reductions of ductility from 20% to 10%, in 

the particular case of CVD with small fractions (4 wt.%) of MWNTs addition [ 59]. Single-

walled nanotubes generate the same tendencies for these polymeric matrices. For 

BIMSM elastomers the initial stiffness and subsequent stretch induced stiffening at large 

strains increase with the multi-walled nanotube (MWNT) content, also increasing the 

tensile strength and the tensile strength to break [ 60]. Studies focused in the generation 

of constitutive models for polymeric nanocomposites are under development until these 

days since the extent of the theory described in the previous chapters is not enough to 

account for the different phenomena presented in them; different approaches, i.e. 

micromechanics, molecular dynamics, are being taken to simulate their complex 

behavior. 

 

Nanostructured materials have to be modeled with a different approach than typical 

materials because of the extremely small structures considered for which the continuum 

mechanics are not valid [ 61]. Energy methods are providing an alternative for the 

characterization of these materials; molecular mechanics is one of the paths being 

investigated, a theory introduced by Mokashi et al. in [ 62] is a representative example, 

where the material is modeled in terms of its total energy, in order to simulate their 

mechanical behavior, as 

 

IMPCNTT EEEE ++=  (95) 
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where  is the potential energy of the carbon nanotubes,   of the polymer matrix 

and  represents the intermolecular energy between the CNTs and the matrix. The 

energy related to the CNTs is modeled by means of the Morse type pair potentials 

generated by the attractive and repulsive interactions between the atoms; the energy in 

the polymer can be characterized as function of the interatomic potentials of its bonds, 

valence, angle, and dihedral angles; finally, the potentials for non-bonded intermolecular 

interaction are modeled according to the van der Waals forces.  

CNTE

IM

PE

E

 

Simulations for uniaxial extension, where the models for each of the potentials are 

computed for a polyethelene matrix with short single-walled capped nanotubes was 

reported in [ 62]. In figure 18, the engineering stress as function of the material stain is 

plotted for different CNTs wt.% in the composite. 

 

 
Figure 18. Simple tension engineering stress as a function of the strain for polyethyleneand embedded 

nanotube system, (taken from Mokashi et al. [ 62]). 

 

The strength in the composite material, for the case of the figure 18, is lower than for the 

pure amorphous polyethylene matrix due to the short length of the nanotubes used in 

the simulation; the contact area between the matrix and the nanotubes interface is too 

small for effective load transfer thus the inclusions act like voids instead of reinforcing 

agents [ 62].  
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A different approach for the characterizations of the mechanical properties of bulk 

polymeric nanocomposites is to use an equivalent-continuum modeling method in order 

to represent the nanotube, the local polymer near the nanotube, and the 

nanotube/polymer interface as an effective continuum fiber [ 61]. The molecular 

arrangement is analyzed to generate a truss model which allows characterizing the 

mechanical behavior in terms of the displacements of the atoms of a representative 

volume element in the nanometer scale. The mechanical properties of the analyzed 

element can be determined by equating the total strain energies of the equivalent-truss 

and equivalent-continuum models under identical loading conditions. The material 

parameters can be determined from a single boundary condition applied to the 

equivalent-truss and equivalent-continuum models so that the mechanical properties of 

the representative volume element may be determined; the resulting model results in an 

effective fiber representation, which can be introduced a micromechanical model along 

with the properties of the bulk polymer matrix material to predict the elastic stiffness 

properties of the composite. In [ 61], the Mori-Tanaka micromechanics approach was 

used as 

 

( ) ( ) 1−
−−+= f

fm
fmf

f
m vvv AIACCCC  (96) 

 

where  and  are the fiber and matrix volume fractions, respectively,  is the 

stiffness tensor of the matrix material,  is the stiffness tensor of the fiber, and  is 

the dilute mechanical concentration tensor for the fiber, given by 

fv mv mC

fC fA

 

( ) ( )[ ] 11 −−
−+= mfmf CCCSIA  (95) 

 

In [ 61], the elastic stiffness components, the volume fraction, length, and orientation of 

the effective fiber were used in (95); the young modulus and the longitudinal shear 

modulus of the effective fiber/LaRC-SI thermoplastic composite with 1% volume fraction 

of nanotube reinforcement are depicted in fig. 19. 
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Figure 19. Modulus of a SWNT/LaRC-SI composite material vs. nanotube length for a 1% nanotube 

volume fraction, (taken from Odegart et al [ 61]). 

 

For the special case of elastomers the development of constitutive theories is an open 

problem and the area of opportunity for research studies is enormous. Recently 

Cantournet et al., published a model for the prediction of the mechanical behavior of 

elastomeric materials reinforced by the addition of nanotubes  [ 60]; the derivation uses a 

simple approach of rule of mixtures as, 

 

( ) eMWNTc UffUU −+= 1   

( )[ ] fUfUU ecMWNT −−= 1  (97) 

 

where  is the strain energy density of the composite,  is the strain energy density 

of the elastomer, and  is the volume fraction of the MWNTs.  

cU eU

f

 

The energy function of the matrix , can be derived from a rubberlike constitutive 

model such as the average-stretch full-network model form [ 50], equivalent to the eight-

chain model [ 51]; the corresponding strain energy from the MWNTs reinforcements is 

the result of the energy from bending or unbending of undulations in the tubes during the 

eU
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The first steps of characterizing the mechanical properties of elastomeric 

nanocomposites have been taking place recently. The day by day increasingly 

responsibility of these type of materials as elements in all kind of devices represent the 

main motivation of the theoretical research to provide better tools for their simulation and 

representation. As discussed in section 1.4, important applications are found in areas of 

smart materials, aerospace and automotive industries, and use for in medial applications 

given their biocompatibility; the common factor is that the material processing 

techniques involve complex processes for which the materials have to be fully 

understood.  

 

The need for accurate constitutive models and understanding of the mechanical 

behavior of polymeric nanocomposites is evident given the specialized manufacturing 

processes for elements fabricated with these materials, e.g. elements such as 

microfluidic devices, which require the mechanization of microchannels in the surface of 

a biocompatible material, involve modeling of the end milling process, for which and 

important element in the analysis, is the force model, which depends on the mechanical 

behavior of the workpiece given by the constitutive model of the material.  

 

In Appendix C, brief highlights of the nanostructure preparation to be used into polymeric 

composites is reviewed. The manufacturing process of nanoreinforced carbon 

fibers/thermosetting panels using the vacuum assisted resin transfer molding is also 

discussed. 
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Conclusions and Recommendations 
We have reported a method to obtain analytically the magnitude of residual strains 

produced when rubber samples are subjected to deformations and then unloaded.  The 

adaptation of the theory introduced by Holzapfel et al. [ 14], is the basis for this study. 

Previous works have reported its success in the prediction of the idealized stress 

softening effect; as it was shown, the theory can be extended to account for residual 

strains as well by the addition of a damage mechanism to the strain energy density of 

the constitutive model. We have studied the deformation state to assess the accuracy of 

the proposed models, uniaxial extension by studying the effects of the stretch in the 

transverse vibrations of a rubberlike cord, and equibiaxial extension by considering the 

inflation of a rubberlike membrane, respectively. 

 

The model has shown good theoretical prediction when compared to experimental data 

of permanent set for the case of simple tension in both, the buna-N and the silicone 

cords for the two proposed damage models. Further considerations, left aside in this 

study, have to be made in order to capture the effects of the viscoelastic phenomena 

and obtain better agreement between theory and experimental data. It is remarkable that 

the theory here presented predicts adequately the experimental behavior of stress 

softening and residual strains, using only 4 and 5 material parameters for the two 

proposed damage energy functions.  

 

In the case of equibiaxial deformations; the residual strain experimental data from 

Johnson and Beatty, BALL9 and BALL10, were not well predicted by our models. This 

could be due to the form of the proposed damage strain energy function; thus, 

evidencing the necessity of the study of different forms of the damage mechanism that 

allow the prediction of the mechanical behavior for different loading states. 

 

The design and construction of the membrane inflation experimental set up to produce 

equibiaxial stretching in a rubberlike specimen was accomplished successfully. The set 

up is already being used in an official laboratory session of the Materials for Manufacture 
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course for post-graduates in the Instituto Tecnológico y de Estudios Superiores de 

Monterrey, Campus Monterrey, producing reliable experimental data. 

 

The third main objective of this work was a review of the state of the art of the 

preparation of polymeric nanocomposites. A research stay in the facilities of the Material 

Science Department at Rice University was fundamental to fulfill this objective. As 

mentioned before, the aid of nanostructures as reinforcing materials, especially for 

polymeric reinforced composites has being studied extensively the lasts years. The 

numerous parameters or different methodologies to incorporate carbon nanotubes into a 

thermosetting polymeric matrix involves complex studies for each of the steps to lead to 

the optimum desired properties of the final composite element; this creates an extensive 

area of opportunity for researches of multiple disciplines for working into specific 

problems involved in the composite preparation, from the early stages, i.e. nanotube 

generation, to the post processing techniques of the element. 
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Appendix A. Experimentation Methodology 

Transverse vibration experimentation protocol  

A similar experimental array to the one used in [ 1], was built and employed for the 

material characterization; it consists in a pair of clamps mounted in opposite endless 

screws arrangement which allows to separate, by means of a crank, one support respect 

the other with precision and control; each end of the cord is fixed to a clamp. A low 

intensity laser is used as input signal, the beam is carefully oriented horizontally and 

perpendicular to the cord axis and into a light cell receiver; the latter receives the light 

pulses and, given the times that the cord obstructs the laser beam, which are related to 

the frequency of the string, sends a signal into a digital vibration counter, where the 

frequency will be shown in a display and manually registered along with the distance 

between clamps.  

 

 
Figure 20. Sketch of the transverse vibration - uniaxial stretching device. 

 

As stated before, the test consists in exciting the fundamental frequency of a rubber cord 

clamped at both ends to vibrate transversely with small amplitudes of oscillation in a 

controlled environment; the objective of the experiment is to obtain the frequency – 

stretch curve for different loading conditions: 

 

 Loading 

 Loading, complete unloading and reloading  

 Loading, partial unloading and reloading 

 

The protocol of interest in this work is loading, complete unloading and reloading; the 

methodology consists in mounting the sample with a minimum tension to eliminate 
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sagging, its important to mount all the samples with the same minimal tension to ease 

comparison of the data. The initial separation of the clamps, thus the initial length of the 

sample as well as the length increments were equal for every test; a time interval 

between stretching the material and exciting the sample for each deformation step was 

defined to set aside the viscoelastic effects. After each measurement the material was 

stretched again until the maximum desired stretch was reached, then the length was 

reduced in constant decrements of 20 mm until the string was not taut enough to 

generate a reliable frequency measurement; then the rubber cord was removed from the 

set up and the length between the marks was recorded to determinate the permanent 

set magnitude. A new cord from the same batch was tested for each loading and 

unloading cycle and never used again. 

 

Once the experimental data has been obtained, the use of a rubberlike material elasticity 

model and the theory of transverse vibrations in a taut rubber string might be employed 

to obtain the material parameters such as number of links, shear modulus, softening 

parameter, and the permanent set parameter.  

 

 

 
 

Figure 21. Transverse vibration experimental set up. 
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Equibiaxial tension experimental setup 

 The membrane inflation test is useful to obtain the material parameters necessary for 

analytical modeling and simulation; it has been shown that the prediction of polymeric 

materials behavior based only on the parameters taken from uniaxial tension tests often 

results in large errors, especially for large deformations [ 58]. The experiment objective is 

to obtain experimental data of the strain state of the elastomeric membrane considering: 

 

 Stress – strain  behavior 

 Pressure – strain behavior 

 Stress softening  effect 

 

The experimental array has to be able to: 

 

 feed clean, dry air at constant temperature 

 maintain a constant air pressure in the cylinder 

 adjust the pressure with precise steps (increment or decrement) 

 be versatile to adjust the parameters with ease and good control 

 monitor the working pressure 

 register changes in the membrane size/form with exactitude 

 

The three procedures necessary to obtain the desired data from the deformed 

membrane according to a defined pressure are:  

 

 air preparation 

 control 

 measurement 

 

 For this purpose, an experimental arrangement for membrane inflation has been 

constructed.  It consists in a cylinder, a pneumatic circuit to allow control over the air 

flow; and the measuring system.  
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Pneumatic circuit 

The pneumatic circuit employed to feed the pressure chamber was designed with the 

necessary elements that guarantee satisfactory control over the pressure increments 

and decrements necessary for each deformation step. The pressure has to be monitored 

over the entrance, to maintain an adequate pressure for the circuit elements and in the 

cylinder as the test requires. Precision in each increment or decrement is achieved by 

the next configuration: 

 

 
 

Figure 22. Membrane inflation pneumatic circuit. 

 

The necessary equipment to carry out these tasks was selected according to the small 

air flow and undeformed-deformed membrane size rate. The compressor is a 0.8 HP, 

light duty compressor with a 6 gallon tank and a pressure regulator valve in the outlet. 

The air is dried out in a micro mist separator to avoid alterations to the testing material 

and fluctuation in testing conditions.  

 

A needle valve adjusts the air flow passing through it as it is opened and closed for each 

deformation step; a precision regulator was selected to gain control over the pressure 

steps because of a smaller pitch than in the regular ones. A 3/2 selector valve is the next 
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element; it is adjusted to allow either the pass of air to the cylinder, or exhaust through a 

second flow regulator. The latter one is required to control the exit of air from the 

cylinder and thus, the rate of deflation of the membrane. 

 

Cylinder 

 The aluminum cylinder functions as support for the membrane and as a pressurized 

chamber. The elastomer is positioned between the top of the cylinder and the restriction 

ring. The cylinder was designed with an air intake hole and an outlet to connect a 

capacitive pressure transmitter so that the air pressure in the chamber can be precisely 

monitored at all times. A restriction ring is used to maintain the membrane fixed on the 

periphery; it attaches to the cylinder by means of four screw-spring lock washer sets. 

The aid of a rubber gasket to ensure at all times sufficient contact force between 

elements is used to prevent leakage. The inner diameter of the superior ring is the limit 

of the free deformable membrane and was carefully machined with smooth surfaces and 

rounded edges to avoid leakages or damage to the testing material. 

 

 

 
 

Figure 23. Inflation cylinder. 
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Measurement 

 The data required from the test is, for each deformation step, the value of the 

pressure and the respective membrane deformation. The element responsible for 

pressure measurement in the inflation chamber is capacitive pressure transmitter with a 

ceramic measuring diaphragm and adjustable measuring ranges connected to the 

pressure chamber. The problem of the deformation registration is, somehow more 

complex; it requires the aid of a stereo measuring microscope equipped with a 

measuring reticule, a digital camera and an imaging analysis software. In order to carry 

out the deformation measuring, reference marks have to be defined upon the 

membrane; a couple of parallel lines, centered respect to the membrane periphery, 

along with a perpendicular one cutting the first two, allow to measure and to align the 

cylinder respect to the measuring reticule of the microscope. 

 

 
 

Figure 24. Reference marks in a membrane sample. 

 

The length l , between the two vertical marks shown in the figure 10 increases as air is 

pumped into the cylinder and the membrane inflates; this length is measured with the 

stereoscope from a vertical view without considering the curvature effects. In order to 

correct the distance, the geometry of the contour of the membrane in the measuring 

zone has to be considered as shown in the figure 12.  
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Figure 25. Inflated membrane contour and geometry. 

 

The final length is then given by the equation of an arc as rs θ= ; the radius of the 

contour of the membrane near the pole, in the measuring zone, is measured by means 

of an image processing software and a digital image of the side view of the membrane. 

Once the radius is obtained, the angle θ  is given by 

 

⎟
⎠
⎞

⎜
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r
l

2
sin2 1θ , (81) 

 

and the distance  can be easily obtained. s
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Appendix B. Membrane Inflation Lab Manual  

Caracterización Experimental de Elastómeros 

Deformación Biaxial: Inflado de Membranas 

Objetivo 

El objetivo de esta práctica consiste en caracterizar experimentalmente el 

comportamiento de una membrana elastomérica con el fin de validar modelos 

constitutivos en desarrollo. La finalidad es obtener las curvas esfuerzo – deformación 

para materiales sometidos a deformaciones equiaxiales uniformes mediante presión 

controlada de aire usando el arreglo experimental preparado para tal efecto y el cual 

consiste principalmente en: un circuito neumático, un cilindro de presión, y diverso 

equipo de medición. 

Procedimiento 

Una membrana circular se coloca en la parte superior de un cilindro de aluminio cuyo 

extremo inferior está sellado; la membrana es presionada contra el cilindro en su 

periferia por una tapa en forma de anillo. Entre la membrana y el cilindro se coloca un 

empaque para asegurar el sellado de la cámara de presión y evitar maltratar la delgada 

capa de material con los bordes metálicos. Aire filtrado y seco, para evitar alteraciones 

en el elastómero, es conducido al interior del cilindro mediante elementos de control 

para que la presión generada infle la membrana, esto induce un estado de 

deformaciones en el material conocido como deformación equi-axial. Una vez 

alcanzada la presión máxima deseada y por ende, la mayor deformación, la membrana 

será desinflada hasta la condición de presión cero. 

 

Advierta que por cada incremento/decremento de presión en el interior de la membrana, 

la elongación del material debe determinarse tomando como referencia marcas situadas 

en el centro del material. El radio de curvatura debe ser considerado para eliminar el 

error de medición debido a que al ser medida la distancia entre marcas desde la parte 
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superior solo se registra la proyección de la curva; es necesario entonces, registrar los 

cambios en el perfil de la muestra deformada para hacer la corrección correspondiente. 

Equipo y Material 

El arreglo para el inflado de la membrana y su medición consiste en las partes 

mostradas en el siguiente esquema: 

 

 Unidad de 

servicio 

Regulador 

de caudal

Regulador 

de caudal

Válvula 

selectora

Cilindro de 

trabajo y 

membrana

Cámara y plataforma 

elevadora 

Entrada 

Salida 

Microscopio 

Sensor de presión 

Compresor 

 

 

 

 

 

 

 

 

Figura 1. Esquema del arreglo experimental para inflado/desinflado de membranas 
 

Fases experimentales: 

Preparación del aire. 

El compresor es la fuente de alimentación de aire al sistema, es conectado 

directamente al filtro cuya función es limpiar y deshumedecer el aire suministrado.  

Control  

La válvula reguladora de caudal controla el volumen de aire entrando al sistema 

mediante una perilla de ajuste al ser abierta por un periodo de tiempo y cerrada de 

acuerdo al la cantidad de deformación deseada en la membrana o la lectura de presión. 

Al abrir dicha válvula, el aire se dirige hacia la válvula selectora, que es la encargada de 

elegir si la presión de aire de entrada es dirigida hacia cilindro de inflado de la 

membrana ó si esta es bloqueada y en cambio la presión almacenada en el cilindro es 

liberada hacia otra válvula reguladora de caudal que controla la velocidad de escape del 

aire o bien permite mantener inflada la membrana a una presión constante. 

 88



Medición 

La presión es monitoreada en las diferentes etapas con el fin de tener el mayor control 

de la presión en el cilindro mediante una precisa regulación a la entrada y salida del 

sistema. Para esto se cuenta con un manómetro de carátula a la salida de la regulación 

del compresor y, un sensor de presión en el cilindro que permite conocer la presión 

sobre la membrana. La medición de la deformación debe realizarse después de cada 

incremento/decremento de presión, por lo que es necesario verificar el estado de la 

membrana mediante referencias claras sobre ella; la herramienta para realizar esta 

tarea es un microscopio - estereoscopio y un conjunto de escalas de medición. Para 

cada paso de deformación el radio de curvatura se puede determinar mediante una 

fotografía analizada en un programa analizador de imágenes como Image Pro, 

disponible en el laboratorio. 

Preparación de la Muestra 

El cilindro está diseñado para trabajar con membranas circulares de 55 mm de diámetro 

de espesor no definido. La membrana no debe tener deformaciones previas y debe 

conservarse a temperatura ambiente en un medio limpio y obscuro por lo menos 16 

horas antes de la prueba para evitar la degradación química por radiación u otros 

factores ambientales. 

 

La colocación de las marcas de referencia debe realizarse con cuidado para evitar 

dañar el material con marcadores o plumas demasiado filosas, es recomendable utilizar 

una pluma con punta de bola de tinta que contraste con el material y que permita 

visualizar la graduación del ocular para tomar las mediciones. La marca debe hacerse 

en el centro de la muestra para efectuar una mejor medición del cambio de altura que 

experimenta la membrana. Así mismo, las marcas deben ser bien definidas y claras 

dado que al deformarse el material, estas perderán nitidez y se dificultará la medición. 

Montaje 

Para montar la membrana en el cilindro es conveniente seguir la siguiente metodología: 
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Figura 2. Pasos para montar la membrana en la tapa del cilindro. 

 

1.  Colocar la tapa del cilindro boca abajo. 

2.  Insertar la membrana cuidando que los bordes de la membrana empalmen 

completamente  con la pestaña de la tapa y evitando la formación de pliegues.  

3.  Insertar el empaque presionándolo contra la membrana. 

4.  Alinear la tapa con el cilindro e introducir los tornillos. 

 

  

 Figura 3. Cilindro con membrana de latex marcada con línea en tinta blanca. 

Medición de Deformación 

Medición mediante estereoscopio 

La distancia entre las marcas de referencia dibujadas sobre la membrana se mide 

mediante el uso del estereoscopio mostrado 

 

 Perilla de 

zoom 

Perilla de 

enfoque 

 

 

 

 

 

Figura 4. Estereoscopio Olympus SZ61 
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Este microscopio tiene una capacidad de aumento de 20x (10x en oculares y 2x en 

objetivo), más un zoom con rango de 0.67x a 4.5x; está equipado con una retícula de 

medición Leco 10/100xy en el ocular, y tiene la capacidad de trabajar con una cámara 

fotográfica. 

 

La distancia entre las marcas en la membrana se mide mediante la escala de cruz que 

permite tomar medidas en dos ejes perpendiculares entre sí, para determinar, con 

respecto a esta escala, la proporción de las distancias en la muestra.  

 

Para poder determinar las longitudes en unidades del sistema internacional, es 

necesario hacer una comparación entre la reglilla del ocular y un patrón de longitud 

conocida, observados en el microscopio, para así determinar cuántos milímetros 

equivale cada marca de la escala del ocular. Esta calibración debe realizarse con el 

zoom con el que se desee trabajar; un cambio en este, alterará el factor de proporción 

también; es importante enfocar perfectamente para minimizar los errores de medición. 

Una vez calibrado para un zoom determinado, la proporción entre una escala y otra se 

mantendrá al tener correctamente enfocada la muestra. Es decir, se debe calibrar una 

sola vez con un zoom y teniendo en foco el patrón, posteriormente, si el zoom no 

cambia, al enfocar el microscopio en la muestra, el factor de proporción será el mismo. 

 

 

 

 

 

 

 

 
Figura 5. Ocular y retícula de medición (izq.); escala patrón (der. arriba);   
aumento de la graduación en la escala patrón. 
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Los pasos para tomar una correcta medición de longitud en la muestra son: 

 

1.  Fijar el zoom al valor deseado. 

2.  Colocar la retícula en el ocular y la escala patrón en la platina alineada una con otra. 

3.  Enfocar, alinear y medir con la retícula un círculo graduado en la escala patrón que 

no  exceda el largo de los ejes de la reglilla. 

4.  Determinar el factor de conversión entre una escala y otra. 

5.  Retirar la escala patrón e iniciar el experimento. 

6.  Enfocar la referencia en la membrana y alinearla con la reglilla del ocular. 

7.  Determinar la longitud deseada en función de las divisiones de la reglilla y afectarla 

por el  factor para obtener la dimensión en mm. 

 

Radio de curvatura 

Dado que la lectura tomada del microscopio es la proyección vertical de la curva 

superior de la distancia medida en la membrana, debe hacerse una corrección tomando 

en cuenta el radio de curvatura para obtener la longitud que se desea. Para determinar 

este radio se cuenta con la herramienta computacional Image-Pro; consiste en un 

software analizador de imágenes digitales que permite obtener mediciones en 

fotografías tomadas previamente en función del número de pixeles entre referencias 

establecidas por el usuario. Es necesario entonces una cámara fotográfica digital 

correctamente alineada para, como se muestra en la figura 6, registrar en cada paso de 

deformación el perfil de la membrana utilizando de fondo una pantalla de color 

contrastante con el del material sujeto a prueba.  

 

 

Figura 6. Fotografía del perfil de la membrana de latex para el 
análisis de radio de curvatura. 
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Con el fin de obtener las dimensiones deseadas en unidades del sistema internacional 

de unidades, es necesario indicar al software la relación entre número de pixeles y una 

distancia en la fotografía, es necesario entonces, tomar una fotografía de una longitud 

conocida para calibrar el software de medición para obtener las mediciones posteriores 

en milímetros; es posible utilizar la escala patrón en este caso situándola por encima del 

centro de la membrana y tomando una fotografía de los patrones disponibles; 

posteriormente ni la distancia de la cámara al cilindro ni el zoom deben cambiarse para 

no alterar el factor de calibración. 

 
Medición en Image-Pro 

Para tomar las mediciones necesarias se inicializa el software analizador de imágenes 

Image Pro Plus 4.5 . Este software expresa las mediciones tomadas en número de 

pixeles, por lo que es necesario utilizar el la función Spatial Calibration para cambiar las 

unidades al sistema deseado. Es necesario abrir mediante File>Open la fotografía para 

calibración, después, para acceder a la pantalla de calibración entrar en el menú 

principal a Measure>Calibration>Spatial. El cuadro de diálogo que se despliega se 

muestra en la siguiente figura. 

 

 

Figura 7. Cuadro de diálogo de calibración espacial. 
 

En la casilla Name se especifica el nombre con el cual identificaremos esta calibración 

de las demás; en la casilla Unit escribimos el nombre de las unidades en las que 

deseemos los datos de salida. En la sección de Pixels/Units es en donde se determina 
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el factor de conversión entre pixeles y unidades, seleccionando la opción Pixels/Units se 

especifica el número de pixeles equivalente a una unidad de medida; haciendo click en 

el botón Image aparece una línea sobre la fotografía, esta línea debe ajustarse a la 

longitud conocida fotografiada arrastrando sus extremos; para esto, resulta conveniente 

usar las herramientas de Zoom  y Pan  de la barra de herramientas. 

 

     

 

 

 

 

Figura 8. Imagen para calibración en Image Pro (izq.);  

proceso de calibración en imagen aumentada (der.). 

 

 
Al definir la longitud de la línea de referencia aparece un cuadro de diálogo en el que se 

indica el número de unidades que corresponden al numero de pixeles que abarca la 

línea sobre la foto, en este caso se utilizó el círculo de 5 mm de diámetro de la escala 

patrón, por lo que en esta casilla se escribió 5. Al aceptar se regresa al cuadro de 

diálogo de calibración y ahí aparecen los factores de conversión en x  y y. En la sección 

de Aspect Ratio el valor de 1 debe mantenerse para tener una razón de 1:1 para el eje 

vertical con el horizontal. Al presionar Ok la calibración estará lista y podemos 

comenzar a tomar mediciones que el programa entregará directamente en las unidades 

seleccionadas (en este caso mm). 

 

Para determinar el radio de curvatura del perfil de una membrana es necesario abrir la 

imagen, acercar mediante la herramienta zoom a la zona de interés, y abrir el cuadro de 

diálogo de medición, esto mediante Measure>Measurements; es importante verificar 

que se encuentre en modalidad Advanced puesto que la herramienta que se usará no 

está disponible en Basic.  

 

 94



A la izquierda del cuadro se muestran las herramientas de medición, de ellas se 

trabajará únicamente con best-fit arc feature, esta genera una curva circular que pasa a 

través de tres puntos que el usuario indica sobre la imagen; en la parte superior, la 

primer pestaña es la de Features, en ella se muestran todas las características 

geométricas de las mediciones realizadas. Para obtener el radio de curvatura se 

selecciona best-fit arc feature , sobre la fotografía se seleccionan tres puntos sobre el 

perfil del polo superior de la membrana ajustando la curva a esta área en particular; una 

vez dado el tercer punto se desplegarán las características del arco dibujado en la 

pestaña de Features, el procedimiento debe repetirse para cada una de las fotografías 

tomadas.  

 

Si se desea exportar los datos directamente del programa a una base de datos como 

Excel es conveniente, en la pestaña de Input/Output en la sección Features, con el 

botón Save, guardar cada una de las mediciones tomadas; una vez finalizadas las 

mediciones, se cargan con el botón Load, localizado en la misma pestaña, todos los 

archivos de medición guardados sobre una misma imagen para formar una lista con 

todas las mediciones en la pestaña Features, una vez cargadas todas ellas, en la 

sección de Export Data de la pestaña Input/Output, se seleccionan las opciones: Data to 

output: Features; Output data to: DDE to Excel, y haciendo click sobre el botón Export 

Now se abrirá una hoja de cálculo de Excel con los datos en ella. 

 

Para obtener el radio de curvatura, se deben seguir los siguientes pasos: 

 

1.  Situar la cámara sobre la plataforma y nivelar esta a la misma altura de la membrana 

para  facilitar su enfoque, ajustando esta altura para las diferentes deformaciones. 

2.  Alinear la cámara para tomar la fotografía al centro del perfil de la membrana. 

3.  Enfocar al material en la zona de interés. 

4.  Tomar la fotografía de calibración y otra para cada una de los pasos de deformación. 

5.  Trasladar las fotografías al software analizador y realizar la calibración. 

6.  Tomar las mediciones del radio de curvatura necesarias. 
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Circuito Neumático 

La función e instrucciones de los componentes del circuito se describen a continuación: 

Compresor 

Al encenderlo eleva la presión hasta su límite máximo (862 KPa) y se apaga 

automáticamente. Se recomienda llenar el tanque y apagarlo dado que al encenderse 

genera fluctuaciones de presión indeseadas en el circuito. El procedimiento para hacer 

funcionar el compresor es: 

 

1.  Verificar que el nivel de aceite se encuentre dentro del rango aceptable señalado por 

el punto  rojo en la mirilla localizada a un costado de la máquina. 

2.  Desconectar la manguera del cilindro de trabajo para evitar daños en la membrana 

en caso  de entradas de presión repentinas. 

2.  Conectar el compresor. 

3.  Cerrar la válvula de drene (bajo el tanque), y su reguladora de presión. 

4.  Encender el compresor y esperar que se apague automáticamente al llegar a una 

presión de  862 KPa en el tanque. 

5.  Con la válvula reguladora de caudal del circuito cerrada, ajustar la reguladora de 

presión del  compresor a un valor de presión bajo (alrededor de 100 KPa para 

membranas delgadas de  hule natural, verificar para otro tipo de muestras). 

6.  Abrir la reguladora de caudal del circuito, verificar la salida de aire de la manguera 

que va al  cilindro, cerrar la válvula y conectar la manguera. 

 

Al terminar de usar el compresor se debe abrir la válvula para drenar el tanque 

localizada debajo de este y desconectarlo de la corriente eléctrica. 

Filtro Secador 

En la entrada de este filtro debe conectarse la salida del compresor y su salida debe ir 

hacia la válvula reguladora de caudal de entrada del circuito. Su presión máxima de 

trabajo es de 1000 KPa con una mínima de 50 KPa. Si el vaso contiene humedad es 

necesario abrir el tornillo inferior para drenarlo y cerrarlo para la prueba. 
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Válvula Reguladora de Caudal de Entrada 

Recibe la salida del filtro en el puerto 1 y su salida, por el puerto 2, se dirige hacia la 

válvula selectora. Trabaja abriéndose un tiempo determinado para dejar pasar un 

volumen de aire que incrementará la presión en el cilindro y cerrándose cuando se 

llegue al valor de presión (ó deformación), deseado. El rango de presión de trabajo va 

de los 100 a los 700 KPa. 

Válvula Selectora 

La presión proveniente de la reguladora de caudal de entrada es conducida hacia el 

puerto ‘NO’, el puerto ‘OUT’ es el que se conecta con el cilindro de trabajo y, el puerto 

‘NC’ debe ser la salida hacia la válvula reguladora de flujo de salida para el desalojo de 

aire. Su rango de trabajo es de 100 a 1000 KPa. 

Reguladora de Flujo de Salida 

Sirve para controlar la salida de aire del cilindro, regulando el aire proveniente de este 

último, con salida a la atmósfera. Rango de trabajo de 100 a 700 KPa. 

 

 

Figura 9. Elementos del circuito neumático. 

Cilindro 

En este cilindro se monta la membrana con ayuda de la tapa, un empaque, y cuatro 

tornillos. 

 

Figura 10. Cámara de presión, tapa, empaque y elementos de sujeción. 
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El aire se suministra por un lado y de el otro la salida va hacia el sensor de presión para 

registrar el valor en la cámara de inflado. 

Sensor de presión 

Este sensor es el elemento más delicado del circuito, su rango de trabajo puede ser 

ajustado según los rangos establecidos en el manual de uso. Se ha configurado para 

trabajar de 0 a 10 KPa aunque este rango puede abrirse más según la necesidad. La 

máxima presión de trabajo es de 530 KPa, siendo el elemento más propenso a dañarse 

por descontrol en los elementos de  suministro de aire.  

 

 

Figura 11. Sensor de presión 
 

Muestra en la pantalla digital el valor actual de la presión, en milibar, ya sea absoluta o 

manométrica según se haya configurado; debajo del valor de la presión muestra una 

barra que se va coloreando conforme el máximo del rango de presión configurado se va 

alcanzando, volviéndose obscura cuando se llega a este valor configurado y parpadea 

cuando es sobrepasado. 

 

Para los pequeños valores de presión que se utilizarán para deformar membranas muy 

delgadas es posible que el manómetro de carátula, en la válvula reguladora del circuito 

neumático, no alcance a registrar valor alguno, la presión entonces solo se monitoreará 

en el sensor de presión conectado al cilindro, capaz de registrar presiones de 0 a 100 

mbar, con sensibilidad de 0.1 mbar.  

 

Si se desea modificar el rango de medición del sensor referirse al manual de usuario; el 

rango de trabajo más amplio para presiones positivas, comprende entre 0 y 400 mbar, 

siendo 400 mbar la presión de trabajo más alta aceptada. 
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Recomendaciones 

- La mayoría de las conexiones son auto-selladas, es decir, el conector asegura que 
no exista fuga de aire gracias a su rosca y arandela cónicas; sin embargo, es 
importante en los elementos diferentes a las válvulas y filtro, fabricados por SMC, 
envolver con teflón las roscas de los conectores para garantizar un sellado absoluto. 

 

- La manguera se desconecta de las terminales presionando el anillo externo del 
conector contra el conector mismo y luego jalando la manguera hacia el lado 
opuesto. 

 

- Para facilitar tomar mediciones en el microscopio se debe ajustar la distancia entre 
oculares y el foco de los mismos hasta conseguir una buena visión de la muestra y 
la reglilla de medición. 

 

- Al tomar la medición de longitud entre marcas, así como al calibrar la reglilla con la 
escala patrón, verificar que el microscopio esté enfocado perfectamente para 
garantizar una buena medición y una correcta conversión mediante el factor 
calculado.  

 

- Realizar cada paso de deformación y registro de variables en periodos constantes 
para evitar que los efectos viscoelásticos sean un factor de error en el experimento. 

 

 

 

 

 

- En todo momento la presión debe ser monitoreada y mantenida por debajo de 
valores críticos para los elementos del circuito. El sensor de presión es el elemento 
más delicado, por lo tanto se debe cuidar de no sobrepasar el rango para el que 
está calibrado. 

 

- Apretar con demasiada fuerza los tornillos de la tapa del cilindro deformará la 
delgada pestaña que sostiene la membrana. 

 

- Conectar la fuente de alimentación del sensor a un regulador de voltaje para evitar 
daños costosos en caso de fallas en la red eléctrica. 

 

- Si tienes que imprimir este manual, hazlo en hojas usadas. 
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Metodología 

 

Figura 12. Diagrama de flujo para la prueba de inflado de membranas. 

 100



Appendix C. Carbon Fibers-Thermosetting Composite Panels 
with Carbon Nanotube Reinforcing Manufacture Technologies 
 

The complex configuration of a polymeric matrix composed by entangled 

macromolecules can be modified by the addition of reinforcing particles or fibers in order 

to enhance the properties of the material as required. Aside from the effects of the 

generation of crosslinks by means of a vulcanization process in the case of thermosets, 

or from the crystalline regions in the case of thermoplastics, which increase the strength 

and stiffness of the material, reinforcements can be added so that the mechanical 

thermal and electrical properties adjust to give the material special characteristics, e.g. 

high strength, low resistivity. 

 

The use of nanostructured materials such as carbon nanotubes (CNTs) as 

reinforcements in a polymer is the matrix is a widely studied process in the last decades. 

Carbon nanotubes are hollow cylinders whose walls are formed by a graphene sheet 

where the carbon atoms are homogeneously distributed in hexagonal arranges in an 

atom thick planar mesh. This carbon configuration has two general forms, the single-

walled nanotube (SWNT) and the multi-walled nanotube (MWNT). As their names imply, 

SWNTs consist on a single, cylindrical graphene layer; MWNTs consist on multiple 

graphene tubes inserted one inside another. These carbon nanomolecules have 

important characteristics which make them ideal as reinforcements, this is, they are 

several times stronger than steel with approximately one sixth of its weight; depending 

on their structure, they can act as conductors or semiconductors; possess intrinsic 

superconductivity, and are ideal thermal conductors, just to mention some.  

 

The CNTs incorporated into a polymer matrix can enhance the conductivity the material 

as they form a three dimensional reinforcing – conductive network. This effect is useful 

in applications such as electrostatic dissipative materials, which can be used for 

carpeting, wrist straps and electronic components packaging; electromagnetic 

interference materials with applications in cell phones parts and shielding coatings for 
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aircrafts and electronics; and high conducting materials replacing metallic materials for 

electrical circuiting. Regarding the mechanical properties, an increase of the tensile 

strength and on the tensile modulus is obtained by nanotube reinforcement of a given 

material. These changes in mechanical properties not only depend in the weight fraction 

of nanotubes in the composite, but also on the orientation and dispersion of the 

reinforcing agents. For a polymeric composite with randomly oriented nanotubes the 

strength is lower than for the same material with the same wt. % of reinforcing 

nanotubes with an aligned pattern [63]. 

The composites elaborated in the Mechanical Engineering and Materials Science 

(MEMS) laboratory facilities in Rice University, are made using both, thermosets and 

thermoplastics, as matrix. Some materials that have been studied in the MEMS facilities 

are, for the case of thermosets, epoxy, vinyl-ester and BMI; for the case of 

thermoplastics, polyethylene, polypropylene, nylon, ABS. 

Glass fibers and carbon fibers are materials that are kwon for their excellent strength -

weight relation when used as reinforcing elements in a polymeric matrix. A carbon fiber 

reinforced plastic is a composite material that can be elaborated with different polymeric 

matrices, e.g. epoxy, polyester, nylon, and that, preserving the light weight of the 

polymer acquire high strength and stiffness. The description here is going to be centered 

on the manufacturing of carbon fiber reinforced epoxy panels prepared in the facilities of 

the Materials Science Department in Rice University. 

Elaboration consists in the next steps, not necessarily including all: 

• Carbon nanotubes growth 

• Purification of CNT 

• Separation 

• Functionalization 

• Integration of the CNT and the polymer - homogenization 

• Alignment 
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 Forming 

 Post processing 

 

A brief review of each process is presented in the following section. 

Nanotube growth 

The production of nanotubes can be accomplished by different procedures, three 

important methods are: arch discharge, laser ablation, and chemical vapor deposition. 

Arch discharge 

Multiwalled nanotubes – This method is done in a vacuum chamber with an inert helium 

gas atmosphere by means of the vaporization of a graphite anode that is separated 1 – 

4 mm from the cathode where a DC current forms a constant arc providing the 

necessary high temperature for the vaporizing process. This process produces MWNT 

(1 – 3 nm inner diameter and ~10 nm outer diameter), with fewer defects than the 

produced by other methods but tend to be short and often require long purification post 

processing. 

 

Singlewalled nanotubes – The production of SWNTs by arc discharge is achieved by the 

vaporization of an anode that consists of a hollow graphite rod filled with a mixture of 

graphite and metal powder, commonly Ni/Y or Co/Ni. The purpose of the metals is to act 

as catalyst for the SWNT growth in the low vacuum, inert atmosphere (helium, argon); 

the metals are prevented from deposit in the cathode because of the high temperatures, 

they leave the gap formed by the electrodes, condensing in the reactor surfaces with a 

mixture of fullerines, SWNTs, amorphous carbon, graphitic nanoparticles, among other 

carbon structures. The percentage of SWNT in the product is 20 ± 5 % organized in 

bundles of tubes of 0.6 – 1.4 nm diameter. 

Laser ablation  

Multiwalled nanotubes – Homogeneous vapor condensation of graphite in a high 

temperature, inert argon atmosphere yield the production of MWNTs; this is achieved by 

the ablation of a graphite sample by means of a laser vaporization device inside an oven 
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at temperatures below 1200 °C. The tubes produced by this technique have diameters 

ranging 1.5 – 3.5 nm and are relatively short; compared to others, the production of 

MWNTs by this technique is expensive. 

 

Singlewalled nanotubes – The production of SWNTs by means of laser pulses or a 

continuous beam heating a graphite – metal sample can be achieved by controlling 

several parameters as the temperature, pressure, energy, length, frequency, intensity of 

the light pulses, diameter of the beam, among others. The process is sensitive to any 

change in the parameters especially to the temperature. It can produce up to 70 Wt. % 

of product of SWNTs with low amount of catalyst particles and graphite particulates, 

although this technique is not worthwhile for large scale production of nanotubes. 

Chemical vapor deposition (CVD) 

Variations of the chemical vapor deposition method have been studied as techniques to 

produce SWNTs and MWNTs. The thermal chemical vapor deposition, plasma 

enhanced chemical vapor deposition and the high pressure CO disproportionation 

process are three important techniques that are used these days because of their high 

production rates and high purity. 

Thermal chemical vapor deposition 

The thermal chemical vapor deposition technique allows generation of nanotubes at 

reasonable production rates with a simple device that consists in a tubular furnace 

where a quartz tube is inserted and heated. Inside the quartz tube the substrate is 

positioned, which was previously coated with a catalyst in form of particles; the catalysts 

used for this process can be Fe, Ni, Co, and Mo. Through a mass flow controller, CO or 

and hydrocarbons can be used as feedstock in this process. 

Plasma enhanced chemical vapor deposition (PECVD) 

This technique is used when the substrate cannot handle the high temperatures 

generated in the typical CVD process (500 – 1000 °C); this technique can generate 

growth at temperatures as low as 120 °C. The substrate is positioned in a chamber and 

then the system is subjected to high vacuum to minimize impurities, the sample is then 
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warmed up and the feedstock admitted then a plasma is generated to create the 

conditions necessary to disassociate the feedstock and depositing the carbon atoms in 

the substrate. 

High pressure CO disproportionation process 

The HiPco process can yield up to 70 Wt. % of SWNTs with average diameter of 1.1 nm 

[ 64]. It consists in injecting CO gas mixed with Fe(CO)5, as catalysts, in continuous flow 

through a heated reactor and controlling the diameter distribution by controlling the 

pressure of carbon monoxide. Purity up to 97% and production rates of 450 mg/h has 

been reported with this method [ 65].  

Purification 

The raw material is powder composed by a combination of SWNT and MWNT with a 

certain length, degree of entanglement, and degree of impurity generated by the 

residual catalysts particles, material commonly known as fluff. The general applications 

for the nanotubes normally require from them to be pure, disentangled and stable, these 

characteristics involve complicated processes that increase the material costs and 

extend the production time. 

 

There are different methods to accomplish the purification of bulk material; the selection 

depends on the type of nanotubes to purify, the impurities present, the purification level 

required, time and cost. Chemical processes are efficient for removing amorphous 

carbon, polyhedral carbon and metal impurities but consume high quantities of the 

useful material and often cause damage to the CNTs structure, especially to SWNTs. 

The physical techniques preserve the morphology of the carbon structure but are not 

very effective in achieving high purification levels [ 66]. The chemical purification 

processes are divided into gas phase oxidation, liquid phase oxidation, and 

electrochemical oxidation; the physical processes consist in filtration, centrifugation, 

solubilization with functional groups, high temperature annealing among others [ 66]. 

 

Particularly, the purification process for the HiPco nanotubes is going to be discussed in 

this section, it involves the partition of a nanotubes and the extraction of the catalysts 
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particles inside of them along with the elimination of the impurities of the bulk material; 

the undesired iron particles have to be pulled out of the nanotubes by means of 

chemical processes such as functionalization. It consists in opening the ends of the 

tubes and chemically bond the iron particles to a different group which can be easily 

removed later. Cracking the nanotubes to accomplish this is not an easy task; there are 

different methods that vary in completion time, and material consumption.  

 

The crackig process by gas phase oxidation involves chemical reactions in controlled 

atmospheres where different reactive gasses can be used to eliminate the closed ends 

of the CNTs. This technique is based on the different reactivity of nanotube caps to that 

of the tube body; given that the impurities and the caps oxidize faster, the phenomenon 

can be used to remove unwanted structures from the bulk material. One of the methods 

employed in the MEMS department involves the exposure of the nanotubes to SF6, at 

low temperature first in order to attach the gas molecules to the ends of the nanotubes 

by weak secondary bonds, and then the temperature is raised so that the gas opens the 

nanotubes ends as they get oxidized.  

 

The latter process leaves open-ended carbon nanotubes with high iron concentration; to 

eliminate the undesired material the process employed consists in boiling the nanotubes 

submerged in a solution of 50% water and 50% hydrochloric acid proportion for 3 hours. 

This step repeated at least two times recharging the acid proportion to assure the 

desired chemical reaction, which is the conjunction of the iron and the chlorine particles. 

Once the solution has boiled enough, for the next purification step, the nanotubes have 

to be separated from the acid solution; this is done by cooling it in an ice bath, the solids 

will precipitate and they can be taken into a soxhlet.  

 

The soxhlet extract the soluble components from a solid sample into an organic solvent; 

it works evaporating the solution dragging the nanotubes and depositing them in the top 

of a filter, the gases continue elevating and then cooling in a condensator and providing 

a hydrostatic pressure on the nanotubes deposited; capillary forces act on the inside of 

the tubes and force the remaining residual particles to evacuate. This second step of 
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purification leaves the nanostructured material with less than 1 wt. % of impurities, if the 

process is held as long as one week, they will be reduced to less than 0.1%. 

 

To start with the third and last process of purification the pH of the solution has to be 

monitored. Since it consists of a rather acid substance, the filtration with PTF filters will 

not be possible until neutralization is done. This neutralization might be carried on by, 

adding water – decanting in an ice bath – pouring, the times required until the liquid 

containing the nanotubes becomes safe for the filter material; an alternative method 

implies the use of sodium hydroxide as a neutralizing agent. This method generates 

presence of residual sodium in the material which would be noticed in a Raman 

spectroscopy.  

 

To filter the solution a clean, sealed recipient has to be used. This recipient has as a cap 

a filter that prevents large particles to go through into it; in the top of that filter, a second 

has to be placed in order to retain the smaller particles; PTFE filters with 0.2 μm filtering 

capacity are adequate for this purpose. A second aperture on the side of the recipient 

allows connecting it to a vacuum pump in order to create a negative pressure, thus, 

forcing the solution through the filter into the container. Having the arrange ready and 

the solution prepared to be filtered, the vacuum pump has to be turned on and the 

solution poured into a funnel placed upon the filter cap. The result is a group of humid 

entangled nanotubes resting in the top of the filter ready for the drying process, which is 

done situating the cake in the top of a warm plate until the liquid evaporates completely. 

 

The solid formed by the nanotubes can be then fed into a micro-mill where will be 

grinded into a fine purified powder ready to be used. 

Separation 

Depending to their diameter and chirality, single walled nanotubes have a type of 

behavior, semiconducting (s-SWNT), or metallic (m-SWNT). It is known that the actual 

methods to produce single walled nanotubes generate a mixture of about two thirds of 

semiconducting and one third of metallic nanotubes, according to Vairavapandian et al. 
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[67]. In order to take advantage of the remarkable electrical, mechanical, and thermal 

properties of the single walled nanotubes a separation procedure has to be carried out 

to obtain the most effective type of them given a certain application. Nowadays the 

production of m-SWNT is measured in terms of picograms, so many studies are being 

carried out to develop a procedure to increase this production rate and consequently 

lower the cost of the material. 

The department of Materials Science at Rice University is currently researching the 

feasibility of a method consisting in electro-deposition principle to gather the metallic 

nanotubes from a solution containing a mixture of s-SWNTs and m-SWNTs. The system 

is still in experimental phase and consists in a cylindrical capacitor where the solution is 

pumped into and, where the metallic nanotubes are intended to be trapped and in 

consequence, separated from the rest of the mixture [68]. 

A mixture of s-SWNT and m-SWNT in powder form is the raw material. The solution 

prepared to be pumped into the electro-deposition cell, i.e. the decant, is prepared with 

water, one milligram mixture of nanotubes, and 1 wt. % concentration of pluronic or 

sodium dodecylbenzene sulfonate (SDBS), depending on the method which would be 

employed. Both kind of solutions generate a micelle layer in the surface of the 

nanotubes, the one involved with the use of pluronic is a hard micelle layer which 

promotes plating; the SDBS solution generates a soft micelle layer which causes 

slipping. The last preparation step before the solution is ready to be pumped into the 

system, is to disentangle the nanotubes, this can be accomplished with ultrasound to 

provide the energy required for them to slip and separate form one another, a 

centrifugation then needs to be held to obtain disperse CNTs in a decant. 

The system built to serve as cell to collect the m-SWNTs consists in a stainless steel 

tube covered by both sides by a couple of polymeric elements which connect the inlet 

and outlet hoses, responsible to transport the decant into the system and taking away 

the processed solution, to the body of the capacitor. A wire is inserted throughout the 

cylinder as centered as possible. The electrodes are formed by the steel cylinder and 
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the wire; as current is applied and the solution is being slowly pumped into the system, 

the m-SWNTs are going to be attracted to the cathode (wire) and plate. 

 

The proportion of the distance from the wire to the cylinder wall and the applied current 

is evidently an important issue; one volt per micron of length is theoretically required to 

accomplish the desired results. After completing the procedure, the system is cleaned 

with the same type of solution (without nanotubes). 

 

The Raman Spectroscopy technique is used to determine the elements present in the 

mixture; the spectroscopy is made to the original solution, to the plating and to the wash 

as well to look for swept nanotubes in the cleaning process.  

Alignment 

As stated before, CNTs are molecules with high conductivity that can be incorporated to 

nonconductive materials in order to enhance the electrical properties. A homogeneous 

network of connected aligned nanotubes in a polymeric matrix would result in a light, 

high strength and low resistivity material. Different techniques are being studied to align 

in a controlled, efficient way the CNTs in composites; this can be done by physical 

methods involving straining the material or applying electric fields to the resin composite 

as it cures to incite movement of the tubes as desired. 

 

When the polymer is a flexible ductile material and the nanotubes are well dispersed, the 

alignment can be carried out by a plastic uniaxial deformation of the composite in the 

desired alignment direction. Therefore, the matrix will force the reinforcing nanotubes to 

change orientation aligning their longitudinal axis in the direction of the stretch direction. 

Uniaxial stretching and extrusion of polymeric nanocomposites are commonly used 

techniques to achieve alignment of the reinforcing network. 

 

Using electric fields to excite the dispersed randomly oriented nanotubes in an uncured 

polymeric matrix is another method of achieving alignment. As an electric field is 

applied, the nanotubes in the composite polarize with opposite charge in each end, thus 
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forming dipoles. Torque acting on the nanotube is generated due to the polarization 

leading to the alignment of the nanotubes in the direction of the applied field. If the resin 

containing the nanotubes is subjected to a DC electric field the metallic nanotubes will 

be excited making the alignment difficult due to their mobility. An AC field affects 

differently the nanotubes; the metallic aligned tubes generate inhomogeneities in the 

electric field and a Coulombic attraction between oppositely charged ends. The 

application of an AC field would result in better alignment and more homogeneous 

network than for a same strength magnitude DC field [69]. 

Some other alignment techniques are being used and developed, such as force field 

alignment, electro-spinning induced alignment, and liquid crystalline phase induced 

alignment [70]. 

Characterization. 

The morphological characterization of nanostructured materials is evidently a 

fundamental tool for the development of the nanomaterials technology and everything 

around its science. The properties of any material can be understood in a deeper level 

as the arrangements of molecules and specific components are known and their 

interaction in the nanoscale size can be studied. 

Scanning Electron Microscopy (SEM) 

This microscopy technique employs a flow of electrons to scan the surface of a sample 

under vacuum; the high - energy of the electrons interact with the surface of the material 

and generate diverse signals that are captured by a specific detector for each of them, 

and then processed to be presented as image or charts in a computer display. For the 

nanostructured materials study the most useful signal is the one generated by the 

secondary electrons; it is the one that is translated into the topography of the sample 

with the advantage that is sensitive to a large depth of field, reason why the images 

generated have the appearance of depth, thus facilitating the interpretation of the 

materials morphology. 

110 



The resolution of this tool (typically around 2 to 5 nm), allows the generation of images 

of SWNTs in bundles, forests of MWNTs, the tubular structure of a single MWNT, this is, 

it provides at a good extent the graphical information on how the nanotubes are 

organized, their orientation, length and homogeneity. A SEM image is also useful to 

notice functionalization groups attached to the nanotubes and a general insight of their 

structure within the tubes. The SEM is a very useful and practical first step in the 

analysis of nanostructured materials, but it has limitations as it is not capable of imaging 

an individual SWNT incorporated in a bundle [ 63]. 

 

 
Figure 26. SEM image of bundled HiPco nanotubes. 

Transmission Electron Microscopy (TEM) 

The transmission electron microscopy is a powerful tool useful for the study of 

nanotructures. It consists in a beam of electrons that is directed through a very thin 

sample placed in a vacuum chamber. The electrons emerging from the other side of the 

sample are received by an objective lens generating the image that is then shown in a 

display. A suitable sample thickness for a TEM analysis has to be in the order of 

micrometers so, it is an ideal tool for studying nanostructures since the samples only 

have to be deposited on a thin holder without complex preparation. The TEM technique 

is able to image individual SWNTs and provides a precise method for the measurement 

of the diameter and length. In the case of MWNTs the number of walls can be 
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determined and for both cases is possible to identify the defects in the graphene 

structure. 

Atomic Force Microscopy (AFM) 

The atomic force microscopy is different from the SEM and TEM techniques as it does 

not require sub-atmospheric pressures to operate (although better resolutions are 

possible if the vacuum is higher), also it does not rely on an electron excitation of the 

sample in order to generate the expected image. In this case a true three-dimensional 

image is generated with the information that a scanning probe gathers from the surface 

of the working sample. The probe consists in a tiny cantilever beam, moving in the same 

plane as the plane of the sample, with a small tip perpendicular to the beam, pointing to 

the sample, which end radius is in the order of nanometers. This tip is moved through 

the surface of the material sensing the molecular forces as it gets near the atoms in the 

surface of the sample; these forces are responsible of deflecting the beam, this 

deflection is measured and the information processed to generate an image of the 

surface precise enough to obtain reliable data of the geometry of an individual SWNT, 

such as diameter and length, although not as accurate as the ones obtained by a TEM 

analysis. 

Scanning Tunneling Microscopy (STM) 

This technique is useful to study the defects of the structure of carbon as it is capable of 

image in atomic scale the nanotube lattice [ 63]. STM is also capable of imaging the 

nanotube functionalizations with a working principle similar to the AFM, in this case 

measuring the density state of the material as the probe gets near to the sample causing 

tunneling current between the surface and the tip. 

Thermal Gravimetric Analysis (TGA) 

Thermal gravity analysis is a technique employed to determine the degree of purification 

and the level of functionalization of a batch of nanotubes by independent testing. The 

test is relatively simple; it consists in placing a known quantity of representative 

nanotubes inside the Thermo Gravimeter Analyzer in the top of a platinum pan at room 

temperature and under a constant flow of oxidizing gas; the temperature is raised at a 
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constant rate to a maximum value and the weight of the material is recorded as a 

function of the temperature. A TGA curve for HiPco nanotubes is shown in figure 2. 

 

 
Figure 27. Typical TGA curve for HiPco nanotubes with iron impurities. 

 

The process is based in the different oxidizing conditions for the different components of 

the samples. In the case shown above, the impurities in the material consist basically in 

iron particles which were used to initiate the nanotube growth; the weight of the sample 

remains relatively constant until a temperature around 400 °C, then descends drastically 

as the carbon structures burn away until it stabilizes at 620 °C, leaving in the pan the 

iron oxide particles. The weight of the residues can be related to the original weight of 

the sample to determine the relative purity of the material. 

 

A similar process can be carried out to determine the degree of functionalization groups 

per weight; it is necessary to have a suitable atmosphere for which the oxidation process 

parameters of the functional groups can be monitored so that the change in weight due 

to the oxidation of them can be easily identified. 

Raman Spectroscopy 

The Raman spectroscopy is based in the Raman scattering of monochromatic light, 

technique consisting in exciting the phonons of a molecular system, thus increasing or 
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decreasing their energy, and, by monitoring the response, it can provide with valuable 

information of the type of material present in the sample and its condition by comparing 

the resonant frequencies registered to the known or calculated frequencies of specific 

structures. The study of CNTs by this technique is possible due to the particular 

response of these nanostructures to the Raman scattering [71]. Here some main 

purposes of the Raman spectroscopy will be discussed. 

Figure 28. Typical Raman curve for HiPco nanotubes with iron impurities. 
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A typical Raman frequency of HiPco nanotubes is shown in figure 3. The first 

characteristic band generated by SWNTs is around 165 cm"1 according to calculations 

for the carbon atoms moving solely in the radial direction of a 1D unit cell of a nanotube. 

This band is known as radial breathing mode, and gives information that can be used to 

determine the diameter of the tube in a SWNT bundle [63]. A peak that can be related to 

the disorder similarly than in the disorder mode for graphite appears around 1300 cm"1, it 

is known as D-band. At high frequencies -1582 cm" 1, two peaks appear, this is the G-

band, which are related to the axial and circumferential tangential mode of the atoms in 

the structure, indicating C - C stretch by sp 2 hybridization [71]. 



The analysis of the representative bands in a Raman spectroscopy of nanotubes 

bundles generates valuable information. The possibility to identify of metallic and 

semiconducting SWNTs is an important use of Raman spectroscopy; this is possible due 

to the dependence of the diameter of the SWNT electron density of states, and its 

sensitivity to the nanotube chirality.  

 

The relative magnitude of the D-band to that of the G-band can be used as a qualitative 

measurement of functionalization, having a larger D/G ratio for functionalized material. 

Also, for composites, polarized Raman spectroscopy can be used to determine 

alignment of the carbon nanotubes in the matrix.  

Electrical characterization of a polymeric nanocomposite: experimentation 

The experimental characterization of the electrical properties of a polymeric 

nanocomposite is carried out for first instance in a scanning electron microscope (SEM). 

The microscope used in Rice Facilities is a FEI Quanta 400; it is a tool that allows 

dynamic testing of the samples by means of motorized manipulators inside the vacuum 

chamber along with the image processing capabilities. The test consists in conducting 

electric current through the composite by means of a couple of electrified probes, and 

measuring the output signal to determine conductivity of the material. This is done inside 

a vacuum chamber of a scanning electron microscope to have nanometric control of the 

movement of the tips of the probes in order to adjust the position within the surface of 

the composite as desired with respect to the nanotubes position, density and orientation. 

 

In this case, the sample consists in a layer of cured polymer resin with dispersed, 

homogenized multiwalled nanotubes as reinforcements. The nanotubes in the 

composite, are obtained from Mitsui, and are highly purified tubes with diameter 

between 80 and 60 nm. The composite is prepared with a thermosetting viscous resin 

where the CNT-MW are homogenized with a stirring process and later a sonicator can 

be used to ensure the same density of nanotubes in the complete volume of the 

composite. In this particular sample, as the solution has high viscosity, the sonicator has 

no significant effect in the homogenization.  
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As known, the conductivity of a nanotubes – composite depends significantly in the 

direction of the CNT’s, i.e. the material has better conductivity if the nanotubes are 

aligned in the direction of the electric flow. Thus an alignment process has to be carried 

out in order to modify the orientation of the tubes in the polymeric matrix. This process 

consists in conducting electrical current throughout the uncured resin contained in a thin 

tube with copper wires inserted at both ends provide hermetic enclosure and a 

connection between the resin and the power generator. 

 

Once the thermosetting – MWNT composite is homogenized, and the CNT’s are aligned, 

it is ready for the curing process. This polymer cures by means of UV exposure; thirty 

seconds inside a chamber with UV radiation is enough to cure the material; hence, the 

composite is ready for the characterization process. A small piece of copper tape which 

sticks to the surface to fix the sample to the stubs (aluminum supports for the sample), is 

used as base where the composite is deposited as a thin coat so it can be observed and 

manipulated.  

 

A Zyvex S100 nanomanipulator is used to manipulate the sample inside the vacuum 

chamber of the SEM; the system consists of a four probes manipulator, a control cabinet 

housing, a joystick, and Windows based software for control. It allows two types of 

displacements, coarse mode, in which the manipulator can move across 12 mm of travel 

with 100 nm resolution with Cartesian reference system, and the fine mode, with 100 

microns of travel with 5 nm resolution. The manipulator allows to control four probes; the 

NanoEffector probes used are made of tungsten with large length diameter ratio, and a 

tip radius of 50 nm max; for this purpose only two probes are required to close the 

electrical circuit as they make contact with the testing material.  

Composite Panel Manufacturing 

There are different procedures to elaborate polymeric panels reinforced with carbon 

fiber; the most adequate for a given application has to be selected depending on the 

quantity of required elements and the geometry of the pieces to be created. The 
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Mechanical Engineering and Materials Science Department is currently working with the 

VARTM procedure; basically, it consists in the reinforcing carbon fibers (CF) laying in a 

flat surface forming a stack, and a plastic flexible transparent sheet covering them, with 

a sealant used stick down the contour in order to create a closed system; in opposite 

sides of the array two hoses are located; one is connected to the bag where the 

polymeric resin is going to be fed, and in the other side another hose is required to 

drawn the air out of the system. A schematic lay out of the set up is shown in the figure 

4. 

 

 
Figure 29. Schematic set up of the epoxy/carbon fibers panel preparation process. 

 

Carbon fibers and nanotubes reinforcement 

Carbon Fiber Fabrics 

The carbon fibers are sets of extremely thin strings of carbon which are twisted together 

to form a yarn. The fibers used to elaborate polymeric composites in the MEMS’s 

facilities are in form of fabric, i.e. aligned yarns woven together with others set in 

orthogonal direction; the preparation of the fabrics consists in cutting them to the desired 

form and piling them on the surface covered by releasing agent taking care to orient 

them as needed, to have the maximum strength in the required direction. The number of 

carbon fibers fabrics that have to be cut and piled depends on the desired final thickness 
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of the panel; in this case, panels of 4 x 4 in, and 9 x 9 in with different thickness are 

being prepared following the mentioned methodology to form a rectangular panel, this is 

piled up and oriented to have parallel fibers in both orthogonal directions. 

 
Figure 30. Carbon fiber fabrics after spraying carbon nanotubes in solution with a solvent. 

Carbon Nanotubes Addition 

Different methods to incorporate nanotubes into the carbon fibers stack are being 

studied. One of them consists in the addition of the carbon nanotubes into the resin 

before the curing process; the advantage of this technique is that the nanotubes will be 

embedded in the polymer with throughout the panel if the homogenization is carried out 

correctly, although it also has difficulties; if the nanotubes are functionalized to enhance 

dispersion and the final mechanical properties of the composite, the functional groups 

may react with the resin accelerating the curing process and rising the viscosity degree 

increasing the difficulty of the pumping process, also as the viscosity of the resin is high, 

the dispersion of the nanotubes by means of sonication or homogenization is difficult. 

 

The second method consists in spraying into the fabrics a solution containing dispersed 

nanotubes. This method has the advantage easily disperse the nanotubes 

homogeneously in the surface of the fabrics. The solution for the spraying process 

consists in nanotubes homogenized in a solvent; the carbon fibers are coated with the 

solution and then an evaporation period follows until no more solvent remains having 

only tubes in the surface of the fibers. 
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Surface Preparation 

The working surface is a flat glass where a contour of sealing extruded rubber (General 

Sealants) is set around the area where the panel will be laying. The area delimitated by 

the sealant has to be covered a release agent to ease the separation of the panel from 

the glass surface after curing; a water and PTFE solution based release agent is 

adequate for the purpose. Is recommended to warm up the surface above room 

temperature to allow a better flow as the resin viscosity is lowered. 

 

Two hoses are placed in opposite sides, fixed to the sealant to enable feeding resin 

through one of them and a connection to the vacuum pump in the other.  Before 

installing the sheet that covers the system, the raw materials have to be prepared and 

piled inside.  

Vacuum bag  

The stack of carbon fibers is placed between two peel ply fabrics that will allow a better 

distribution of the resin, allow the gasses trapped in the composite to escape through it, 

and the separation from the top and bottom materials after the resin has cured, by 

simply pulling it off.  

 

A flow-net (Airtech International, Resin Flow 60), is also placed in the top of the set of 

materials which, because of the form, impel the resin flow to the sides of the surface 

enhancing the distribution in the complete area of the carbon fiber stack. This 

arrangement is laid upon the area delimitated by the sealant upon the glass, and 

centered in reference to the hoses in order to allow the same quantity of resin flow 

though the complete surface of the fibers. 
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Figure 31. Components of the vacuum bag for VARTM process. 

 

To ease the distribution of resin through the carbon fibers, a plastic spiral is used at 

each end of the hoses inside the system; the spiral form directs the resin sideward as it 

comes out of the first hose and distributes it homogeneously and also catches the air 

bubbles without letting them break through the panel. Finally a plastic sheet has to cover 

the system sticking the contour of the sheet to the sealant carefully to eliminate gaps; if 

the vacuum is guaranteed the system is ready to pump the resin through the carbon 

fibers.  

 
Figure 32. Installed components for the VARTM process. 
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Resin preparation 

The resin employed to manufacture the panels is EPON Resin from Hexion Specialty 

Chemicals (Bisphenol A Epoxy Resin), which is a thermosetting, translucent, low 

viscosity polymer that cures at room temperatures. The cross-linking is generated by the 

addition of N,N dimethyl bencyl amine curing agent in 1.2% wt. fraction of the solution. 

After mixing the components, gas bubbles remain trapped in the resin that have to be 

eliminated; this is done by letting the solution rest in a container placed in a vacuum 

chamber for a certain period until the air is completely eliminated. A vacuum pump 

lowers the pressure to -84 KPa, and after a certain period to degasify the solution, the 

resin becomes free of bubbles and ready to be fed into the system. 

 

 
Figure 33. Epoxy resin in a vacuum chamber for air bubble removing. 

Processing  

Now that the system is completely sealed, the hoses are in their places, and the resin is 

ready to be used, the vacuum pump, which is connected to the outlet hose, has to be 

started to take out all the air from the system; once done, the inlet hose is placed inside 

the resin taking care to pick up at least air as possible. The difference in pressure from 

one side of the system to the other will force the resin into the system to flood the space 

between the plastic sheet and the glass surface impregnating the carbon fibers 

homogeneously. Raising the temperature of the glass can result in raising the flow rate 

as well and enhancing the distribution of resin over the carbon fibers. 
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The vacuum has to be kept until the resin cures completely so that no air bubbles can 

form in the panel, which would result in severe weakening of the piece, hence failure of 

the complete process. 

 

Once the resin is hard, evidencing that the curing process is over in great extent, the 

panel hast to be removed form the glass, and the peel plies removed from the panel 

tearing them off carefully. The post-curing process consists in letting the panel to 

complete the chemical reactions inside a furnace at 100°C for three days.  
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